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|-| denotes the euclidean norm, and ||-|| the trace norm on matrix spaces. N, is the set of all natural
numbers. i denotes V—1.

A A Parametric BvM Theorem

This section gives a parametric Bernstein—von Mises (BvM) result under an integrated, rather than
uniform-in-probability, local asymptotic normality condition. The proof adapts Kleijn and van der
Vaart (2012), Theorem 2.1.

A.1 Assumptions and statement

We state the assumptions for a triangular array {Xr,}1<;<n,;.ren, of random vectors, where each
Xr, takes values in the measurable space (E, &) for generality. Let X7 = (X7, ..., Xr,,) have
distribution Pr g, with strictly positive density fr(- | 8) relative to a o-finite measure on E"7,
where 6 € ® c RF. Write ITy (- | X7) for the posterior associated with Lebesgue prior density g7,
and let 6* be the parameter relative to which probability statements are made (e.g. some baseline
calibration). Assume that ® is open and convex, fr(x | -) is continuous at 8* almost everywhere,

and the posterior is well-defined. We impose the following conditions.

Assumption A.1.1 (Local flatness of the prior). For all sufficiently large T, q7(6%) > 0 and,

for every compact K c R¥,
qr(0* + orh)

sup
qr(6*)

hekK

log

Assumption A.1.2 (Integrated LAN). There exist nonsingular matrices 61 — 0, a positive

definite matrix Vo, and measurable vectors Ap.(Xr) = Op, . (1) such that, writing

fr(x | 6" +orh)

Prihx) = loe == (T

— Ay (x) + $h'Voh,
we have, for every compact K c R,

supEr ¢+ [|Dr(h,Xr)|] — 0.
heK




Assumption A.1.3 (Locally bounded likelihood ratios). For every compact K c R¥,

fr(Xr | 0" +6rh)
fr Xy | 6%)

sup
hek

log = Op; 4 (1).

Assumption A.1.4 (Posterior concentration). For every deterministic My T oo,

Bror |Tr({0 1167 (0 - 0")] > Mr} | Xr)| >0

Let [T denote the posterior distribution of & = 6;1 (@ — 6%), and put
Or(- | x) = N (V3 An(x), V5 ).

The assumptions on densities, priors, and parameter space above replace the corresponding pre-

liminary regularity assumptions in the longer formulation.

Theorem A.1.1 (Bernstein—von Mises theorem). Under the preceding assumptions,

dry (Tz (- | X7), @7 (- | X7)) = 0p, . (1).

A.2 Proof

Fix a compact set K ¢ RF of positive Lebesgue measure. Write ﬁf and CD? for the corresponding
conditional distributions restricted to K (defined arbitrarily if the posterior gives K zero mass).

Their densities on the event of positive posterior mass are proportional, respectively, to
fr(x 6"+ 67h)qr (6" + 67h)1g (h), exp{I' A} (x) — $h'Voh}1g (h).

For h, g € K, the ratio of these two unnormalized densities at g relative to 4 is

qr(0* +org)

exp{Dr(g.x) = Dr(h,x)} 1@ ok

Consequently, Jensen’s inequality and (1 — e*)* < |u| give

dry (11§, ) < //K XK[|DT(g,x>| +1Dr(h.x)| +rr(K) | f (dg | 0TI (dh | x),

qr(0* + orh)

rr(K) :=2sup 7700

hekK

log — 0.




Here and below the dependence on x in the first line is understood.
To integrate this bound under Pr g+, fix € > 0. Since A7.(X7) = O,(1), there is an L < oo for
which Prg-(|A7| > L) < € for all large T. On {|A%.

is bounded above by a finite constant Ag ;. Moreover, the local likelihood-ratio bound and prior

< L}, the normalized Gaussian density CD%?

flatness imply that the oscillation of the log posterior density over K is O, (1). Hence, for a constant
Ck.e < oo, the normalized posterior density ﬁf is bounded by Ck  outside an event of probability

at most € for all large 7. On their intersection Gr,

Erg [1g,dry(TIX, ®5)] < (AL + Cx.o) / Ero [IDr(hXp)[] dh + rr(K) + 0(€)
K

< (Ak,L + Ck.e) vol(K) X sup Er g+ [| D7 (h, Xr)|] + rr(K) + O(e).
hek
Because total variation is bounded by one, the exceptional events contribute at most O (¢€). Integrated
LAN therefore yields

TK oK
Er .6 [l{ﬁT(K|XT)>O}dTV(HT ) q)T)] —0

after letting 7 — oo and then € | 0.

Finally choose closed balls K3, = {h | |h| < M}. Posterior concentration gives
limps— o0 lim supy Er ¢+ [ﬁT(KX/, | XT)] = 0. Since the Gaussian means V; 1A;(XT) are stochas-
tically bounded and their covariance is fixed,limy;—c lim supy Er g+ [<I)T(K o XT)] = 0 as well.

The triangle inequality for the restrictions to K3 now gives
dry(Tly, @) < dry (TIAY, ©5M) + T (K§, | X7) + @7 (KS, | X7)

on the event of positive posterior mass on Kj;, whose probability tends to one as M — oo. Taking
expectations, then 7 — co and M — oo, establishes convergence in mean and hence in probability.

This is the compact-set argument of Kleijn and van der Vaart (2012), adapted to integrated LAN.

B Delta Method for TV Distance

This section proves Theorem . The key point is that, for a locally invertible smooth transformation,
convergence of Gaussian densities under a rescaled nonlinear map holds in total variation, not

merely weakly.

Lemma B.1 (Contraction of total variation). For probability measures u, v and a measurable

map g,

dry(pog,vog™) <dry(u,v).




