Online Appendices

A Bond Prices Under Risk-Neutral Dynamics

Substituting the exponential-affine solution for bond prices into the no-arbitrage condi-

tion yields

exp(—as, (1) = b(7) i) = PA7) = B [exp(—r¢) Prya (7 — 1)]

=B/ [E [exp(—re) Peya(7 = 1) | sl
where the second equality is justified by the law of iterated expectations. Note that

B lexp(—re) Pry1 (7 = 1) | se1] = B [exp( =1t — s,y (7= 1) = b(r = 1) fiy1) | s111]
= exp( 11— s, (T—1) = b(r = 1) K2, —b(r — 1) G2,

St+1

1
x EZ [exp(—b(f — 1)’Q§t+1vgl) | St+1} .

By the formula for the moment-generating function of multivariate standard normally

distributed random vectors and the fact that vgl | st41 ~ N(O3x1,13) under Q, we have
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:exp(éb(T—1)'Qst+1b(7—1)>.
As such,
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where the last equality used the fact that ry = ds, + 3’ fr. Therefore,

exp(—as,(7) = b(r) fi) = B [E [exp(—re) Praa(m = 1) | sua]]
= exp(— (ﬁ/ +b(1 — 1)'GQ) ft)

<R [exp (a5 (r = 1) = b(r 1/ KE,, + Lt — 1y, b(r - )]
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Taking logs on both sides, we obtain

—ag,(r) = b(r) fr = — (' +b(r = 1) G?) f,

+1og (B2 [exp (a7 1) = b(r 1Y KY,, + ;b(T 19,00 -1))]).

and matching the intercept and coefficient terms on both sides yields the recursions

a5, (7) = —log (E;@ [exp (—asm (r—1)—b(r—1)K2_ + ;b(r —1)Qy,,b(r — 1))} )

b(r) =B+ GYb(r 1)

for any 7 > 1. If we ignore Jensen’s inequality to interchange the log and expectation,

we have the simpler expression

1
a5, (1) = B2 |ag, (1= 1)+ b(r — 1)KL — Zb(r —1)'Qs,,,b(7 — 1)] .

Sty1 9 St41

These recursions, together with the initial conditions as,(0) =0 and b(0) = O,,x1, allow
us to obtain closed form solutions for the functions as, () and b(+).

These closed form solutions are given as follows: starting with the easier function,
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it is clear that b(1) = 5. Suppose that b(7) = ZZT:_()l (G@’)Zﬁ for some maturity 7 > 1.

Then, by induction,

b(r+1) = B+G¥(r 6+Z(GQ’) B = Z(GQ’)

It follows by induction that, for any maturity 7,

T—1

o) =3 (6¥)' 5.

1=0

Moving onto ag, (-), note that as,(1) = 0. Under the first order approximation that allows

us to ignore Jensen’s inequality, we have

a5, (7) = EP [astﬂ (m— 1)} +E9 [b( -1 'K 1b(T - 1)/QSt+1b(T - 1)} '

St+1 2

It follows from an induction process, similar to the one previously employed, that

as, (T Zb iYE2 {K&J——Zb T—i)EZ [Qsm}b( —1).

The Markov property of the regime process tells us that the Q-expectations above can

be expanded as

2 ; 17' 1 ; .
s, (7 Zb(r—z’ZPS(t?j'K~——Zb (ZPS(” ) i),

— j=1

where PZ.(;) is the (4,7)th element of the matrix product P’. In other words,

17'—1 (i) 2 [1-1 (i
CLst(T):—EZb(T— i) (ZPSHQ )b( —0)+ Y (Z b(T — )PS”) (A1)
i=1 j=1 j=1 \i=1



which tells us that as,(7) is affine in the vector (K;@,KQ).

B Derivation of Modified AFNS Factor Loadings

Let L}, Sy and C} be the factors from the original AFNS model, and Ly, S¢, and C; the

factors from the modified model. The original AFNS model implies that follows that

T 7kQ 7KQ

_ _xQ _ _+Q
Y}(T):ast(T)—i-L;f—i-l exp( TK )Sf—l—(l eXp( TK )—exp<—7'/-@@)) Cy.

Defining L; = L; + 57, Sy = =5} and C; = Cf, we can rearrange the terms of the above

equation to see that

_ _Q _ _Q
Yt(T)—aS;_O—)—{—LmLSt—l exp( ™ )St—i-(l exp( ™ >—exp(—7/ﬂQ)) Cy

7KQ 7rQ
_ M+Lt+ (1 - 1—exp<(§7'/{@>> - (1—exp((gm@) _exp<_m@>> c,.
T TR TR

Labeling the new factors L;, S, Cy as the level, slope and curvature factors respectively,
the factor loading on the level factor is constant, while the loading on the curvature factor
is unchanged from the original AFNS model. Meanwhile, the loading on the slope factor
begins at 0 and increases to 1 as 7 goes from 0 to co. Because the slope and curvature
factors have near-zero loadings for short maturities, the level factor now represents the

short end of the yield curve, that is,

ro=0'fi~ L.}

IThis equation is a key reason for choosing the AFNS model over the specification introduced by
Joslin, Singleton, and Zhu (2011) (JSZ). In the modified AFNS model, the level factor is clearly identified
as the factor that represents the short end of the yield curve, but interpreting the level factor in this
manner under the JSZ specification proves much more difficult.

Furthermore, while G2 in the JSZ model may depend on three distinct eigenvalues, in the AFNS
specification it relies on just a single parameter £©. This results in a more parsimonious model, which




The important part is that the modified model is simply the original AFNS model with
rearranged factors, and as such, that its capability to fit the yield curve is identical to
that of the original model. This is confirmed in the section on our model results, which
shows our model’s ability to fit the yield curve with minimal measurement errors.

The loadings of the factors on the yields are now determined as

TK,Q TR

b(T) _ (1 1— 1—exp(—7'/f@) 1—exp(—7'n@) —exp(—TﬁQ))/-

We now derive expressions for 8 and G2 that yield these factor loadings under the
pricing formula obtained above.

Note first that
b(r) =B +b(r— 1)'Q

for any 7 > 1, where b(0) = Oy x1. Suppose § and GQ are given as

p= (1 1— Pengn(@) 1‘“2&‘“@) - exp(—/{(@))/ (B.1)
11— exp(—/{@) kQ exp(—/{@)
G%=|o exp(—kg@) —xQ exp(—/fQ) : (B.2)
0 0 exp(—m(@)

Then,

«Q
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is an additional reason for preferring the AFNS model to the JSZ alternative.



Now suppose that @ collects the modified AFNS factor loadings for any 7 > 1. Then,

B+b(r)° = (1 T G —exp(—l-@@)>
1 1-exp(—12)  rQexp(—xQ)
#(r potmoelm®) eoln) (k)] [0 exp(—r2)  —n@exp(—r2)
0 0 exp(—fi@)
= (T r o @) en (D) g (@) — (74 1) exp(—(r+ 1)k) + exp(—n@)—eig(—vﬂm@))
N <1 } _ tew( =) 1_expg_ﬂ@)_exp<_ﬁQ))
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so that

b(7—+1) _ l—exp(—(r—i—l)n(@) l—exp(—(r—i—l)mQ) !
T+1 (1 l—— (r11)xQ _eXp(_(T+1)“Q)) ’

so that, by induction, b1) are exactly the modified AFNS factor loadings for any 7 > 1.

T

C Determination of Physical Factor Dynamics

C.1 Incorporating Falling Stars into the AFNS Model

Here, we momentarily omit the regime subscript for notational simplicity. Campbell and
Shiller (1987) note that yields are best modeled as cointegrated with a single common
trend. To reflect this finding, Bauer and Rudebusch (2020) specify the P-dynamics of

the factors as a trend-cycle VAR(1) of the form

fi=v-1+fi,



where 7y represents the loading of the common trend 7; on the factors, and ft = (lt,St,Ct)’
follows a stationary VAR(1). Because there is only one common trend 7, there are
3 —1 =2 cointegrating relationships among the factors. Yields are affine functions of f;,
so this specification ensures that yields are cointegrated with exactly one common trend.

Non-stationary AFNS models such as those introduced by Kopp and P. D. Williams
(2018), Cao et al. (2020), and Brand, Goy, and Lemke (2021) impose the additional
assumption that v = (1,0,0)’. This indicates that the slope and curvature factors are
jointly stationary, while the common trend loads on the level factor with unity. Under
this specification, yield spreads are stationary. This is in accordance with the findings
in Hall, Anderson, and Granger (1992), which are further corroborated by Brand, Goy,
and Lemke (2021).

When estimating models whose P-dynamics are specified as above, the state-space
representation of the model includes four unobserved components— 7¢,1;,.5;, and Cy —
and the trend and cycle components of the level factor are estimated separately. Unlike
previous AFNS models with falling stars, the focus of our model is on the incorporation
of the ZLB into an ATSM with falling stars, rather than on the estimation of macroe-
conomic stars. Therefore, the P-dynamics of the factors should ideally be presented in
a way that maintains the cointegrating relationships among the yields, but does not
include 73, a variable that is difficult to estimate and of secondary importance in this
model.

To this end, we use the following result.

Proposition 1. Suppose f; = (L, S, Ct) follows the VAR(1) process

fi=GF i1 +92 -0} (C.1)

UF | Fio1,8t ~ N(O3x1,13) under P.



The level factor is I(1) and the slope and curvature factors are jointly 1(0) if and only if

P P
1 G12 G13 P P
P . G22 G23 2
G =10 (;129’2 G12P>3 ,  max|eig <1, and w®>0, (C.2)
P P
P P G32 G33
0 Gy Gz
where w? is the innovation variance of the level factor, and the operation eig recovers

the eigenvalues of a given square matrix 2,

Proof. See Appendix D.
O

The VAR(1) representation above can thus replicate the cointegration properties
of the factors found in the usual trend-cycle representation, without having to add a
separate trend component. This leads to a more parsimonious model, and in terms of
estimation, it eliminates the pile-up problem, since it is no longer necessary to identify

the trend and cycle components of the factors separately.

C.2 Incorporating the ZLB through Regime Shifts

We now include the ZLB into the falling stars framework described earlier. Although
our approach differs from shadow rate models in that we do not explicitly require the
short rate to be non-negative, we can ensure that the likelihood of the short rate turning
negative is extremely low by assuming that the short rate oscillates around 0 without
much volatility when it comes sufficiently close to 0.

Formally, we consider the economy to be in one of two exogenously determined

regimes: the normal regime (s; = 1) and the ZLB regime (s; = 2). In the normal regime,

2The conditions presented here are almost identical to those found in the appendix of Bauer and
Rudebusch (2020). There, the conditions in (C.2) are recovered as necessary conditions of the trend-
cycle decomposition. By demonstrating that these conditions are also sufficient for the cointegration
properties of the factors, we establish that the VAR and trend-cycle representations are equivalent.



the data generating process adheres to the model described in the previous section,
meaning that the level factor is I(1) and the other two factors are jointly 1(0). The
AFNS factor loadings then imply that any m-dimensional vector of bond yields is coin-
tegrated with cointegration rank m — 1 and exactly one common stochastic trend. The
mean reversion coefficient during the normal regime under the physical measure is given

according to (C.2)

P P
1 Gio1 Gi3g

P
Gi=|0 G5 G |

0 G5 Gi

where the subscript 1 indicates that the formulation holds for the normal regime.
At the lower bound, the short rate exhibits minimal volatility and is stationary
around 0. This means that the mean reversion parameter during the lower bound regime

must be given by

p2 0 0
Gi=|0 GE Gh|.
0 G5 G

where |pa| < 1, and that the variance w3 of the level factor is strictly smaller than its
regime 1 counterpart, w%g .
By allowing the coefficient on L;_; to regime shift from 1 to pp, a value that is

less than unity in magnitude, we are essentially assuming that, during the lower bound

3In Hordahl and Tristani (2019), where the economy switches between a normal and lower bound
regime similar to our paper, the short rate is assumed to be a white noise process oscillating around
a constant during the lower bound regime. While conceptually simple, we find that there are some
discrepancies between the white noise specification and the data. For instance, the OLS estimate of p
from the regression ry = pry_1 + u; for short rate values between January 2009 and December 2015 is
given as p = 0.9859, a value very close to 1. This suggests that, far from being a white noise process,
the short rate is better modeled as a persistent yet stationary process during the lower bound regime.



regime, the stochastic common trend 7; in Equation (C.1) that drives the factors is fixed
at 0. In other words, the stochastic trend disappears during the lower bound regime, re-
flecting the fact that short term interest rates do not exhibit large downward movements

when the economy is at the lower bound.

D Proof of Proposition 1

Note first that the factor innovation covariance matrix € can be decomposed as

0_ w?  O1x2
O2x1 Q2
Naturally, its Cholesky factor is
O
b | “ b
O2><1 922

D.1 Sufficiency

We first show sufficiency. Suppose GF and Q satisfy the conditions laid out in proposition

1. The VECM representation of f; is given as

Afi= (GP—I3) fio1+ Q20 (D.1)
n
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where

HZGP_I3:<Onx1 1 V2>

for 3-dimensional vectors v1 and v». Since 11 and 15 are

G, G
<V1 V2> =|Gp—1 Glzp3
Gy G-l

and (G5, —1)(G%; — 1) — G5;G%, # 0 by the eigenvalue condition, the lower 2 x 2 block
in the matrix above has a non-zero determinant. This implies that v; and v, are linearly

independent. Note that Il can be decomposed as

010 ,
I_I:(yl y2> :AB,
0 01

where A is a full rank 3 x 2 matrix with columns v and v,.

Define A| and B, as orthogonal complements of A and B, that is, non-zero 3-
dimensional vectors such that B'B| = Op«1 and A’A| = Oyx«1; {A] } can be interpreted
as a basis of the orthogonal complement of the vector space spanned by the columns of
A, and likewise for B . In light of the latter interpretation, we can take B | = (1 0 0>/.

We can also show that the first element of A must be non-zero. Suppose that A

is given as

/
AL:(O a b)
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for some a,b € R. Then,

G,  Gis
A= (0 a b) Gop—1 Gh |= (a(GgDz —1)+0G3, Gy +b(G33— 1)) = O1x2.
Gy Ghi—1

Because A | is non-zero, either a or b is non-zero. Without loss of generality, suppose

that a # 0. Then,

b

65 -1=-2a%,
a
b P

G1293 =——(G33-1),
a
so that
(G5 —1)(G33— 1) — G33G3, =0,

which contradicts our eigenvalue assumption. Therefore, the first element of A cannot
be 0, and we normalize it to 1.

So far, we have seen that = AB’ for 3 x 2 matrices A, B of full rank, and we can
choose orthogonal complements A and B, of A and B so that A'| B =1+#0. Therefore,
the conditions for the Granger representation theorem to hold are all satisfied (Theorem
4.1 in Johansen (1991)). By the Granger representation theorem, f; has the Beveridge-

Nelson decomposition
! P
fr=V- <Z€s> +nt =m0+ fo
s=1

for any 1 <t < T, where 7; is the stationary part of f; and 3%_4 5]5 is the trend part of
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fr. W is given as
~1
V=B, (ALB) Al

where

/
BL:<1 0 O);

and A B) =1, so that
V=04

Defining the single common stochastic trend 7 as
t
Tt = Z Alﬁf,
s=1

the common factors f; have the common trend representation

Jt

0|7+ n,

provided that ng = fo. This is exactly the common trend representation of the factors
used in previous AFNS models in the falling stars literature.

The 0 loadings of the trend on the slope and curvature factors reveals that they are
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jointly stationary. Moreover, the first equation in the physical factor dynamics is
Lt = Lt—l + GI{D2S7§_1 + G]%_D:),Ct_l + 51515,

where elf’t has positive variance w? > 0, so that the level factor is indeed non-stationary.

The first difference of the level factor is the stationary process
ALt = GIE)QSt—l + G]f?,Ct_l + 81{3715,

meaning that L; is an I(1) variable whose first difference AL; is a stationary process
whose dynamics are governed by the dynamics of the slope and curvature factors.
Therefore, if GF and Q satisfy the conditions of proposition 1, then the level factor

is I(1) while the slope and curvature factors are jointly 1(0).

D.2 Necessity

Conversely, suppose that L; is (1) and S, C; are jointly 1(0). Note that the first equation

in the error correction representation (D.1) is
ALy =Ty1 Ly 1 +M128 1 +M3C 1+ 615,5
Because ALy is stationary and L;_1 is non-stationary, we must have N33 = 0.

In addition, by assumption, B’f; is a 2-dimensional stationary time series, where

01
B = . From the VAR representation of the factors we have

00 1
B'f,=B'GEf,_1 + B'Q2 1P
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L;_1 is non-stationary and

P P P
(;11 (;12 (;13

010 GY. GE, GY
I AP _ . 21 Y22 Y23
BGF = Gh G5 Gh|=| O~ 7|

P AP P
GY31 GY32 GY33
so we must have G5; = G5, = 0. Since

Gh-1 G,  Gi
_ P _
N=G"-L=| & Gp-1 Gy |
G5 Gy G-1

this implies that lNy; = N3; = 0. As such, the first column of 1 must be equal to 0.

The above finding indicates that 1 must be a reduced rank matrix, or that its rank
must be 0, 1 or 2. If the rank of M is 0, then M = O343 and G¥ = I3; this would mean
that all three factors follow a random walk and thus that all three factors, not just the
level factor, are non-stationary. This contradicts the assumed stationarity of the slope
and curvature factors, so the rank of Il cannot be 0.

Suppose the rank of 1is 1. Then, its columns must be scalar multiples of one another.

Without loss of generality, suppose there exists a ¢ € R such that

G Gis
c|Gh-1|=| G |- (D.2)
G G331

Noting that G% = GE} =0, the last two equations comprising the VAR representation
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of the factors form their own 2-dimensional VAR(1) system given as

P P P
St - G22 G23 Stf]_ n 82,t

P P P
Ot G32 G33 Ot_l 53,t

Because (S, Cy) are jointly stationary, the eigenvalues of

P P
G22 G23

P P
G32 G33

must not lie on or outside the unit circle, which implies that the matrix

Gh—1  Gh
Gy Gy—1

must have a non-zero determinant (otherwise, 1 is an eigenvalue of the matrix in (D.3)).

However, if equation (D.2) holds, then
(G2 —1)(G33—1) = G33G3 = ¢ (G — 1)Gp — ¢ (G — 1) G5 =0,

a contradiction. Therefore, the rank of 1 cannot be 1.

It follows that the rank of Il must be 2, and as such, Il must assume the form

n:(03><1 2 Vz)

for linearly independent 3-dimensional vectors v and vo. This implies that GF is given
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as

1 G G
G'=N+I=|0 Gy G

0 Gy Gy

We showed above that matrix (D.3) must have eigenvalues that lie within the unit circle
in order for the joint stationarity of St, Ct to hold.

Finally, under the above specification
Ly=1Li1+ G%St_l + GIE)3Ct_1 +w- vlﬁt,

so in order for L; to be non-stationary, w > 0. [

E Market Prices of Risk and Excess Returns

Here we fill in the details about the choice of SDF and the market prices of risk, as
well as the formula for the one-period excess bond returns that is used to derive the
decomposition for the term premium. In this section we state the relevant results, and

the proofs are left for subsequent Appendices.

E.1 The SDF and Market Prices of Risk

As stated in the main text, the stochastic discount factor (SDF) is given in the usual

stochastic exponential form:

1, /
_ P
Mt+178t+1 = exp <_rt - §>‘t,st+1 >\t75t+1 - )‘t7st+1vt+1> )
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where A¢g,,, is the market price of risk, which here is dependent on the one-period
ahead regime sy41. The SDF enables us to move from the risk-neutral measure to the
physical measure, and vice versa. Specifically, for any variable X;y; known from time

t+1 onward, the following relationship holds:

B¢ [Xir] = Ee [ Xirrexp(ro) Mt

1
= ]E‘t |:Xt+1 exp<_2>‘:€,st+1 >\t,5t+1 - A;,St+1leij+1>:| :

As shown in Appendix F, letting

P
vg-l = V41 + )‘t78t+17 (E1>

081 | F¢, st.+1 follows the normal distribution A (O3x1, [3) under the risk-neutral measure
Q if the same holds for UF 41| Ft,5¢+1 under the physical measure.

We opt for the essentially affine representation of the market prices of risk, as in
Cheridito, Filipovic, and Kimmel (2007), implied by the risk-neutral and physical dy-

namics. In Appendix G, we show that A\ s, is given as

)\t,sH_l — )\St+1 +/\5t+1 : ft7 (E2>
1\ ! 0
/\5t+1 = - ( §t+1> Kst+1

1o\ -1
Nsia = ( §t+1> (G]gtﬂ o GQ) :

E.2 Excess Returns and Risk premia

The one-period ahead holding period return of a 7-maturity bond at time ¢ is

hpr7; = log(Pry1(7 — 1)) — log(Pi(7)).

18



The expected excess return to a 7-maturity bond from time ¢ to ¢+ 1 is then defined as

em’gl)l =E; [hprgi)l} — Tt

When we ignore Jensen’s inequality, so that logs and expectations may be interchanged,

the expected excess return formula is given as

ea:rgr)l =b(r—1)E, {KQ ] — lb(T —1)E, [Qstﬂ] b(t—1)

St+1 2

—b(r—1YE [(GE G ]

St+1

where the expectations are written in a way that makes explicit that the regime at time

t is known. This expression is also derived in Appendix G.