Proof. For every measurable A, the difference of the pushforward probabilities at A equals

1(g7'A) — v(g7'A); take the supremum over A. O

Lemma B.2 (Total-variation delta method for Gaussian laws). Let G be continuously differ-
entiable in a neighborhood of 0 € R¥, with G(Oix1) = Oxxi and nonsingular derivative
J = DG(0). Define gr(z) = VT G(z/NT). If £ is positive definite and my = O,(1), then,

conditionally on the random mean mr,
dTv(N(mT, %) o g7, N(mr,Z) o J_l) =0p(1).

The same conclusion holds for a T-dependent local map with uniformly convergent derivatives

on every fixed compact neighborhood of zero.

Proof. Choose a closed ball K such that sup; P(|mr| > Rp) is arbitrarily small and the Gaussian
probability of K} is uniformly small whenever |mr| < Ro. By the inverse function theorem, there
is a neighborhood U of zero on which G is a diffeomorphism. For large T, gr is a diffeomorphism

on a fixed bounded open neighborhood N of Kz, and

sup |[Dgr(z) =JI =0, suplgr(z) - Jz| = 0.

€N ZEN
In particular, g '(y) = J7'y — 0 uniformly for y € g7(N), and the inverse Jacobian determinants
converge uniformly there. On a fixed bounded region containing g7(N), the change-of-variables

formula expresses the density of the transformed Gaussian as

¢z (g7 (y) —m)
|det Dgr (g7 (y))]

prm(y) = y € gr(N),

where ¢y is the N (0, X) density. Its linear counterpart is ¢z (J~'y —m) /| det J|. Uniform continuity
of the Gaussian density and the preceding Jacobian convergence imply that the integral of their
absolute difference over the common interior tends to zero, uniformly over |m| < Ry. To handle the
possibly different boundaries, choose an inner compact ball K and a slightly larger open ball N;
for large T, JKg C gr(N), so the omitted mass is bounded by the Gaussian probability of K7. The
same bound controls the mass of both transformed distributions outside the common region. Let

T — oo, then R — oo and Ry — oo. This proves the assertion. O

Proof of Theorem 1. Write 9 = (v,6) € R¥4, where k4 = k, + ks. Under the assumptions of



Theorem 1, the augmented posterior of VT (¢} — 9) satisfies the parametric BvM approximation

I[ﬂ)_l fTﬂjﬂ(ﬁO | XT)

Ay—1
N L.

dry (Il (- | X7), @7 (- | X7)) = 0pp (1), @r = N((
The normal mean is Op, . (1) by the assumed local likelihood expansion.
The derivative H/! has full row rank ky < k4. After reordering the coordinates if necessary, its

first k7 columns are linearly independent. Extend the target map to a square map

H(9) = (H(v, n") +D:H(v, n*)Boé) -

Dhp+1:ka

Its derivative J = DH(d) is nonsingular, since its top kz rows equal H' and its remaining rows
select the remaining coordinates. The inverse function theorem therefore applies in a neighborhood
of Jy. Set

gr(2) = VT {H(8 + 2/NT) - H(%) .

By contraction of total variation (Lemma B.1) and the Gaussian delta method (Lemma B.2),

dTV(HT ogp,®ro 1_1) < dry(Ily, ®7) + dTV((I)T ogp,®ro J_l) = 0p; 4. (1).

Projecting onto the first ky coordinates, again using contraction, yields the desired BvM approxi-

mation for VI{H? (v, §) — H(6*)}, with normal mean and covariance

Ly (B0 1 Xr)
ﬁ ’

HI (1) BT A
Finally, under the local misspecification 19 = n* + h/VT, the assumed differentiability of H

with respect to n gives
ar == NT{H(6p) - H(6")} — a := H, ,h.

The posterior centered at H(6y) and its proposed Gaussian approximation are translations by —ar
and —a, respectively, of the two distributions just compared. Total variation is invariant under a
common translation. Moreover, the total-variation distance between a nondegenerate Gaussian and
its translation by ar — a tends to zero as ar — a (by L' continuity of translations of its density).
Applying the triangle inequality proves the stated limit under Pr g-.The assumed contiguity of Pr g,
with respect to Pr g« now yields the result under Pr g, . O



C Formal Derivation of SVMA Augmentation

Here we formally derive the augmentation for the SVMA model. Under an SVMA DGP, each

{Xr.}1ez is generated as

- iid
X7 = p(0) + Z Yru(0)e-n, €&~ N [Onfxla Inf]

h=0

where u(v,n) is an n-dimensional vector, each Wr (v, n) is an n X n. matrix, and n < ne. Suppose

that, for each 8 € ©, the MA coefficients are absolutely summable:

Z [%74(6)|| < +co.
h=0
Then, we can immediately see that the spectral density fr(-;6) of {Xr,};ez under the parameter ¢
is
1 iw iw *
fr(w;0) = ETT(e | )¥r(e | 0)" Yw € (-m, 7]

where

Wr(z]0) = ) Pra0)" vzeClz <l
h=0

Then, the DGP of X7 can be written as

X7:0 ~ Nl @ u(8), Vr [fr(0)] |

where V7 [-] is the block Toeplitz operator. Denote X7 = Vr [ fr(-;6)], or the covariance matrix
of X7 under 6*.

Suppose that each W7 5 (6) is continuously differentiable on a neighborhood N of 8* = (vo, %),
so that

s7.j(w; 0) ==

Ofr(w;0) _ 1 i 010 (0) iwon
aej 2r 09j

: 1y = OV A(0) |
7 lw | gy 4 lw | g > 1w
r(e10)"+ - Wr(e | )[Z—aej e

h=0 h=0

| . , . | *
= 5 {r(e | 6) + Do, (e | 0)} {¥7(e | 0) + Dy, Wr (e | )



— =Y (" | 0)¥r(e" | 0)" — =Dy, ¥r(e'; 0) (De-‘PT(elw;@))
2 2 J

for any §# € N and w € (—n, 7], where

o 074 (60)
——

Do ¥r(z10)= ) —=
h=0 J

VzeC, |z]<1.