F The Discrete Version of Girsanov’s Theorem
Let vgl = UtH:_l + At,s,.1, and suppose the SDF My 15, is given as
1 / / P
Mt+178t+1 =eXp| =Tt — 5)‘t,st+1 )\t75t+1 - )\t,St+1vt+1 .
We want to show that
EQ [exp(—r'vQ ) | s¢ 1} = exp(lr'r>
t t+1 + 5

for any r € R3. Then, because the moment generating function of a random vector
determines its distribution, and the right hand side is precisely the moment generating

function of a standard normally distributed random vector, we can conclude that

v | Frosern ~ N (O3x1,13).
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We first prove three smaller results before moving onto Girsanov’s theorem. Below,

o(st+1) denotes the o-algebra generated by s;+1, and

Gr = o(st41) \ Fi

the o-algebra generated by the union o(s¢+1)UF:.

Lemma F.1. For any r € R3 and B € o(s¢11),

E2 [exp(—r’vgl) -IB} —E? [exp(ir’r) -IB} :

Proof. The following chain of equalities hold:

]E? {exp(—r'vgﬁ -IB} =E, exp(—r’vgl)/\/ltH,st+1 exp(ry) - IB}

[ 1
=E; |exp <_r/)‘t,8t+1 - EA;’SHI )\t75t+1 - (T + )‘t75t+1)lvf+1) 'IB:|

[ 1
=E; |exp (-r')\t,stﬂ — 2>\275t+1)\t’5t+1)13 -E; [eXP<_(T+)‘t,stH)'UF+1) | StHH ,

where the first equality is due to the definition of the risk-neutral measure, the second
due to our specification of the SDF, and the third due to the law of iterated expectations.

Since U}F 1 follows a standard normal distribution given F; and s;y1, we have

Eg [exp(—r’vgl) -]B} =E; [exp(ér’r) -]B}

By the Doob-Dynkin Lemma, that B € o(s+1) tells us that there exists a (non-negative)
function f:{1,---, N} — R such that Ig = f(s;+1); this function is trivially measurable

20



because its domain is finite. The expectation above can now be written as

N
E¢[Ip] = E[f(st41) [ se] = > f(i) P(ser1=1] s1).
=1
where the first equality follows from the Markov property of the regime process. Since

P(sir1=1]5;) =Q(st41=1]5t) = Ps, s

by assumption, it follows that

N
Ei[Ig] =Y (1) Qlsira =i | 1] = E2[f(s141) | si] = EZ [f(s101)] = B[],
i=1
As such,

B2 [oxp(~"vf1) 1] = BF [exp(517r) - 1]

Lemma F.2. For anyr € R3, A€ F;, and B € 0(s411), we have

EQ []E,éQ {exp(—r'vgl) | 5t+1} .IAQB} =EQ {exp(;r’r) .IAQB} .

Proof. Here we use the notation EQ[- | G;] and EQ[- | F] for E2[- | si41] and E2[] to
emphasize the conditioning sets for the respective conditional expectations.
Choose any A € F; and B € 0(s¢4+1). AN B € G; because o-algebras are closed under

finite intersections, so that

EQ []EQ {exp(—r'vgl) | gt} ~IAQB} =EQ {exp(—r'vgl) .IAQB}
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from the definition of conditional expectations. Now, we can see that

EQ {exp(—r/vgl) ']AHB} =E° :EQ :eXP(_T/Ugl) 15| ‘7:'5: 'IA]

I I 1
—EQ |EQ exp<2r'r) Ip | ]-"t} ~IA}

o 1 )
=EQ|EQ exp<2r/r) Tanp | Fi

I 1
=EQ exp(2r'r) -IAQB} ,

—_

where the first equality follows from the definition of conditional expectations and the
Fi-measurability of A, the second from lemma D.1, the third from the fact that 4 is
Fi-measurable, and the fourth again from the law of iterated expectations. It follows

that

EQ [EQ [exp(—r’vgl) | gt] -IAQB} =EQ {exp(ér’r) -IAQB} .

Theorem F.3 (Girsanov’s Theorem). For any r € R3,

£ (1) 1] =0 1)

with probability equal to 1.

Proof. ]EifQ {exp(—r'vgl) | 8t+1} is the Q-conditional expectation of exp(—r’vgl) with
respect to Gy, so it is trivially measurable with respect to G;. Likewise, exp(%r’ 7’), being

a non-random scalar, is trivially G;-measurable.
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Define
J={ANB|Aec F;,Beo(s+1)},

where o1 is the o-algebra generated by the random variable s;1. A well-known result
in measure theory tells us that J is a m-system, that is, a collection of sets that is closed
under intersections, that generates the o-algebra G;*.

Define the functions 7 : G — [0,+00] and v : G — [0,+00] as
m(H) =EQ [E;@ {exp(—r’vgl) | 3t+1} ~IH}
- Q 7,Q
= /HEt [exp(—r th) | St+1] dQ
Q [exp( L1
v(H)=E [exp(zr r) 'IH}

= exp(ér'r) -/H 1dQ

for any H € G;. These functions are well-defined for each H € G; because the condi-
tional expectation E? [exp(—r’ vgl) | St+1] is a Gi-measurable real valued function and

exp(%r’ 7‘) is a non-random constant. Heuristically, 7 and v are the indefinite integrals

4The proof of this result is straightforward. First, it is trivial to show that J is a m-system.
To show that the o-algebra generated by J is exactly the union o-algebra G;, we first note that J C G;.
For any A € F; and B € o(s¢41),

Ae ftUU(St+1) C G

and likewise for B. Since o-algebras like G; are closed under finite intersections, ANB € G;. G; is a
o-algebra containing J and the o-algebra oJ generated by J is the smallest o-algebra containing J, so
it follows that oJ C G;.

For the reverse inclusion, note that, for any A € F;, because the sample space €2 is an element of
o(s¢+1) by the definition of o-algebras, we have

A=ANQe J
In other words, F; C J, and by a similar line of reasoning, o(s¢41) C J as well. Therefore, F; U (st41) C

J CoJ, and it follows that G, the smallest o-algebra containing F; Uo(s¢41), is also contained in o.J.
This establishes the result.
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of E? [exp(—’r’vgl) | stﬂ] and exp(%r’r) with respect to the measure QQ, and they are
well-defined measures on the measurable space (2,G;) by Proposition 1.5.6 in Cinlar
(2011).

It is easy to see that v(Q2) = exp(%’r’r). As for the measure 7, note first that
EQ {E;Q [exp(—r’vgl) | st+1” =EQ {exp(—r’vgl)} =EQ {E;Q [exp(—r’vgl)ﬂ

by the law of iterated expectations. By implication,

where the last equality follows from putting B = Q in Lemma D.1. This shows us that,

7 and v are finite measures on (,G;) with the same total measure.

We have shown so far that J is a m-system that generates G;, and that m and v are
finite measures on (Q,G;) such that 7(Q) = v(Q). Furthermore, Lemma D.2 shows us
that 7(H) =v(H) for any H € J. Therefore, by Proposition 1.3.7 in Cinlar (2011), 7 = v

on Gy, that is,
B2 (89 [exp( o1 [ sua1] - Tn] = B2 [exp (S ) 1]

for any H € Gy. Now the definition of conditional expectations (see, for example, Def-

inition IV.1.4 in Cinlar (2011)) and the uniqueness of conditional expectations up to
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almost sure equality imply that, with probability equal to 1,

E? [exp(—r’vgl) | st+1] = exp(;r’r).

G Essentially Affine Market Prices of Risk and Risk
Premia

We first derive the market prices of risk; the exposition follows Cheridito, Filipovic, and
Kimmel (2007) almost exactly.

Our assumed risk-neutral and physical dynamics imply that

EL [fis1 | se01) = KL + Gy

t+1

1
Ei[fis1 | see1] = K2 + G+ Q2,0 Mooy s

t+1

Therefore,

1
Qsztﬂ ’ )\t>5t+1 =E; [ft—i—l | St+1] - E;@ [ft+1 | 5t+1] )

and At s, is given by

PN
Mspin = (Qszm) (Et [firn | seea] —E2[frra | St—|—1])a

as a function of the factor risk premium E¢ [fi4+1 | s¢+1] — E;@ [fi+1 | st+1]. Now make use

of the physical dynamics of the factors:

1
Ei[fi1 | se41] =Eq Gft+1ft+92 up | = Gfmft'
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As such, the market prices of risk can be rewritten in terms of the factors f; as

11
Assin = <Q§t+1> (Gftﬂft - Kgﬂ - Gth)

St+1 St+1

1o\ -1
—(98.) K2, +(GE, -G,
We have thus seen that the market price of risk is determined as follows:

>‘t75t+1 = )‘St+1 + A$t+1 “Jts

1 \1 0
)\5t+1 == (QgtJrl) K5t+1

1

~1
A5t+1 = ( §t+1> (G]Etﬂ - GQ) :

Next, using the discrete version of Girsanov’s theorem and the essentially affine form
of At s,.; above, we derive an expression for the one-period ahead expected excess return
on zero-coupon bonds.

Recall that the one-period ahead holding period return for a 7-maturity bond at time
t is given as

hpr7, = log(Pry1(7 — 1)) — log(Py(7)).

Since bond prices are given as exponential-affine functions of f; and fi11 has a VAR(1)
representation under the risk-neutral measure, the holding period return can be written

in terms of time t factors as

Bpr{Th = —as,0 (7= 1) =b(r = 1) frs1 + a5, (7) + (7 fi
1
= —ag,  (T—1) =07 =1 K2 —b(r —1)GUf; —b(r —1)QZ,, 02

St+1 t+1

+as, (1) +0(7) i
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The intercept and factor loadings as,(7) and b(7) were seen to satisfy the recursions

1
ast(T) = ]E? Qsiy1 (T - 1) + b(T - 1),KQ *b(T - 1)/9

St41 2

b(t—1)

St+1

b(r) = B+ G¥b(1 — 1)

if we ignore Jensen’s inequality and interchange logs and Q-expectations. Substituting
these equations into the equation for holding period returns, we have

T 1
hpr§+)1 =B fi +E a5t+1(7__1)_b(7'—1)/KQ —Eb(T—l)/Q

St+1

b(t—1)

St+1

17-Q 103 ,Q
— 05, (T—=1)=b(T—=1)Kg  —b(T—1)Q%,,v71,

St+1

where the Q-expectations have been replaced with P-expectations because the distribu-
tion of s;11 given s; is the same across the risk-neutral and physical measures. As such,

we have

1 1
E, [hprt(_?l | sm] - [Qb(r —1yQ,,,,b(r — 1)] b —1)Q% Ay
1
=T¢ _]Et |:2b(7' — 1)/Qst+1b(7' — 1)]

+b(r—1) K2, —b(r—1) (G%,, - G9) £,

St+1 St+1

where we used the fact that the mean of vgl is equal to the market price of risk A\ s, ,
given the information up to time ¢ and s¢y1, as per Girsanov’s theorem.
Finally, taking time ¢ P-expectations on both sides yields, by the law of iterated

expectations,

exrg)l =, {hprg)l] — T

= 2B [b(r = 1)y, b7 — 1)] b7 — 1B [K2, ]

2 St+1
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—b(r—1)E¢ |(GF,,, - G9) f1].

St+1

H Details on Estimation

Here we present further details about our estimation method.