By the additivity of the Toeplitz operator Vy(-), this decomposition implies that Vp [sT, (s 6’)] can

be written as
Vi [s15 0] = Ve | 0G0 = Ve [ 2P0 - Ve o)

where fTZ (j )(-; 0) and fTD (j )(-; ) are the spectra corresponding to the SVMA(c0) processes

$ fora+ P10,

i 00,
and
i 9¥r.1(6) .
—, &-h
4 00,
Clearly, each %&?w is Hermitian valued, and the mapping w +— £ Ta(;f;g) is also continuous
J
and thus Borel measurable for each 6. Defining
st,j(w) = st j(w;07) V1< j<k,
we can see that s71, -, 857 : (=7, 1] — C"™" are measurable Hermitian valued functions. Now

all that is needed to form the augmented model is to find the augmented means and x”' (%) and
spectral density ff‘(-; ) that satisfy conditions (4.2) and (4.3) in the main paper.
A simple construction for u?(-) that satisfies the derivative condition is a linear expansion of

u(-) around n*:

ou(v,n*)

T s
a0

(v, 8) = u(v,n*) +

A similar construction works for the spectral density because it is a quadratic form. Specifically,



we can let

ks kg
1
A . _ w w
fi(@iv.6) = 5= 1 ¥r (e Ivn)+;5 ;BM,DQTT@‘ [ v.n")
ks kg :
x {97 [ v, %) + ) 65| > BogiDe (e | v,")
j=1 =1

The derivatives of fTﬂ (w; v, ) with respect to v are left unchanged compared to the baseline model

because we evaluate the derivative at 69 = Oy ,x1. Meanwhile, for any 1 < j < kg,

3 7 (w: vo, 60)
95,

k¢
— 1 ‘ iw * iw ) %
-E{ ;Bo,ijQWe 67| ¥r(e 1 6")

*

k¢

+¥r(e | %) ZBo,ij([‘I’T(eiw | 67) }
=1

—ZBM, o {De #r(e | 0 (| 67) + W (e | 67) (D (e | 6)']

kz‘“B 3 fr(w; 6%)
= 00—
= 0¢e

so that we obtain exactly the same derivatives that we desired.
The final step is to recognize that the augmented spectral density fTﬂ(-; v, 0) itself corresponds
to an absolutely summable SVMA(c0) process for values of (v, ) contained in a small enough

neighborhood of (vy, dp). To see this, note that

& [ & SRR a%h(v |,
Wr(e | v.n )+ 67| > BogiDg¥r(esvomo) | = D | ralv, 770)+Z5 ZBM
j=1 =1 h=0 =1

Defining

0W¥r.n(v,n")

ks kg
A _ * . .
\Pr,h(v’ 0) = \PT,h(Van ) + Z 5/ ;BO,KJ 0z, s

J=1

the coeflicients {‘PTﬂh(v, 0) }nen are absolutely summable for large enough T if § is small enough,

since the coefficients of the original model are absolutely summable on a neighborhood of (vg, 7).



it follows that

Z ‘I‘;fh(v, 6)eiwh) ,
h=0

which is exactly the spectral density corresponding to the model

1
Al _
I (w;v,6) = o

Z ‘Pi‘h(v, 6)ei“’h
h=0

- iid
Xr, =7 (v, 8)+ Y W (. Oen & N[On.In].
h=0

D Model-Implied Choice Probabilities in DDC Models

We consider a model where a single agent faces a discrete time infinite-horizon problem where the
choice set D consists of J distinct options, labeled 1 to J. The state vector s can be decomposed
as s = (x, €). x is the endogenous state that is Markovian, and so depends only on the value of x
and the agent’s choice in the immediate past. € is the exogenous choice variable that is iid given
the endogenous state, and whose distribution at each period depends only on the contemporaneous
endogenous state'. We let f(x’ | x, d) be the probability of observing x” tomorrow given x, d today.
g(x, ) denotes the distribution of the exogenous state given today’s endogenous state x. u(s, d) is
the flow utility of the agent given a pair (s, d) of the state and control, and here we assume that
u(s, d) is additively separable in the exogenous state, so that u(s, d) = ii(x, d) + €(d), where €(d)
is the dth coordinate of the random vector €.

The value function V (-) satisfies the Bellman equation

V(s) = max h(x,d)'g(HuHE(d)+px;(Va(X')f(X' | x.d:6p) |

where, following Aguirregabiria and Mira (2002), we define the smoothed Bellman operator
Vo : X > RasV,(x) = /8 V(x,e)g(x,de). p € (0,1) is the discount factor that is fixed at a
predetermined value because it is generally unidentified.

Letting d* (x, €) be the optimal policy function, the conditional choice probabilities are defined
as Py(x) =P (d*(x,€) = d | x) foreach (x,d) € XxD.If the endogenous state space is continuous,
we discretize it using a grid of M points, X, = {x1, - - ,xpr}; if the endogenous state space is already
discrete, then we let M be its cardinality. Stacking the smoothed Bellman operator and the CCPs by
the discretized endogenous state as V.-, Py € RM*! it is shown in Aguirregabiria and Mira (2002)

I'This type of decomposition of the state vector originates from the conditional independence assumption in Rust
(1987) and is standard in the literature.

10



that an approximate solution to the dynamic programming problem is

Vo= > Pa0{utq+e(d,P)+pFaVe},
deD

where the (i, j)th element of F; € RM*M s equal to f(x; | x;,d) and the ith element of e(d, P)
is defined as E [e(d) | x = x;,d" (x;, €) = d]. Since F(P) := ) ep diag(Py) F, is a row-stochastic

matrix, V, can be solved as

Vo = Q(P) := (Iy - pF(P))™! (Z P4 © {ug +e(d, P)}) :
deD

Finally, the CCPs are then determined via the fixed point relation

Pu(x) = W(x,d; P) := P ( N {v(x, d;P) + e(d) = 7 (x,d’; P) + e(d')} | x) ,
d'#d
where 7(x, d; P) = u(x,d) + pF;(x)’Q(P) and F;(x;) is the ith row of F.