H.1 Rationale for Bayesian Estimation

We choose to sample the model parameters via Bayesian Gibbs sampling. This is because

P

s,» among other parameters, can help

imposing the appropriate prior distributions on G
stabilize estimates of the term premium. We can see from the formula for the term
premium that the difference G]f:t — GQ between the mean reversion parameters of the
physical and risk-neutral factor dynamics determines how the factors load on the term
premium. Choosing the appropriate location and tightness of the prior distribution of
Gft can thus prevent the estimated term premium from behaving too erratically. Indeed,
by imposing a relatively tight prior on g}f, we can smooth the sudden spike in the

term premium around 2008 found in the term premium estimate of Christensen and

Rudebusch (2016).

H.2 Data

Our sample includes the short rate and U.S. yields for m = 17 maturities: 3 and 6 months,
and yearly maturities from 1 to 15 years. These maturities are chosen to coincide with
those in Bauer and Rudebusch (2020). The yields with maturities one year or higher
are selected as end-of-month yields in the Gurkaynak, Sack, and Wright (2007) (GSW)
database. The 3-month and 6-month yields are taken from the H-15 Federal Release
because the GSW database is unreliable at the short end of the yield curve. Following

Chib and Ergashev (2009), we use the effective federal funds rate as a proxy for the 1-
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month yield, which serves as our short rate r;. To avoid issues with potential structural
changes during the Great Inflation period from 1965 to 1982, we limit our sample to the
period from January 1985 to April 2023.

Letting 71,---, 7, be the maturities in our sample apart from the short rate, the

sample of time ¢ yields of maturity 3 months or higher are collected in the vector

Yi(m1)
Vi =
Y;S(Tm)
The model-implied yield formula is
Vi=As, +Bft,
where
as; (71) b(r1)’
T1 71
As, = : and B= : e R"™*3,
Asy (Tm) b(Tm)/

H.3 Parameter and Factor Identification

Before estimating any term structure model, we must ensure that it is identified. In
the term structure literature, it is customary to impose identification restrictions that
insulates a model from invariant affine transformations (e.g. Dai and Singleton (2000),
Joslin, Singleton, and Zhu (2011), and Hamilton and Wu (2012)). We impose the fol-

lowing identification restrictions:

» Restrictions on Short Rate Dynamics We require the intercept term in the
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short rate equation to be 0 in both regimes, and that the level factor load with

unity on the short rate.

« Restrictions on G? We require the mean reversion parameter G2 under the risk-

neutral measure to be of the lower triangular form (B.2) for some @ € (0, +00).

« Restrictions on Qg We require that wgt and {22, are the only non-zero entries

in the factor error covariance matrix €Q,,, and that €2; is positive definite.

» Restrictions on the Physical Factor Dynamics We require that the slope
and curvature factors (S¢, C¢)' have unconditional mean zero under the physical

measure.

The last restriction is taken from Hamilton and Wu (2012), where it is stated that
the intercept of the factors under either the risk-neutral or the physical measure must be
put equal to 0. Below we show that there are no invariant transformations of the factors
fi that satisfy the above restrictions simultaneously. Hamilton and Wu (2012) point out
that, if both the physical and risk-neutral dynamics of the factors contain a unit root,
then the model, specifically the intercept of the factor dynamics, is unidentified. In our
model, while the physical factor dynamics are I(1) during the normal regime by design,
the model is nonetheless identified because of our restrictions on the short rate dynamics.

Suppose that f; is a factor process that satisfies the identification restrictions, so that

1 11—z —xlog(z)

w O1x2
fi=K2+ 0 2 azlogla) | ficrt " 1 v
O2><1 Q22
0 0 T
3
G9(x) 25
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for some x € (0,1),

Pr
psi 9 1
o= 7 T fea Q30
O G
and
re=pfr.
Let
fi=A+Bf

be an invariant affine transformation of f; that also satisfies the above restrictions, that

is, there exists a y € (0,1) such that

1 1—-y —ylog(y)

A A N s, Oi1x2
ft:K;QH- 0 wy ylog(z) | fi—1+ t 1 U;@,
O2><1 Z222
0 O Y
%
a2(y) >

ry =/ ft, and the unconditional means of the last two elements of ft are (.

We first show that B = a- I3 for some a # 0. Using the relationship
ft :B_l (ft_A>a
the Q-dynamics of f; are given by

ft:A—i-Bft
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1
= A+ BK2 4+ BGU(z) fi—1 + BQZ v
=BKJ+ (I3— BG%z)B ™) A

A 1
+BGY2)B7L- fi_1+ BQZ .

It follows that
BGY() = G2(y)B

and
BQy,B' =%,
Let B be given as
a b c
B=ld e f
g h i
The equality
a b c||l 1—2 —=xlog(z) 1 1—y —ylog(y)| (a b ¢
d e fl|0 =z zlog(z) | =0 vy ylog(x) d e f
g h t)\0 0 x 0 O Yy g h 1

yields the 9 equations

d(1—y)=gylog(y) (b—a)(1—xz)+e(l—y)=hylog(y) e(l—z)+f(1-y)—iylog(y)= (b—a)rlog(x)
d(1-y)=gylog(y)  e(z—y)+d(l—z)=hylog(y) f(y—=)+iylog(y) = (e — d)xlog(x)

gy=g g(1—z)=h(y —x) i(y — ) = (h—y)rlog(x)

The first column of equations tell us that g =0, since y < 1, which implies that d = 0.
Next, from the second column we can tell that A =0 and x =y, and as such that e =a—0b,

where a # b and a # 0 because B is nonsingular. Finally, the last column tells us that
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e=1 and f = —c. Together, B can be simplified as

To pin down the values of b and ¢, we now turn to the equation BQs, B = ¥,. Sub-

stituting the expression for B derived above into the equation, we obtain the following

equations:
2 2 2
a‘wg, = 05,
a—b 0
<b c) Q2o = O1x2,
—c a-—b»
a—b —c a—b 0
955) =22
0 a-—b —c a-—b»
a—b 0
Because both €5, and are nonsingular, the second equation tells us that
—c a-—b

b= c =0, while the first implies that a # 0. Therefore, B = a- I3 for some a # 0.
Next, we show that A must be a zero vector and that the scale factor a equals 1. To

this end, note that the short rate dynamics under ft equals
re=0fi=-FB A+ 8B .

This tells us that 3’A = 0 for both s; = 1,2. In addition, the intercept of the factor

dynamics of ft under the physical measure must equal

(I3-BGEB™) A= (-GE) A.
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In particular, the last two elements are given as
(- G) AP,

where A®) collects the last two elements of A. By the identification restriction on the
unconditional mean of the slope and curvature factors, the above 2 x 1 vector must equal
0 for any time ¢, and since the eigenvalues of G are all contained within the unit circle,
AP = O0,,4. Finally, since the first element of both 3 and /B~ must equal 1, a = 1
and the condition 3’A = 0 requires A = O3x1.

We have thus established that A = 03«3 and B = I3, meaning that ft = f;. Therefore,
f+ collects the unique factors that satisfy our identification restrictions, and the model

is identified.

H.4 The State-Space Representation of the Model

To complete the model, we assume the presence of a short rate measurement error wu;
ith i f o2, and tor of t taining to the oth
with a variance of ¢, and a vector of measurement errors e; pertaining to the other
sample yields. As is standard in the literature, we assume the measurement errors for
2

the yields are mutually independent and have variances og 1, ,aém. Our model is thus

comprised of the measurement equations

re=0"fi+ouw

1
Vi=As, +Bfi+ 28 - e,
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2

e,m)7 and the transition equation

where Y. = diag (ail, RN

Pr
pst gSt

021 G

N———
GE,

3 P
ft= fr—1+Q3, v/ .

In the estimation process, all yields are appropriately scaled via the scaling parameter
¢ = 1200 to transform them into per annum percentage values.

We follow Hamilton and Wu (2012), as well as the RY specification of case P in
Joslin, Singleton, and Zhu (2011), to assume that the short rate, and the 3 year and 10
year yields are observed without error. These three yields are now related to the factors

as

Tt 0 o4
Y;(36) | = | as,(36)/36 [+ | b(36)/36 |/t
Y;(120) as,(120)/120 b(120)/120

Here, since the federal funds rate, being an overnight rate, is close to a zero maturity
yield, we approximate the factor loadings 3 as (1,0,0)’, essentially identifying the level
factor with the short rate. The first element in b(7)'/7 equals 1 for any maturity 7, so
the equations for the 3- and 10-year yields can be reformulated in terms of their yield
spreads as

Y3(36) — 1y B as,(36)/36 N b(36)'/36 750

_ SC.
Y;(120) — ry a,(120)/120 ] | b(120)' /120

ys® A B

where ftSC collects the slope and curvature factors S¢, Cy. The rest of the yield spreads
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are collected as

Yi(73) =1t as,(73)/73 b(73)' /73
. . SC | +3
= : + : t +Ze €,

Yi(Tim) — 1t as,(Tm)/Tm b(tm)' /T

ys® A2 B0)

where e; is now an (m — 2)-dimensional random vector of standard normally distributed
measurement errors, and ¥, likewise collects the measurement errors of the m — 2 yields
that are observed with error.

The modified state-space representation of the model is now given in terms of the

yield spreads as

(1) (1)
Yo AL 5 sc, | O2xtm=2) et (H.1)
ys@) (a@) |po)" 52
1
ft= Gftftfl +Q2 v (H.2)

We also assume that the regime in the first period is 1, that is, s; =1, and that the

Markov process {s; }1ez is irreducible and ergodic, so that it has a stationary distribution

.