Let 6, denote the parameters that govern the flow utility u(-), and 6 the parameters determining
the evolution of the endogenous state. If the CCPs P are treated as a parameter representing the
candidate optimal policy, the mapping ¥ (x, d; 8, 6 ¢, P) specifies a likelihood for the observations
{(dis, xir) h<i<1.ienv, Of agent choices and endogenous states up to some finite time, as a parametric
model with parameters 6,6, and P. We adopt two conventions that are commonly found in
DDC specifications: that u(x,d;6,) is multiplicatively separable in the parameter 6,, so that
u(x,d;0,) = h(x,d) g(6,) for some function g(-); and that € is a J-dimensional random vector
whose coordinates follow independent standard type-I generalized extreme value distributions. The
distributional assumption delivers the closed form expression for e,(d, P) = 7y, — log(Pg(x)),

where vy, is Euler’s constant, so

Q(P;0,,07) = (Iy — pF(P;05))”" (Z diag(Pd)Hd) g(0)
deD

+ (In — pF(P;05))”" (Z Py (Yetm— log(Pd)))
deD

where H, is the matrix stacking the vectors ha(xy,d)’,-- -, h(xpy, d)” and ¢y is the M-dimensional

vector of ones. Furthermore, since the difference of iid type-I generalized extreme value-distributed

11



random variables is the logistic distribution, the model-implied probabilities are given as

exp(Mo(xi¢, d; P, 0¢) + Mi(xit,d; P,07)g(6,))

P(dil‘:dlxit;gu’gf’P): J s
1+ X0, exp(Mo(xir, d's P,0) + My (xir,d"; P,05)g(6,))

(D
where we define

Mo(d; P,67) = p(Fa(85) = Fi(05)) (I — pF(P;65))”"

Ye * tm — Z Py © log(Pd’))

d'eD

M (d;P,0f) = Hy— Hy + p(Fa(87) — F1(87)(In — pF(P;65))™" (Z diag(Pd’)Hd’) -
d'eD

and My (x,d; P,0) and M1 (x, d; P, 8 ¢) are obtained by interpolating among the rows of My(d; P, 6¢)
and M, (d; P, 8) (which correspond to the values Mo(x, d; P,0r) and M (x, d; P,6) for x on the
grid Xy).

E Details on the Entry-Exit Model Simulation

E.1 Details on Baseline and Augmented Likelihood Derivations
E.1.1 Likelihood of the Enlarged Model

Let F1(6f) and Fy denote the (M + 1) x (M + 1) transition matrices for the observed states given

d =1 and d = 0, respectively. In the present model, we have

0 Fo (Qf)')

F0=(LM1 O(m+1 M)’ Fi(0y) =
’ (M / Omxa Fi1(6y)

where 1741 is the M + 1-dimensional vector of ones, Fyi(6) is an M-dimensional vector repre-
senting a discretized version of the distribution LogNormal [be, 0'3], and F11(6y) is the Tauchen
transition matrix for the process log k;+1 ~ N [bo + by log k;, 0'3] . Explicitly, letting {ky,--- , kp}

be a fixed grid over capital,

@ (REhte ) itj=1
[Fo1(89)]1(j) =4 @ (—IOg"g'T:l‘be) —® (—“’gf;;"’e) ifl<j<M
1—® (—bg’;f"’e) ifj=M

12



q) (logkj—bo—bllogki) lf] — 1

(&7

[F]l(ef)](l,]) — q) (logkj“—(l;(;—bllogk,') _ q) (logkj—bo—bllogki) lfl S ] < M

Oy

1 _ q) (logkj—bo—bllogki) lf] — M

Ou

foreach 1 <i,j < M.
Given a sample {(di, ki) Yo<i<T.icv, Of entry/exit choices and capital stock that are independent

across firms, the log-likelihood is given by

T
€00, P {(div ki) Yosizr) = > {@a(xies 0. P — Ag(aa(x: 0, P))}
t=1

T
+

dig1 {f (kie) + @ (xim1307)'Sp(kie) — Ap(ap(xi—1:07))}
t=1

with initial values d; —; = 0 to indicate that every firm starts as a potential entrant. Here, a4(x; 6, P)

is the element of the vector a4(6, P) corresponding to the value of the state x, which is defined as

aq(0,P) = Mo(0¢, P) + My (8¢, P)6, € R(M+D)xI

1
My(07, P) = p(F1(0f) — Fo) (Ims1 — pF(P,07)) " | Ve - tm+1 — Z Py ©log Py
d'e(0,1}

My(87.P) = H + p(F1(67) = Fo) (In+1 - pF(P.6)) ™" diag(P1)H

0 -1
) . ki O

F(P,0y) = diag(Po)Fo + diag(P1)F1(67), H=| . |, Ag(a) =log(1l +exp(a))
ky O

for Euler’s constant y,. Meanwhile,

£(k) = = log(2m) ~ log(k)

= [s(bo + b1 log(k)) + (1 = $)b,]

a/f(k,s;Qf) = 1 ,
207}
0= [FR) 4 ) = Do)
= , a) = —— — = log(2a
/ log(k)? / day 2 £ ?

13



follows from the known exponential family representation of the log-normal distribution.