H.5 Estimation Strategy

Hamilton and Wu (2012) point out that the state-space model in Equations (H.1) and

(H.2) is observationally equivalent to a restricted Gaussian VAR. In our case, the re-

5We assume that the process has arrived at the stationary distribution 7 by the time the sample
starts. Thus, the unconditional distribution of sq is 77 under both the physical and risk-neutral measures.
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stricted Gaussian VAR system is characterized by the following three equations:

re = —gPBO-1AQ)

St—1

_ 1
+ ps,Tt—1 +gi’8(1) 1 -ysﬁ_)l + wg, - v]ft (H.3)

1

VS = (AP - BWEBOL. AW )+ BOEGBOL. Y5, + B, e,  (HA)

St—1

1

y8§2) — (Ag) _ 3(2)3(1)71/421)) + B2 pH)-1 .yggl) +Y2 e (H.5)

where “ECt collects the last two elements of vt]P . The first two equations represent the
dynamic part of the system and the third the static part. The three equations above can

be taken together to form the larger VAR system
Xt =Clspsp 1 A+ P, - X1 +3, - uy, (H.6)
where
X; = <rt,y3§”,ys,§2)) (H.7)

and A = (A1, A2). The parameters Cy 4, 5, ,,Ps, and X, are defined in Appendix I.

H.6 Relationship between Structural and Reduced Form Pa-

rameters

There are a total of 32 structural parameters to be estimated, collected as
0= {p2’9¥7w%7w§7éaﬂ227RQuKiQ;Ké@7Ze;P}

alongside the regime process S = {s;}1<;<7. Estimating the Q-parameter Kg has tra-

ditionally proven difficult. In particular, we wish to draw attention to how the intercept
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term A, = (Ast , AL ) is defined as
ASt - —

where

L3 b =) (SN P ) =)

Cosy = : (H.9)

LS b i) (S0 P ) b — )
Lynityr—i)- Py s te(n i) P,

St St

Cls = : : . (H.10)

Lyt Ly, —i)- PO L sty — i) P,

Tm Tm 5t,2

While A;,, and by extension the measurement equation, are affine in KiQ and Ké@, Qs,
and P enter into the measurement equation in a non-linear manner through co ,. This
renders estimation difficult, with maximum likelihood methods requiring non-linear nu-
merical optimization and Bayesian methods requiring the use of the Metropolis-Hasting
(MH) algorithm.

Instead of directly sampling from the structural parameters, a simpler way is to take
a two-step approach, as in Hamilton and Wu (2012) and many other papers that employ

minimum chi-square estimation. First, we sample the reduced form parameters
0" = {p2agipvw%7w§7éa9227/€Q7A1a¢427Ze;P}

that are present in the system in equation (H.7). Afterward, we can recover the structural
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parameter Kg by applying the transformation

K , ) -17, 1 1
= |cppc11 + 612012} [011 (Al + 001> + ¢l <A2 + cogﬂ : (H.11)
K;@ 2 2

As shown in Hamilton and Wu (2012), among others, this two-step procedure generates
consistent and asymptotically normal estimators of the structural parameters. In light
of the class of Bernstein von-Mises (BvM) theorems, we expect the posterior distribu-
tion of the structural parameters obtained in this manner to possess similar asymptotic
properties.

When it comes to Bayesian estimation, estimating 6* instead of 6 confers an addi-
tional advantage. In short, Gibbs sampling Ay, instead of Kg can help facilitate the
choice of prior distributions. With As,, since the unconditional mean of the slope and
curvature parameters is 0, we know that A, collects the regime-wise unconditional mean
of the yield spreads y3§1) and y5§2). In contrast, all we know about Kg is that it helps
determine Ag,, but the specific role it plays in determining the level of the yield spreads
is obfuscated by the presence of the Jensen’s inequality term, among others, in the for-
mula for A,,. Therefore, by choosing to sample Ag,, we can impose reasonable prior

distributions centered around the sample average of the yield spreads.

H.7 Sampling Algorithm

The following is the rough outline of our block-wise Gibbs sampling algorithm. It essen-
tially samples each parameter by successively cycling through multiple linear regression
models, so that we need only rely on the simple Normal-Normal and Inverse Gamma-
Inverse Gamma (or Inverse Wishart-Inverse Wishart) updates. Details are provided in

Appendix 1.
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Block 1

Block 2:

Block 3:

Block 4:

: Sampling p2, g7 ,w?,w3

These parameters only appear in Equation (H.3), which can be written as

Tt = PsTt—1 +g£/f7ici tWs, - UIIPt
in terms of the factors, which are known given k@ and A.

Therefore, we can sample the innovation variances wf, w% via the Inverse Gamma-

Inverse Gamma update, while 7 and g%ﬁ can be sampled via the Normal-Normal

update.

Sampling G,Q»
These parameters only appear in Equation (H.4), which can be written in terms

of the factors as
1
SC ~ pSC 3 P
77 =G+ Q5 vgey-

Therefore, Qp and G can be sampled via the Inverse Wishart-Inverse Wishart
and Normal-Normal updates, as the innovation variance and coefficient from a

standard Seemingly Unrelated Regression (SUR) model.
Sampling >,
The measurement error variances only appear in Equation (H.5):
1

Y5 = (AD — pABWAD) 4 pABM1. ysi) 1 52 ¢,
Each measurement error variance can therefore be sampled via the Inverse
Gamma-Inverse Gamma update.
Sampling P
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The transition probability P appears nowhere among Equations (H.3) to (H.5).

Therefore, it can be Gibbs sampled via the usual Beta-Beta update.

Block 5: Sampling <9 and A
These are parameters that appear in all three equations. A is part of the inter-

cept term in Equation (H.6):
1
Xt = Cl,st,st_l : A+ q>8t : Xt—l + th Ut

As such, it can be sampled via the Normal-Normal update process.

As for k2, we assume that it takes finitely many values, each corresponding to
a integer-valued maturity peak ranging from 12 months to 60 months. This is
similar to the grid search method employed to estimate 2 found in Diebold
and Li (2006). Equation (H.6) is used to compute the posterior density of each

of these values of k2, and then we sample 2 given this discrete distribution.

Block 6: Sampling S
Finally, we sample the regime process S by making use of the usual Hamilton

filter and Carter-Kohn backward recursion.

H.8 Prior Distributions

We impose the following priors on the model parameters:

wiz ~ InverseGamma <a1270’ ;’0> for i =1,2,
1 ~ N, V,

i [G0, Vg0,

p2 NN[ﬁ07vp,0]7

Qoo ~ InverseWishart(vg, Vo),
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vec (CN;'P/) ~ N 70, V5.0l

A~N [/io, VA,O} ;

ag’i ~ InverseGamma ( 0) for1<i<m-—2,

By~ beta(a@o,ﬁi’o) fori=1,2.

We assume the parameters are all mutually independent and independent of the regime
process S, except for the transition probabilities Py and P»o.

The prior distributions are designed to lead to conjugate posteriors. The hyperpa-
rameters are at times chosen based on the least squares estimates of the corresponding
parameters, and at others to ensure efficient sampling, particularly for the hyperparam-
eters that govern the priors of Gft. In all cases, the prior means are chosen in a manner
that emphasizes the unique role that each parameter plays in the model (e.g. A as the
collection of the regime-wise yield spread means). The priors are mostly uninformative,
except for that of the mean-reversion parameter pp, which, without a tight prior, tends

to be sampled too close to 1.

H.9 Prior Hyperparameters

Unless mentioned otherwise, the prior variances are chosen so that the prior distribution

is uninformative.

« Prior Distribution of ¢}
The prior mean of the coefficients on the slope and curvature factors in the equation

describing the dynamics of the level factor during the normal regime is set as
/
go = (1 —exp(—R) %exp(—%)) ;
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which collects the (1,2) and (1,3) entries of G2.

Prior Distribution of GF

The prior mean of GT, the lower 2 x 2 matrix in Gi, is set as

- (exp(—Ro) —rexp(—#)
0 =
0 exp(—l%),

which is the lower 2 x 2 block of GR. By implication, 5o = vec (C%)

Prior Distribution of p;

The prior mean of ps is chosen as the least squares estimate of p in the regression
re = pri—1+wo - ug, computed using only the periods during which the short rate is
smaller than 0.25. When there are no periods where the short rate is smaller than
0.25, we put the prior mean of py equal to 0.9. To avoid pp from being sampled as
a value that is too close to 1, we impose a tight prior standard deviation equal to
0.05. In particular, the prior mean of p, in the full sample is given as 0.78, so this
ensures that 0.9 is just outside two standard deviations of the prior mean. Note

that this is the only parameter on which we impose a tight prior.

Prior Distribution of Q5>
The slope and curvature factors Sy, Cy have a data generating process independent

of the level factor, given as

St _ P Si—1

Cy Ci—1

+ 5]§7t7 5]g7t ~ ZZdN(Ole, Q22) .
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This is simply a VAR(1) process, and the factors S, Cy are assumed to be observ-
able, so the hyper-parameters vg, Vg are determined so that the prior mean of 2,

equals the MLE of Qo with GF put equal to Gy.

Prior Distribution of w?
w% is the error variance of the stationary process ALy — gllp’ ft(f)l during the normal
regime. Therefore, a1 ¢ and dj g are chosen so that the prior mean of w? equals the

variance of Ly — Ly 1 — gllp’ ft(E)l given that gI{D equals its prior mean gg.

Prior Distribution of w3

w% represents the conditional yield volatility of the short rate during the lower
bound regime. In this context, w? is the conditional yield volatility of the short
rate during the normal regime. In Christensen (2013), it is shown that the condi-
tional yield volatility of the 3-month yield differs by about 7 times between the

normal and lower bound regimes. Based on this result, we choose az g and d> o so

that the prior mean of w? is 72 times larger than that of w3.

Prior Distribution of P

It is known that the expected duration of regime ¢ is given by 1%% for 1 =1,2
under the assumption that {s;} is a Markov process. Therefore, for i = 1,2, the
hyper-parameters «; o and [3; o are chosen so that the prior mean for P;;, denoted

P;;, satisfies
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where D; is the average duration of regime ¢ under the heuristic regime process
S. The specific values chosen for D1 and Dy are the number of observations until
December 2008, and 84 for the number of months from January 2009 to December
2015. a; o, which governs the tightness of the prior distribution of Pj;, is set equal

to 100, to ensure that regime switches do not occur too often.

Prior Distribution of Aj, A,

We noted earlier that A,, can be interpreted as the mean of the yield spreads given
that the economy is in regime s;. Therefore, we put the prior mean of A; equal
to the sample average of the yield spreads for the periods where the short rate is
greater than 0.25, and the prior mean of Ay equal to the sample average of the
yield spreads for the periods where the short rate is smaller than 0.25. If there are
less than 24 observations for which the short rate is smaller than 0.25, then the
prior mean of A> computed in the above manner cannot be seen as representative
of the unconditional mean of the yield spreads under the lower bound regime, so
the prior means of both A; and Ay are put equal to the sample average of the

yield spreads across the entire sample.

Prior Distribution of ag’i
We let a(()i),d(()i) be chosen so that the prior mean of ag’i equals the sum of squared
errors for the ith unobserved yield given that all the parameters are put equal to

their prior means.
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I MCMC Sampling Procedure

Here we detail our MCMC sampling procedure. Henceforth, 7(-) indicates full conditional

posterior densities, {(-) likelihoods and p(-) prior densities. Furthermore, the notation
N(z | p,X)

refers to the value of the normal density with mean g and covariance matrix > at the
point x.

Following Hamilton and Wu (2012), we can reexpress the state-space model as a
restricted Gaussian VAR. First, note that the factor dynamics are comprised of the
regime-dependent level factor dynamics, and the regime-independent dynamics of the

rest of the factors:

Lt = ps Li—1+ gilfiq tWws, 'Ullpt

1
SC _ A rSC 2 P
o7 =G+ Q5 vsoys

where v5,, collects the last two elements of the vector of risk factors vf . Since f¢ is

)

an affine function of the yield spreads y8§1 , we can see that

3 1
VS = AW+ BO (G5 +03,- vk )

= AWV +BOG (_ BL-1 4(1)

St—1

1
+ B(l)_lysz(sl)l) + 8(1)9222 : UgC,t

~ ~ 1
= (AP - BOEBM-1. AW )+ WEBM-1. yst) + BYQ3, v,
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and

V8P = AR+ BRSO 15} e

= (AD - g2 B0~ 1A(1))+B(2)B(1)—1,y5£1)+zé_et

Furthermore, identifying the level factor with the short rate and replacing ftS_

affine function of ysgljl allows us to reformulate the level factor dynamics as

P

re=—gt/BOTAL 4y g4 gP B yS Yo, b

St—1

The three equations that characterize the model can be written as

Ty = (Fst gst W)= 1"4(1)

St—1

>+Ps Tt— 1+9P/B(1 VS o 1T Ws; vipt
Y8 = (AP~ BOGBO1. AD ) + BOEBO. ysP, 4 B0, o,

1
V8P = (AR - BABOIAD) 4 gAML ysit) 1 52y
The parameters to be estimated are
0= {p27gllp7w%aw§>éaQ227KQaKiQ7K(2@72€7P}

and the regime process S = {s;}1<i<7.

¢ with the

(L1)

(1.2)

(1.3)

Estimating the Q-parameter K Q has traditionally proven difficult, not least because

the separate estimation of K @ and (2, P means that the latter enter into the model in
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a non-linear fashion. To circumvent this difficulty, we use the identity

Ky

/ / -1 / 1 ! 1
= |C11C11 + 612012} [Cll (Al + 2001> + C12 <A2 + 2CO2>] .
K3

and estimate the parameters
0= {p2vg]]I_D7w%7w%7 é79227 KQ7A17A27 Ze, P}7

as mentioned in the main text.

Collect the observed variables as

T
X = ysgl)
ys¥

(L4)

We first discuss how to sample the parameters aside from KQ,ASt and the regime S. The

joint likelihood of the data X and the regime S is given as

T

(XS] 6) = TLUXs,s | Fo1.)
t=1
T
= H Z(Xt | St,]:t—lae) 'l(St | “;Et_l’e)
t=1
T
= [T UXe | st, Fi-1,0) - Ps,_y 1,
t=1

where F; is the o-algebra generated by the history of X; and s; up to time ¢. We can
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further decompose each I(X; | s¢, Fi—1,0) as

(Xt s, Fi-1,0) = l(rt,ySgl),yS?) | 5¢, Fi—1,0)
_ i (2) (1) ) (1)
- Z(Tt | yStaStaFt—laQ) l(ySt ‘ ySt 7st7ft—1a9) l(ySt ’ Staft—lve)

- Z(Tt | St’rt*]-’ysgl—)l; {HQ7Ag1-)7pSt7gi7w§t )
< UVSP |50, VS {62, Ay, Te))

< (VS | 5, VS (12, 4D G Q).

St )

Aside from @ and KQ, each of the parameters appears only in one likelihood term, and
thus only in one of the equations from (I.1) to (I.3). Since each of them are Gaussian
regressions, we can either use the Normal-Normal or Inverse Gamma- Inverse Gamma
(alternatively, Inverse Wishart- Inverse Wishart) update to recover the full conditional

distribution of every one of them. We detail each step below:

Block 1: Sampling pst,gi,wi

The full conditional distribution of po under the prior
is given as

P2 | X7570\{p2} NN[ﬁlavp,l]
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by the Normal-Normal update, where

-1
1 1
_ 2
Vpi= % + o2 Z Ti—1
;0 2 1<t<T,s;=2
_ 1 Po
n=Voi|—= D>, rire-1+ vl
W2 1<i<T,5=2 PO

The full conditional distribution of gllp under the prior
T~ N5,V
is given as
T1Y,S,0\{di} ~ N[5,V
91 1 Y,5,0\{g1} ~N[71, V1]

by the Normal-Normal update, where

-1

1
_ |1 SC £5C1
Vori= Vo0 +— > fAfi5
Wi 1<t<T,5,=1
_ 1 SC 1
n=Ve1|l—> X feaAre+ Vg go| -
11<t<T.s,=1

For any i« = 1,2, the full conditional distribution of w2-2 under the prior

0 d
%’2 ~ TG [az,o 2,0]

272
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Is given as

W2| X, 8,0\ {w?} ~ TG lam | dm]

22

by the Inverse Gamma- Inverse Gamma update, where

ai’lzai7o+#{1§t§T|St:i}

2
Pr pSC
dii=dig+ > (Tt — piTt—1—9; t—l) :
1<t<T,s;=i

Block 2: Sampling G, Q2

Define v = vec (éP ! ) The likelihood represented by equation (I.2) is equivalent

to the likelihood of the equation

1
SC _ A gSC 2 P
07 =G+ Q5 vsoy

Thus, the full conditional distribution of v under the prior
v~ N [’707 V’y,O]
is given as

Y | XaS79\{7}NN[’717V’y,1]
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by the Normal-Normal update, where

le =

m(szz @15 )]

(QQQ ®[2> vec (Z SC/) V{ol Yol -

The full conditional distribution of 2> under the prior

Q22 ~TW [vo, \Uo]

Is given as

Q2o | X, 8,0\ {Q22} ~IW v, V1]

by the Inverse Wishart- Inverse Wishart update, where

vi=vo+T
4 SC AP SC SC AP SCY
Wi =Vo+ Y (79GP r29) (£F9 =GP 129)
t=1

Block 3: Sampling %,

The likelihood represented by equation (I.3) is equivalent to that represented
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V5P = AR L BAfSC 157 e,

Therefore, for any 1 <1¢ < m — 2, the full conditional distribution for 0,?’ . under

its prior

is given as
2 2 ar di
O—i,e’X’Sve\{Oi,e}NIg ?7?

under the Inverse Gamma- Inverse Gamme update, where

ar=ag+T

T 2
dy=do-+ 3 (VST - AZ, - B 15
t=1

Z(?S)t and 82(2) collects the 7th elements and ¢th row, respectively, of

and yng ),A
y81(32)7 gf)a and 6(2)

Block 4: Sampling P

For any ¢ = 1,2, letting 5 denote the regime that is not regime ¢, full conditional
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distribution of Pj; under the prior
P ~ beta[a o, Bio]
is given as
Py | X,S,0\{Pii} ~ beta[a, o+ nis, Bio +nijl s

where ngy; is the number of times the regime changes from regime i to regime i

and n;; is the number of times the regime changes from regime i to regime j.

To estimate k@ and the regime process S, it is necessary to obtain a tractable ex-
pression for the likelihood of the data X. In addition, to estimate A,,, we must collect
the three equations characterizing the system together, since AS)
To this end, we collect the three equations as

appears in all three.

1 O1x2 le(m—Z)
O2><1 12 O2><(m—2) Xt
O(m—2)><1 _8(2)8(1)_1 Iy

795’,{{3(1)‘1 O1x(m—2) AW O1x2 O1x(m—2) A0
= —B(l)GB(l)fl O2><(m—2) ‘A?zt)_l + 12 O2><(m—2) o
O(m—2)><2 O(m—2)><(m—2) 4;1/ _6(2)8(1)71 I o

Asi g Ast
P ge BT O1ymos) Ws: Oz Orxom—)\ [ of,
+| Oa2x1 BWGBW-L Oz (m—2) X1+ | O BYQZ,  Oax(m-2) ng,t
1
O(m—z)xl O(m—2)x2 O(m72)><(m72) O(m72)><1 O(m72)X2 Ye €t

o4



Since

-1

1 O1x2 O1x(m—2) 1 O1x2  Oix(m-2)
O2x1 I ODoxm—2) | ~| O2x1 I O2x(m-2) |
O(m-2)x1 —B@p1)-1 Lo O(m—2)x1 B2)p1)-1 Lo

defining

—gt B O1x(m-2)
Dy, = | =BOGBOY Oy
—BREGBO 04y 2yx(m-2)

Ol><m

Im

Clsisi 1= <D175t (2—5t-1) D1 - (St-1— 1)) + (E (2—s1) E-(st— 1)>

the reduced form of this system is

A1
Xt = Cl,st,st,1 '
A
A
Psy gb/BI O1x(m—2) Wy O1x2 O1x(m-2)
. 1
+| O2a BUGBO Opnny | X1t | Ona BWQZ, Onyimos)
3 1 1
Om-2)x1 BAGBY O _0)x(m-2) Om-2yx1 BPQZ, 12
by, !

t

The time ¢ likelihood given the time t and ¢ — 1 regimes now becomes
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m+1
1

2 1
(X Lstost1,Xi1.0) = (5-) © [5al

1 I _
X eXp <_2 (Xt - Cl,st,st_lA - q)StXt*l) Zstl (Xt - Cl,st,st_lA - q)Stth)) )

and

T
Z(X7S ‘ 0) = H Z(Xt | Stast—].?Xt—lae) : Pstfl,st
t=1
<1 M T 7% ﬁ
= — ZS . P, s
27.[_ P t 1 t—1,5t

1L I
X exp <_2 Z (Xt - 01,8t78t71“4 - ¢StXt—1) zstl (Xt - 0178t78t71“4 - q)StXt—l)) .
t=1

It follows that KQ,ASt and the regime process S can be sampled as follows:

Block 5: Sampling 2 and A

Since k¥ is assumed to take finitely many values, we can just take the probabil-
ity that k9 equals a certain value as proportional to the likelihood value under

this value.