E.1.2 The Augmented Likelihood

Let P*,Q;} be first-stage estimators for the CCPs P and state transition parameters 6, and
{dit, kit }o<i<r.ienv, be a panel used to estimate the flow utility parameters in the second stage
that is independent of the sample used to construct P* and 9;}. Then, the augmented principle

reveals that the log-likelihood of the augmented model will be given as

T
(0 3 {dit, KitYosier) = Y {7 (xies B, )i = Aa(e] (xir3 B, 6)) }

t=1

T
+ Z di—1 {f(kit) + a’? (xi,-136)'S  (kig) — Af(OZ?I (Xi-15 5))}

=1
where 8 = 6, and

day(x; B, 0%, P)

@ (x; B, 0) = aa(x; B, 07, P*) +

00’
f
. & OMo(x: 67, PY) . & OM; (x: 675, P7)
= |Mo(x: 07, P7) + ) a6y 4 [ My (5267, P) + ) s
j:1 f?J _]:1 fvj

dar(x;07%)
* JATS
a/?(x;é) = af(x;Gf) + T

The derivative of the natural parameter of capital can easily be obtained as

0O 0 0 1

20'[,1

dap(k.s:0p) [ =EBH L —L[s(bo+bilog(k) + (1-s)b.]
o0, '

The derivative of the natural parameter of the choice probabilities involves the derivatives of the

coeflicients Mo (6, P) and M, (6, P) with respect to 6 ¢, which are given as

(Ins1 = pF(P.6p)) ™"

oMoy, P) | OF1(0y)
s, 96y,
dF(6y¢)

+ P2 (F1(0) = Fo) (In+1 — pF(P,6y)) " diag(P1) 50,
5]

(Im+1 — pF (P, Qf))_1 }

14



X\ Ve Ipyg+1 — Z Py ©log Py
d’€{0,1}

and

(Ims1 — pF(P,65)) "

om0, P) _ | 9Fi(6))
00,, " o6y,

dF(6y¢)

+ p2(F1(87) — Fo) (Ims1 — pF(P,6;))”" diag(P)) 56,
5]

(Im+1 — pF (P, Qf))_l }
x diag(P)H

for each 1 < j < kg,. The derivative of the transition matrix F;(6¢) involves differentiating the
elements of Fy;(6¢) and Fy1(6y): foreach 1 <i, j < M, we have

logk; — i
wi = bo+ by logks, iy = —=L K
Oy
Then,
1 .
——¢(zij), j=1,
Oy
O[F11(65)1(, j) 1 .
b 1o {p(zijr1) —d(zp)}, 1<j<M,
1 .
_¢(Zij)9 J = M,
Oy
O[F11(65)](, j) O[F11(65)]3, j)
= logk;
8[91 abO
logk; — i i
—#fﬁ(&j), j=1
O[F11(07)]1(, j) 1 .
& fz 2 —— {(log k1 — pi)$(zijs1) = (logk; — i) p(zij)}, 1<j<M,.
Ao 20,
logk; —
- l s : - M
20_3 ¢(Z]) J
Now define
logk; —u
H=be zj=—"—.
Ou
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Then,

1
__¢(Zj) ‘] = 1’
oFnO)I() | 1
=1 @ e} 1<j<m,
1
Oy
logk; —u ;
e @) s=1
AL OID 1L {(tog ko — 1) (201) - logk; ~ ()}, 1<) < M.
oo} 20,
logk; —pu i
T.J_g‘f’(zj)’ J=M

E.2 Prior Selection

Suppose that we use a sample {d;, kit }o<i<T.1<i<n, to form the first-stage estimates of 9’; based
only on the log-normal state transition. If 9;2 is found as the maximum likelihood estimator of the
ny-sample likelihood

n T
€0 = D> digor { ki) + (i3 05)'S p(kie) = Ap(ap(xig1360,)} -
i=1

=1
Using the fact that, for each firm 7, the sequence of score increments of the score function forms a

martingale difference sequence with respect to the filtration ¥; generated by {d;;, ki, Sit }o<t<, We

can see that the per-firm Fisher information admits a closed form solution as

T 2

1(6;) = ZE

=1

) {Sf(ki[) -E [Sf(kit) | ﬁ,t—l]}

acVf (Xi,z—l; Qf)
di-1 BT
S

M~

Oar(xi;-1;6¢) , Oay(xir-150f)
E|d;; f—t,f Var [S¢(kit) | Fio-1] f—t,f
00 00
t=1 f f
00 O 0
T
00 O 0
= ZP (di,t—l =1,810-1= 0) 2
. 00 1/o2 0
0 0 1/2oh
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1/o2 my /ot 0 0
T 2 2
myfo; myfo; 0 0
+ D P (digr = 1si = 1)
p 0 0 0 0
0 0 0 1/Q2ch

for
my, =B [logkis—1 | dig—1 = sig—1 = 1], moy =B [(logkis—1)* | diym1 = si-1 = 1] .

The finite-sample analogue ﬁnl (6) of this quantity can be computed by replacing the probabilities
and conditional expectations with the analogous finite-sample quantities. Then, a natural estimator

of the sampling variance of 9; is

1

=L
ni

T (657"

We let the prior covariance for the auxiliary parameters ¢ be given as a, 1\7* for a,, = log(n).
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E.3 Monte Carlo Design

Table E.1: Monte Carlo Design: Dynamic Discrete Choice Model. Structural calibration and
data-generating process.

Parameter or setting Symbol Value

Panel A: Structural parameters

Operating-profit coefficient o’ 0.18
Entry cost Op 0.80
Incumbent productivity intercept bo 0.00
Incumbent productivity persistence b 0.78
Entrant productivity mean b, 0.50
Productivity innovation variance o2 0.42
Discount factor Je, 0.98

Panel B: Data generation

Number of firms N 1,000

Time periods per firm T 10

Number of productivity grid points M 25

Monte Carlo replications per design R 500

Local misspecification magnitudes A {-4,-3,...,3,4}

First-stage sample size Ny 1,000 firms
First-stage panel length T, 10 periods
First-stage random seed 64

Notes: The parameters of interest are 6,, = (@, 6,,)’, while the nuisance parameters are 6 = (b, b1, be, a2y’
The data are generated at the fixed true parameter vector (6, 6 ¢) for every value of h. The nuisance calibration
used for estimation is 9;(}1) = 0+ hd/ VN, where d is the worst-case first-stage direction described in
Table E.2. The numerical productivity grid and the reference conditional choice probabilities are held fixed
across misspecification designs.
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Table E.2: Monte Carlo Design: Dynamic Discrete Choice Model. Estimation methods, priors,
and numerical implementation.