As for A, we can use the fact that it serves as the intercept term in the regression
1
Xt = Cl,st,st,1A+ (DstXt—l + th s Ut.
It follows that the full conditional distribution of A under the prior

A~N {.Zl(), VA,O}
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Is given as
A | X,S,Q\{A} NN[JL_‘LVAJ}

by the Normal-Normal update, where

-1

T
! -1 -1
VA,I = Z Cl,st,st_lzst 017315731‘,—1 + V.A,O
t=1
T 4 1 17
Ai,l = V.A,l Z Ci,st,stflzs_t (Xt - q)StXt_]-) + V./Z,OAO :
t=1

Block 6: Sampling S

It now remains to sample the regime process. This is done through the stan-
dard Hamilton filter combined with the Carter-Kohn backward recursion. By
assumption, information on whether the economy is at the zero lower bound at

a certain point in time is conveyed through the factors,

Let X; be the o-algebra generated by the history of X; up to time ¢, and define

the quantities

P(si=1|X,)
Qs =

P(s; =N | Xy)

for any 0 <t,s <T. Then, the predictive and filtered probabilities can be com-
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puted recursively, and the regime process sampled, as follows:

1) Step 0: Loading Initial Values

Prepare initial values by setting

1— Py
2—P11—Px»

Qojo = )
1— Py
2—P11—Px

the stationary distribution of the Markov chain.

2) Step 1: Predictive Probabilities

Given a;_yj;_1, we can compute

/
Q-1 = P CQ_1)t-1-

3) Step 2: Filtered Probabilities
Forany 1 <: < N,

P(s¢=1i,80—1 =7 | X¢) < U(X¢ | 8¢ =,80—1 =75, X¢—1) P(ss =i,80-1 =7 | X¢—1)
=U(X¢|st=1t,80-1=7,X¢-1)-P(s¢ =i|s-1=7) P(se—1=7 | X¢-1)

=U(X¢|se=1i,80-1=7,Xt-1) Pji-y_14-1,5-

Since

N
P(si=1|Xe) =) P(st=1i,5-1=7 | Xy),
=1
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it follows that the kernels of the filtered probabilities in ay; are given as

S X | se=1,5-1=74,X1-1)- P+ oy_10-1

kt|t = )
SN UXe [ se=N,si-1 =4, Xe-1)  Pin - qy_1-1,
and the filtered probabilities as

1

Qt = 3. kt|t-
L kt|t

4) Step 3: Sampling Regimes
Sample sy according to the filtered probabilities apir. Having sampled

st+1, calculate the probabilities oy as

Prs, "t
1

N
Zi:]_ P’L',St.;_l : at|t,i

Qyr =

PN,St+1 : Oét|t7N

s¢ 1s then sampled according to the probabilities ayp.

Given the sample {6() S()} of the parameters and regime drawn from the posterior
distribution 6, S | X, we compute point estimates of quantities such as the term premium
and the future short rate as follows. Suppose we want to estimate the function f(X,6,5)

of both the data and parameters. Under the quadratic loss function

L(FI1X) = Eos ||£(X.0.8) - 7] 1 X]
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= | Jrxe.s) ~ f[ (0.5 1%)d(6. 9),

it is known that the optimal point estimator of f(X,6,S5) is the expected value
Eps[f(X.0.9)|X]= [ f(X.0.8)n(6.5 | X)d(.S).

Since we have a sample {#() S()} drawn from the posterior distribution, the above

quantity can be computed as

Ny

N 1 . .
fX) =+ 3 F(X, 60, 50,
=1

where N7 is the size of the sample.

J Computing the Term Premium

The term premium is given as the average expected excess return over a given horizon,
which are functions of regimes and factor processes, so it be computationally costly to
obtain through numerical methods, especially for longer maturities. Here we present
a simple algorithm for the calculation of the term premium that greatly reduces the
computational cost.

Suppose that the regime process S and the sampled values of Q,, GP sy k2 and P are

given. The 7-maturity term premium at time ¢ is a function of these parameters and the

time ¢ regime:

17’ 2
TPt Z]Et l:—b —Z ].) Qst+i+1b(7—i— 1)+b(7’—i— 1)/(@ | St:|
17‘ 2 - P Q
+— ZEt [ T—1— 1) (G5t+1+1 )ftJrZ‘ ‘ St} .
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Exploiting the Markov property of the regimes, for any 0 <: <7 —2
Ey [QStJriJrl | St} =E {stl | 30} :

Because P(si41=7j | s0) = PL for j=1,2,

505J
i+1
E; [Qst+i+1 ’ St} Z Pso,j

The tricky part of estimating the term premium lies with the factor component (G’EDHH )

GQ)- fi44, since it is the product of two random elements. Below we show how to recur-
sively compute the expectation of the factor component.

Note initially that

E [walft | St} =E [G3t+1 | St} Je

Suppose now that, for some k > 1,

[y [G§t+kft+k—1 | St}

H Gst+h ]

for any t. Then, because the factors follow the VAR(1) process

P p
fre1 =G, fr+ e,

we have, by the law of iterated expectations,

P
[y [Gst+k+1ft+k | St+1,8t] E; {Et+1 [Gst+k+1ft+k | St+1] ! 3t+173t}
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k+1

P
=E H G5t+h | St+1
h=2

Bt [fig1 | st41,5¢]

(Inductive Hypothesis)

k+1
=E H GE;HL | st+1] - Eq {wal - fi +€]E>+1 | 3t+1,5t}
h=2
:k;-i,-]_ . Z .
=E H G5t+h | st41 (Gst+1 ft)
_h:2 -
k+1 P
= E Pl Gst+h ‘ St+1 ’ ft'

Since

E+1 b 2 [k+1 .
E G5t+h | s¢| = ZE H G3t+h | st+1=1J,5¢| - Ps,
h=1 j=1 |h=1
2 [k+1 .
= ZE H Gst+}L | St"‘l :.] : PSt:j’
j=1 |h=1

where the last equality follows by the Markov property, it follows that

2
P P ,
E; {Gst+k+1ft+k ’ St} = ZEt {G3t+k+1ft+k | 541 = ]7575} - Ps, j
j

[

I
—

k+1

P .
H G8t+h | St+]_ = j ' Pst7j
h=1

Ji

By induction,

P k+1
Eq [G5t+k+1ft+k | St} =E

warh | St] e

h=1
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for any k£ > 1, and similarly, we have

E¢[feyn | st] =E

2
11 GIEWL | St] - ft
h=1

for any k > 1. Furthermore, due to the memoryless property of the Markov chain {s;},
forany k>1and j=1,2,

k

P .
H G5t+h |s1=17
h=1

E —E = EGy(j).

LI
[IGs, [s0=13
h=1

so that the expectation depends only on the “initial” value s;.

The factor component of the term premium can now be expressed as

T—2
i Y R [—b(T —i—1) (GE’W+1 — G@) Fiti | st}
1=0
T—2
= i > [=b(r—i—1) (EGia(s) — G2 EGi(s1)) o] -
1=0

Therefore, we need only know how to compute the expectations EG;(j) for 1 <i<7-1
and j = 1,2 to be able to calculate the term premium.

To do so, we proceed by induction. It is easy to see that
P 2 P
EGi(j)=E [Gsl 50 :j] = Gi Py
k=1

for j =1,2. Now suppose that we know EG;(1) and EG;(2) for some 1 <i <7—2. Then,
by the law of iterated expectations, for j =1,2
EGin(j) =E|GL,, x - x GL, | s0=j|
:E[E[Giﬂ X x G, | 31750:]} .G, 502]’}

_— [EG@(Sl)'GEDl | s0 :j]
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2
=" EGi(k)G}, - Pj
=1

where we utilized the Markov property of the regime process to justify the third equality
) EGT—I ()

Using this recursion, we can sequentially compute the values of EG1(+)

starting from EG1(-).
In summary, in order to compute T'P;(7) for any time ¢ and maturity 7, we proceed

as follows:

1. Initial Values of EG Terms

First compute

2
EG1(j)=Y_ G} Py
k=1
for j =1,2.

2. Recursive Computation of £G Terms

For any 1 <:<7—2and j =1,2, compute

H—l Z EG

3. Obtaining T P;(7)

Finally, using the EFG terms obtained above, compute

1 T—2

TP(r)==)_

Ti=0

——b —i—1) (ZQ P;jjl) (r—i—1)+b(r—i—1)C

T—2
£33 [~b(r —i—1Y (BGisa(s1) — G2 EGi(sn)) fi].
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K Recursive Expansion of Factors

Here we present the recursive expansion of the h-period ahead factors f;y; and how it
can be used to compute conditional yield volatilities.

The physical factor dynamics tell us that

1
—_ P 2 P
Jraen =Gy, fran—1+ Q8 - vip,

where U,Ifb 13 ~ N[O3x1,I3] defines a conditionally independent innovation process. Ex-

panding this recursion until we obtain the time ¢ factors f;, we have

h . h-1/ h )
_ P 2 P P 2 P
ft+h— (H G8t+i> ft+Qst+hvt+h+Z ( H Gst+i) 5t+j-vt+j,
=1

j=1 \i=j+1

where we let

h
11 Gi. =Gi  xxGl

St4i St+h
i=j+1

forany 0 <j<h-—1
Taking time ¢t expectations, given the regimes s;41,- -+, ;15 up to time ¢+ h, on both

sides of the recursion yields

h
Et [feen | St41, 5 St4n] = (H Gfm) ft;

i=1
since
E¢ (vt ;| =0
t | V45 | St+1," "5 Se+h| = U3x1

by the idiosyncratic nature of the errors.
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Similarly,

Varg [fron | St+1, 5 St
=Eq {(ftJrh —Ee[firn | ste1,,seen]) (Feon — Bt [foan | Se4100 0+, Sen]) | Ses1, ,St+h]
. h-1/ h .
= Vary |4, - vipn+ Zl ( 11 1G15t+i> Sid 'U}fpirj | St4+1,0 - 75t+h]
=1 \i=j+

SV neo '
:QSt+h+Z ( H G5t+i) QSt+j( H G5t+i) ’

j=1 \i=j+1 i=j+1

We show how this expansion can be used to compute conditional yield volatilities.

The model-implied yield of a 7-maturity bond is

vi(r) = ) U0

e

As above, the h-horizon ahead conditional volatility for this yield given that the economy

is at regime j now and for the next h periods is

. . . 1 . . .
Vary [Yiin(7) | st =g, Sev1 =17, S = J| = ?b(r)’\/art [fran | st =J,st41 =1, Stn = J]b(7)

27125(7)’ Qj+§(G§’)h"“Qj ()" v,

Here we assume that the regimes for the next h periods is fixed because integrating
out the regimes s¢41,---,Si+p is complicated, as it requires using the law of conditional

variances.

L. Additional Results Related to Model Fit

Here we present some empirical results related to model fit, with an emphasis on the

ability of our model to capture changes in yield dynamics related between the normal
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Figure 1: Fitted and Actual Yields This figure plots the yields and their fitted values
for selected maturities. The dashed lines are the observed yields, and the solid lines are
the fitted values.
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L.1 Yield Fit

We obtain a sample of the model-implied 7 maturity yield by computing

ou(r) W),
.