Setting

Specification

Panel A: Estimation methods

Baseline model

Parsimoniously augmented model
Joint model

Reference CCPs

Productivity grid

0, € R?; nuisance parameters fixed
6, € R?, auxiliary 6 € R?

0, € R2, nuisance deviation in R*
Fixed at P* = Peq

Fixed across 2 and model evalua-
tions

Panel B: Priors and local perturbations

Prior for each structural parameter

First-stage covariance
Joint-model nuisance prior

Parsimonious nuisance prior

Worst-case direction

Parsimonious loading

N(0.5,0.25%), truncated below at
Zero

I log(N1)/ N,

Four-dimensional Gaussian, trun-
cated at the 90% Mahalanobis ra-
dius

Two-dimensional induced Gaus-
sian, truncated at the 90% Maha-
lanobis radius

Computed from the joint Fisher in-
formation and first-stage informa-
tion

By = 1}:}1fu

Panel C: Posterior computation
Sampling algorithm

Chains

Requested iterations per chain
Initial iterations discarded
Nominal credible interval level
Credible interval construction

NUTS, target acceptance 0.8

4

1,000

500

95%

Posterior quantiles 0.025 and 0.975

Notes: The first-stage information matrix is estimated from a fixed, independently simulated panel. The worst-
case perturbation direction is computed once and held fixed across the Monte Carlo experiments. The parsimo-
nious loading matrix and its induced prior covariance are recomputed for each Monte Carlo replication using the
baseline posterior medians and the corresponding sample information matrix. The joint model recomputes the
Hotz—Miller continuation-value objects at each proposed nuisance parameter vector on the fixed productivity
grid. The baseline and augmented models use precomputed continuation-value objects.
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E.4 Sampler Diagnostics

Table E.3: HMC Sampling Diagnostics: Dynamic Discrete Choice Model

Model Parameter ESS  Tail ESS R
Baseline a 11209 1116.9 0.9995
0p 1156.2 1211.5 1.0071
Parsimonious « 767.7 1178.5 1.0021
Augmentation 6, 1081.9 1071.1 1.0046
71 745.2 1164.5 1.0030
22 868.7 1374.5 1.0042
Full a 21743  1558.7 1.0013
Estimation 0p 2600.5 16493 1.0012
71 1905.6 1423.1 1.0008
22 2150.3 1493.3 1.0017
23 2483.0 1621.2 1.0029
Z4 2768.6 1393.5 1.0024

Notes: Diagnostics are computed from four HMC chains, each con-
taining 500 retained draws after 500 warmup iterations. ESS and R are
obtained using MCMCChains.ess_rhat. Tail ESS is computed as the
minimum of the estimated effective sample sizes for the indicator pro-
cesses associated with the 2.5th and 97.5th posterior quantiles, summed
across the four chains. The auxiliary coordinates in the parsimonious
augmentation are rotated nuisance directions and are not directly com-
parable to the original nuisance coordinates in the full model.

F Details on Krusell-Smith Model Simulation

F.1 Numerical Differentiation for KS Model

The GE Jacobian for output depends directly on the nuisance parameters n (through, for instance,
computation of steady state production), on the steady state interest rate implied by 1 (through

steady state capital), and the sequence space Jacobians J (n):

G =Gyln.r(n),J@)].

The sequence space Jacobians J () in turn are functions directly of the nuisance parameters 7,
and depend on 7 indirectly through the steady state interest rate r*(7), the steady state policy vector
vss(17) and the steady state distribution vector D (7). Furthermore, the latter two quantities also

depend directly on 7 and indirectly on 7 through r* (7). These dependencies are made clear through
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the expression

T =Ty n, (), yss(m.r* (1)), Dss(m, " ()] .

The numerical two-sided derivative of G (r7) with respect to n; at n* can be computed as

Gn"+h-e)-G(n*—h-e)
2h

where e; is the ith standard basis vector of R¥7 and # > 0 is some small positive constant (we put

h = le —5) in practice. We can compute G (1" + h - ¢;) as soon as we obtain an expression for
rr(m*+h-e),

since then computing G(n* + h - ¢;) is simply a matter of plugging in the values * + & - ¢; and
r*(n* + h - ¢;) into the functions G(-) and Jr(-) that we have already constructed.

Conceptually, it should be possible to compute r*(n* + h - ¢;) directly through the bisection
loop; but this would then involve solving for the steady state 2k, times, which is computationally
burdensome. A computationally simpler approach is to employ a first order approximation of
r*(n* + h - e;) around n*:
or*(n’)

h.
on;

r'(n £ h-e) ~r'(n’) +
Given any 7, the steady state interest rate r*(n) is defined implicitly via the fixed point relation

K'(n,r*(m) - K*(n.r*(n)) =0

where K*(n, r) denotes aggregate savings and

K (n,r) = (%)ﬁ L*(n)

is capital demand given interest rate r and the nuisance parameters 7 = {a@, 8,6, ¥, Pn, T2, M, }.