T

using the values of the parameters procured in each iteration of the Gibbs sampling

procedure. Here, as,(7) is given as the function linear in K Q,KéQ and non-linear in
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Q1,Q, P, as per Equation (A.1). f;, meanwhile, is recovered from the equation
VS = Al + B,
as
fi= B0 [ys - 0],

where Ay, here is directly sampled in each iteration and does not necessarily satisfy the
no-arbitrage restrictions in Equation (A.1). Nevertheless, as emphasized in the previous
section, the estimator of Ag, asymptotically satisfies these restrictions.

Figure 1 presents the actual yields alongside their model-implied counterparts for
maturities of three months, one year, two years, and seven years. Because the effective
federal funds rate serves as our proxy for the one-month rate, the measurement errors
for shorter maturity yields are quite noticeable when compared with those of longer
maturities. The most significant discrepancies between the actual yields and the fitted
yields are found earlier in the sample, well before the economy hits the ZLB. One possible
interpretation for the overestimation of the 3 month yield during the earlier periods of
the sample is that the imposition of the ZLB restriction, which prevents yields from

becoming highly negative, has the side effect of driving the model-implied yields upward.

L.2 Overall Forecasting Ability

In the preceding section, we showed how incorporating the ZLB into the FS-only model
via regime switching improves short rate forecasts by imposing the restriction that the
short rate cannot become highly negative. Now we compare how the FS-ZLB model

fares against the FS-only model when it comes to overall forecasting ability. Instead
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Figure 2: Log PPLs This figure plots log PPLs of the FS-only and FS-ZLB mod-
els during the out-of-sample period from January 2002 to December 2021. The round
markers represent the forecasts of the FS-ZLB model, and the crossed markers those of
the FS-only model. The dotted-dashed line is the effective federal funds rate.
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of conducting out-of-sample forecasting exercises for each individual yield, we rely on
the posterior predictive likelihood (PPL) as our measure of overall forecasting ability.
Given a sample until time 7" and data at time 7'+ 1, the PPL is the one-period ahead
likelihood {( X741 | X7,--+, X1), where X is defined as in expression (H.6). Heuristically,
it represents how likely X7 is to be observed given the pats data; by implication, the
greater the PPL, the more likely X7,; would have been predicted given the past data,
which allows it to serve as a measure of forecasting ability.
Given a sample {G(i),S (i)}lgig n of size N Gibbs sampled from the posterior distri-
bution 6,5 | Xp,---, X1, the PPL is estimated as
1 Y N
N;KXTH | Xp, -, X1,00) 50,
where the likelihood (X741 | X7, --- . X1,00) g (i)) at each iteration is computed based
on Equation (H.6).
Figure 2 displays the log PPLs obtained from the FS-ZLB model against those of

the FS-only model. It is immediately evident that the PPLs obtained from the FS-ZLB
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Table 1: Estimated Regime-Switching Parameters Tabulated below are the esti-
mated level factor parameters, taken as the mean of the sampled values. Standard errors
are in parentheses.

Level Factor Parameters

pst g{st gIZP,St wgt
Normal Regime 1 0.048%**  0.073***  (.032%**
(0) (0.0063)  (0.005)  (0.002)
Lower Bound Regime 0.814*** 0 0 0.001%**
(0.01) (0) (0) (0.01)

Note: *, ** and *** indicate significance at the 10%, 5%, and 1% levels, respectively.

model largely coincide with those of the FS-only model, just like how the two models
reported similar short rate forecasts for a large portion of the sample. As in the case
of the short rate forecasts, the greatest point of divergence between the two models is
during the lower bound regime, most notably during the periods belonging to the GFC.
This implies that adherence to the ZLB restriction not only improves forecasts of the

short rate, but also benefits forecasting ability in general.

L.2.1 Regime-Switching Parameters

In Table 1, we present the estimated values of the regime-switching level factor param-
eters pst,gi and cugt. Both elements of g} are positive, which tells us that, during the
normal regime, the short rate is positively correlated with the previous period’s slope
and curvature factors. As will be explained in more detail below, this effectively adds
the variation of the slope and curvature factors to the variation of the level factor, so
that, during the normal regime, the level factor becomes much more volatile than what
the estimated value of w? implies.

On the other hand, the level factor is very clearly a stationary AR(1) process during

the lower bound regime, since it only depends on the past value of the level factor. As we
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Figure 3: Conditional Yield Volatilities This figure plots the estimated 3-month
ahead conditional yield volatilities for selected maturities and the corresponding 95%
confidence bands. The solid line represents the volatilities in the normal regime, and the
dashed line is those of the lower bound regime.
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intended, the error variance of the level factor is much higher during the normal regime
compared to the lower bound regime, with w; being on average almost 7 times as higher

than ws.

L.2.2 Conditional Yield Volatility

To further assess whether our model effectively differentiates between the normal and
lower-bound regimes, we examine the estimated regime-specific conditional yield volatil-
ities. According to Swanson and J. C. Williams (2014), the volatility of short-term yields
are compressed during the ZLB, the effects of which extend even to longer-term yields.
Here we present evidence that our model accurately captures this effect.

As is customary in the literature, we investigate conditional yield volatilities (e.g.,
Christensen and Rudebusch (2016)). The h-period-ahead conditional volatility of a 7-

maturity yield at time ¢, where the regimes at times t 41 to £+ h are known, is defined
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as

1
Vary [Yipn(7) | st+1,0 5 8e40] = ﬁb(T)’Vart [fern | i1, 5 8040]0(T).

The conditional covariance of f;,} is computed as in Appendix K. We estimate the
three-month-ahead conditional volatilities, as in Christensen and Rudebusch (2016), for
the two cases sy = -+ = s44.3 = 1 (for regime 1) and s; = -+ = 5443 = 2 (for regime 2).

The estimated volatilities and their respective 95% confidence intervals are shown in
Figure 3. As anticipated, yield volatilities are higher in the normal regime than in the
lower bound regime. In particular, the conditional yield volatility for three-month yields
is approximately 10 basis points, aligning closely with the realized volatilities for the
three-month yield reported by Christensen and Rudebusch (2016).

Our model also proves capable of replicating the finding in Swanson and J. C.
Williams (2014) that short-term yields are more significantly affected by the lower
bound than longer-term yields. Specifically, the conditional yield volatility for three-
month yields in the lower bound regime is approximately 25 to 30 basis points lower
than in the normal regime, while, for yields with a maturity of two years or more, the

difference in volatility decreases to only about 10 basis points.

M Additional Term Premium-Related Results

We present here additional results related to the term premium estimate obtained from
the F'S-ZLB model. In particular, we highlight how the FS-ZLB model induces structural
changes in the market prices of risk during the ZLB regime, which in turn affect the

dynamics of the latent factors.
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Table 2: Market Price of Risk Factor Loadings Tabulated below are the loadings of
the slope and curvature factors on the market price of risk in the FS-ZLB and FS-only
models. \;; represents the ith price of risk. Standard errors are in parentheses.

FS-ZLB Model F'S-Only Model
Normal Regime Lower Bound Regime
Slope Curvature Slope Curvature Slope Curvature

A1x -0.0012 0.1421%** -2.053%***  _2.002***  _(0.0394 0.0496**
(0.0362) (0.0297) (0.2045) (0.1994) (0.0315) (0.0241)

Ay -0.0479 -0.0277 -0.0479 -0.0277 -0.0339 0.132%*
(0.0342) (0.0263) (0.0342) (0.0263) (0.0315) (0.0686)

Az 0.0091 -0.0083 0.0091 -0.0083 -0.0725%**  -0.0011

(0.0341) (0.0263) (0.0341) (0.0263) (0.0134) (0.0287)

Note: *, ** and *** indicate significance at the 10%, 5%, and 1% levels, respectively.

M.1 Structural Changes in the Market Price of Risk

In Equation (E.2), it is shown that the loadings of the factors on the market prices of risk
depend on the difference between the mean reversion parameter G]ft under the physical
measure and the mean reversion parameter G2 under the risk-neutral measure. Because
the (1,2) and (1,3) entries of GL , denoted as g%, are equal to 0 during the lower bound
regime, but the same entries are nonzero in GQ, the difference Gft —GQ should be larger
during the lower bound regime than it is during the normal regime.

This is confirmed in Table 2, which compares the regime-wise loadings of the slope
and curvature factors on the three prices of risk contained in A¢s,,,; that is, it shows

the last two columns of

Nl =

Aoy = (Qém) (Geres)

for s;41 =1, s¢+1 = 2 and the FS-only model. The loadings of the two factors on the first

market price of risk during the lower bound regime are more than 50 times larger than
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their corresponding values in the normal regime. These loadings, whose absolute values
exceed 1, are large even compared to those in the FS-only model, where no loading has
magnitude greater than 1.

The change in gft also reflects changes in short-term yield volatility. To see this, note

1
that the first equation of the transition equation f; = G]ft fi—14+ Q20 can be written as

Liy=Li 1+ gE’;’fﬁ)l + W, 'U]f),t'
As such, as ggP; increases, the correlation between the level factor and the (previous
period’s) slope and curvature factors rises, which can potentially ramp up the volatility
of the level factor even if wgt is small. By implication, the choice to put g;P; equal to zero
during the lower bound regime ensures that the level factor is minimally volatile when it
is close to 0. Because the level factor loads most prominently on short-term yields, this
has the added effect of compressing short-term yield volatility during the lower bound

regime.

M.2 Bond Return Predictability

During the ZLB period, the evolution of term premium dynamics can be seen within the
broader context of changes in the predictability of excess returns. Table 2 shows that
the slope factor’s influence on the market price of risk is insignificant during the normal
regime. However, the curvature factor’s influence on the first price of risk is significant
in this regime, although its value is quite small, approximately 0.03. This indicates that
yield spreads, as captured by the slope and curvature factors, can predict excess bond
returns, which are calculated based on the market price of risk, during the normal regime.
This supports the findings of Campbell and Shiller (1991), which highlight the ability

of the yield spread to predict excess returns.
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The yield spread continues to be predictable for excess returns in the lower bound
regime, since Table 2 shows that the loadings of both the slope and curvature factors
are highly significant when the lower bound is binding. However, the magnitude of the
loadings is much larger during the lower bound regime than the normal regime. This
seems to indicate that the yield spread has much greater predictive power concerning
excess bond returns during ZLB episodes, which is exactly the result stated in Andreasen,
Jorgensen, and Meldrum (2019).

There, it is demonstrated that the correlation between bond excess returns and the
yield spread is much stronger when the lower bound is binding compared to when it
is not. Andreasen, Jgrgensen, and Meldrum (2019) also note that shadow rate models
cannot replicate such changes in predictability, nor do they reflect the low level of short
rate expectations following the GFC. Our model exhibits the ability to do both—the low
level of short rate expectations after the GFC is implied by our high estimate of the
term premium during this period—which may be considered an advantage of our model

over the more popular shadow rate specification.
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