Note further that aggregate savings are given as the inner product

KS(U, r) = Dg(n, ”),yss(na r).
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As such, by the implict function theorem,

aDSS *v - " ! * * * * * * ’ a SS *s * - aKd *s * *
ar(r) (W) yss (%, 7 (1%) + Dy (0", ¥ (1)) ( Yss (071" (1 ))) _ (n".r™(n")

on; on;
a . - 6DYS *’ * (% / « « " « x " , K] s *’ * (9% ﬁKd *’ # (k)
Ul ( A (narr (n))) yos (7%, 7 (1)) + Dy (7%, 7 (7)) ( y.(narr (n)))_ (%rr (")

We compute the derivatives of Dy, (n*, r*(n*)) and y.(n*, r*(n*)) via two-sided numerical

differentiation. Generically, given two input values 77, and 77— around (", r*(n*)), we denote
dDg; = Dss(ﬁ+) - Dss(ﬁ—)
dyss = yss(1+) — yss(17-)-

dygss we can compute by computing y(7+) and y(7-) separately using the household EGM
algorithm. Computation of dD, is more complicated, since D (7, r) is defined as the stationary

distribution of the transition matrix Agg(n, r):
Ds(n,r) = Nss(1,7)Ds(n, 7).
It follows that
dD s ~ (dAss)Dys(n", (7)) + A (1", 7 (77))dD s
where
dAgs = N5 (774) — Ays(77-)

can be computed by passing y(7+) and ys(77-) through the histogram method. Now dD; solves

the equation

[INJ - Ass(n*’ r*(ﬂ*))] sts = (dAss)Dss(n*’ r*(ﬂ*))-

Since A (n*,r*(n*)) has exactly one eigenvalue equal to 1 (being a column stochastic matrix),
Iy — Ass(n*,r*(n*)) has rank NJ — 1 and this equation cannot be inverted immediately. Instead,
we make use of the additional condition (/dDg, = 0, where ¢ is the NJ-dimensional vector of
ones; this equation requires simply that the total mass of households remains unchanged across
different values of the nuisance parameter. Now we can solve for dD by replacing the first row
of Iny — Ags (7™, r*(n*)) with ¢/, the first element of (dAgs)Dss(n*, r*(n*)) by 0 and inverting the

resulting linear equation.
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This first order approximation approach is much less computationally intensive compared to
computing r*(n* + h - ¢;) through the bisection loop, since it involves running only a few backward
+ forward recursions to obtain the derivatives of the policy rule and steady state distributions. The
gain in terms of computational time scales with the number of fixed point relations that characterize
the steady state values of the model.

To summarize, the numerical differentiation procedure for the GE Jacobian consists of three

nested computations. Fix 1 <i < k;, h > 0 and denote by r* the steady state interest rate under r*.

1) Derivative of Interest Rate

or (")

We compute ;(‘ using the implicit function theorem:
ni

5’”*(77*) ~ diD;sySS + D;s(diyss) - din
ani er;syss + Divs(dryss) - drKd

where
diDgs = Dys(n" + h- e, rgs) — Dgs(n" — h - e;, Tyy)
dyDyss = Dys(7°, 755 + h) = Dys (0", 755 — h)
and likewise for the other quantities. We define
or (")

e=|n"th-e,ry+ h).

on;

2) Deviations of Steady State Quantities

We compute the perturbed steady state savings policy function and steady state distribution
ysis :ySS(ﬁi)’ Dsis :Dss(ﬁpm)~

3) Numerical Derivative of GE Jacobians
We compute the perturbed Jacobians G* using (7,m. Y5, Dy,) as inputs. The numerical

derivative of G (1) at n* with respect to 7; is then given as

G(n") G* -G~
oni  2h
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F.2 Monte Carlo Design

Table F.1: Monte Carlo Design: Krusell-Smith Model. Structural calibration and numerical
solution.

Parameter or setting Symbol Value

Panel A: Structural calibration

Capital share a” 0.33

Depreciation rate Od 0.025

Risk aversion 0% 1

Idiosyncratic productivity persistence  p, 0.966

Idiosyncratic productivity grid scale Ay 0.50

Idiosyncratic innovation variance o? 0.016711

Steady-state interest rate target Fss 0.01

Steady-state output target Yis 1

Household discount factor Ba Endogenously calibrated
Log-productivity mean my Endogenously calibrated

Panel B: Numerical solution

Idiosyncratic productivity states n+1 7
Household asset-grid points M 500
Distribution histogram points Nhist 5,000
Minimum asset holdings Amin 0
Maximum asset holdings A max 100
Equilibrium convergence tolerance 1078
Household convergence tolerance 1078
Stationary-distribution tolerance 1078
Equilibrium interest-rate update weight 0.05
Finite-difference step size e 1073
Sequence-space Jacobian horizon TRF 300

Notes: Idiosyncratic labor productivity is approximated by a seven-state Rouwenhorst Markov chain. The in-
novation variance is calibrated as o> = A2(1 — p2). The household discount factor is calibrated to reproduce
the steady-state interest-rate target, while the productivity mean is calibrated to match the labor-supply nor-
malization. The household problem is solved using the endogenous grid method, and aggregate dynamics are
computed using the sequence-space Jacobian method. Numerical derivatives are obtained using centered finite
differences.
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Table F.2: Monte Carlo Design: Krusell-Smith Model. Local misspecification, priors, and pos-

terior computation.

Setting Specification
Panel A: Data-generating process

Aggregate productivity persistence pz0=0.70
Aggregate innovation variance 0'20 =0.10

Local misspecification aor =a* +h/ \NT
Reference capital share a* =0.33
Misspecification magnitudes h € {0.3,0.5}
Sample sizes T € {500, 1000}
Monte Carlo replications 100 per design

Data-generating distribution

Stationary Gaussian time series

Panel B: Estimation methods and priors

Parameters of interest

Baseline nuisance calibration
Augmented nuisance dimension
Prior for p,

Prior for o'z2

Untruncated auxiliary prior
Auxiliary prior variance
Auxiliary prior truncation

(pz’ 0}2)
a=a"
1

Beta(2.625,2.625)
1G(4.56,0.5696)
N(0,%s)

¥s = 0.15%/(dx/da)?
8 /%5 < x 12,0.90

Panel C: Posterior computation
Sampling algorithm

Mode initialization
Proposal covariance

Hessian calculation

MCMC iterations

Burn-in iterations

Target acceptance probability
BLAS threads

Parameter credible interval level
IRF interval construction

IRF variables

Laplace-informed adaptive
RWMH

Nelder—Mead optimization
Regularized inverse negative
Hessian

Forward-mode automatic differ-
entiation

10,000

5,000

0.25

1

95%

Pointwise 95% posterior quan-
tiles

Output, capital, consumption

Notes: For each Monte Carlo replication, a Gaussian time series is generated using the equilibrium mean and
covariance implied by the locally perturbed capital share. The baseline model fixes the capital share at o*, whereas
the augmented model estimates a scalar auxiliary parameter representing its local deviation. The auxiliary prior
is a centered Gaussian truncated to its 90% Mahalanobis region. The MCMC proposal is initialized using a local
Gaussian approximation at the posterior mode, with scalar proposal-scale adaptation during burn-in. Parameter
coverage is evaluated using equal-tailed credible intervals. Impulse-response coverage is computed pointwise

at each reported horizon.



F.3 Sampler Diagnostics

Below we present effective sample sizes for the RWMH sampler used to estimate the baseline and

augmented models, as well as trace plots for the sampled parameters.

Table F.3: MCMC Sampling Diagnostics: Krusell-Smith Model

Model Parameter ESS Tail ESS Acceptance Rate
Baseline o 601.8  977.5 0.2488

o? 485.0  599.1 0.2488
Augmented p, 4719  642.1 0.2488

O'Z2 387.1  403.7 0.2488

o1 4259 4932 0.2488

Notes: The table reports sampling diagnostics for the baseline and augmented
random-walk Metropolis—Hastings samplers for a representative Monte Carlo
replication. Each sampler uses 10,000 iterations, with the first 5,000 discarded
as burn-in, as in the Monte Carlo design detailed in the preceding section. ESS
denotes the effective sample size computed from the autocorrelation of retained
posterior draws. Tail ESS is the minimum of the effective sample sizes for the
indicator sequences associated with the 2.5th and 97.5th posterior quantiles.
Both ESS measures use an initial-positive-sequence autocorrelation estimator.
Acceptance rates are computed over post-burn-in iterations.

Baseline: sigma_z"2

et WWW c“ MWWMW*« i MMM”WWW

0 1000 2000 3000 4000 5000
Retained iteration
Augmented: sigma_z"2

0.16

0.15

S

0.11

sigma_z° ¢
w

020 r
0.18
0.16

g H M W(%h Mﬁ MWMN M WW WM“W*W MW”‘J““ WHWM’MVJ“WW KW'W |

sigma_z ¢

0.08

0 1000 2000 3000 4000 5000
Retained iteration

Figure F.1: MCMC trace plots for O'Z2 in the Krusell-Smith model.
Notes: Baseline (upper panel) and augmented (lower panel) specifications; 5,000 retained draws after
5,000 burn-in iterations.

26



F.4 Robustness Checks for Misspecification Magnitude

Here we present results for the baseline and augmented model for an expanded set of local mis-
specification magnitudes. In the main text, we focused on local misspecification of the form
ap = @ + h/NT where h = {0.3,0.5}. Below are the shock parameter and impulse response
coverage results for 4 € {-0.3,0,0.3,0.5}. The same qualitative results hold for 2 = —0.3, demon-
strating that the robustness of the augmented model and the failure of the baseline model does not
depend on the direction of the local misspecification. Meanwhile, for 2 = 0 the models exhibit
similar coverage, although the augmented model reports substantially wider uncertainty for 0'2,2-

Table F.4: Monte Carlo study under local misspecification. We report the coverage of nominal

95% credible intervals, the mean absolute error of the posterior mode, and the average posterior
standard deviation for the shock parameters p, and a'zz.

Coverage  Mean Absolute Error Posterior SD

h T Model o 0'z2 o 0'3 o 0'3
500 Baseline 0.95 0.31 0.0260 0.0147 0.0319 0.0054
03 Augmented 0.96 1.00 0.0270 0.0111 0.0324 0.0162
. 1000 Baseline 0.98 0.30 0.0175 0.0113 0.0227 0.0040
Augmented 0.97 095 0.0179 0.0093 0.0229 0.0121
500 Baseline 0.95 0.95 0.0260 0.0054 0.0320 0.0063
0 Augmented 0.95 0.98 0.0270 0.0117 0.0323 0.0168
1000 Baseline 098 0.94 0.0174 0.0040 0.0227 0.0044
Augmented 0.97 094 0.0179 0.0095 0.0229 0.0123
500 Baseline 096 0.22 0.0256 0.0192 0.0317 0.0075
0.3 Augmented 0.95 0.96 0.0269 0.0128 0.0321 0.0175
' 1000 Baseline 096 0.22 0.0171 0.0127 0.0227 0.0050
Augmented 0.98 0.94 0.0179 0.0098 0.0229 0.0126
500 Baseline 0.95 0.01 0.0255 0.0347 0.0313  0.0085
0.5 Augmented 0.96 0.95 0.0268 0.0140 0.0323 0.0179
' 1000 Baseline 0.95 0.00 0.0172 0.0227 0.0226  0.0055

Augmented 0.97 094 0.0179 0.0102 0.0229 0.0128

Notes: Coverage is computed from nominal 95% posterior credible intervals over 100 Monte Carlo replications.
Mean absolute error is the Monte Carlo average of |’6\n[10de — 6p|. Posterior standard deviations are averaged
across Monte Carlo replications. The nuisance parameter is the capital share @, with local misspecification
@ = a* + h/VT and o* = 0.33. The case h = 0 corresponds to correct nuisance calibration.
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Figure F.2: Monte Carlo study for impulse response coverage. Below we display the coverage
of pointwise credible bands for the impulse response of output and capital to TFP shocks up to 40
horizons. The impulse responses are evaluated for the baseline and augmented models. The nuisance

parameter is the capital share e, with local misspecification &g = a* + h/VT and * = 0.33.
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