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Chapter 1

Basic Elements of Probability
Theory

In this chapter we define the basic elements of probability theory, namely random variables,
their distribution functions, expected values and the independence of random variables. Other
concepts that are of secondary importance but which will be employed extensively later on, such

as uniform integrability, are also discussed.

1.1 Pushforward Measures

Let (E,&, 1) be a measure space, (F, F) a measurable space, and f: E — F' a function measurable

relative to £ and F. Define the function v : F — [0,400] as

for any A € F, which is well defined because f~!(A) € £ by measurability, and takes values in

[0,4+00] because p does. We can show that v defines a measure on (F,F):
« v(0)=p(f~(9)) =0, and
o For any disjoint {Ay}nen, CF, {f 7 (An)}nen, C & is disjoint (for any n,m € N, such
that n #m, f~H(A,)Nf YA, = fH(A,NA,) =0), and as such, denoting A =J,, Ay,

v(A) = u(f7HA) = uUFH(AR) = Do ulfH(An) = D v(4)

by the countable additivity of pu.

We call v the pushforward of y with respect to f, and denote it by v = o f~1. The following

theorem relates the integral of a measurable function under v with that under u:



Theorem 1.1 Let (E,&, 1) be a measure space, (F,F) a measurable space, and h:€ £/F.
Defining v = poh™!, for any f € F,, we have

/Fde:/E(foh)du.

If f is a F-measurable complex function that is v-integrable, then foh is £-measurable and

p-integrable with integral given by

/Ffdv:/E(foh)du.

Proof) Suppose initially f is a F-measurable simple function with canonical form f =31, a;-
14, for ag, -+ ,ap €[0,+00) and Ay, -+, A, € F. Then,

/ fdv = ai-v(A) =3 ;- p(hL(A2))
F i=1 i=1

= [ (foh)dpu. (Linearity of Integration)

Now let f € F in general. Then, there exists a sequence {f,}nen, of F-measurable

simple functions increasing to f; for any n € Ny,

[ v = [ (Fom)dy

by our above result, and becasue { f, 0h}ncn, is a sequence of non-negative £-measurable
functions increasing to foh, which is £-measurable because measurability is preserved

across compositions, by the MCT we have

/Ffdv:nlgrgoﬁfndv:nlgngoé(fnoh)dM:/E(foh)du.

Finally, suppose that f is a £-measurable complex function that is v-integrable. This

indicates that

/Re(f)idv,/ Im(f)Edv < 400,
F F

and as such that

| Be(nondp, [ (Im(pEondu < +oc
E E
as well by the preceding result. Since

Re(f)*oh=Re(foh)*



and a similar result holds for Im(foh), it follows that foh is E-measurable and pu-
integrable. By the linearity of integration for integrable complex functions, we also

have

[E(foh)dM:/Ffdv.
Q.E.D.

The pushforward measure and its integral is integral (pun intended) to the study of the distri-

bution of random variables, as well as ergodicity.



1.2 The Lebesgue-Stieltjes Integral on the Real Line

Here we construct the Lebesgue-Stieltjes measure in the same manner as we did the Lebesgue
measure, namely through the Riesz representation theorem and the Riemann-Stieltjes integral

as our positive linear functional.

Since we will at present mainly focus on euclidean space, we reintroduce some notations per-
taining to euclidean spaces. Let the standard euclidean topology on the euclidean k-space R*
be denoted Tg; recall that 7k, the metric topology induced by the euclidean metric on R,
is equivalent to the product topology Tg X --- x 7Tr on R, where 7R is the standard euclidean

k
topology n R, which is exactly the order topology on R. It follows that the Borel g-algebra B(RF)

generated by Tk is the product o-algebra B(R) x --- x B(R), where B(R) is the Borel o-algebra
k

generated by Tg.

The Lebesgue measure on R* will be denoted A, and the collection of all Lebesgue measurable
sets by Ly; the space (R, £y, \;) is the completion of the corresponding Borel space on R¥. )\, is
also a regular Borel measure that is translation-invariant. If we write A without a subscript, then

it denotes the Lebesgue measure on the real line or some Borel-measurable subset of the real line.

Due to the complexity of constructing the Lebesgue-Stieltjes measure on an arbitrary k-dimensional
space, we only construct the version of the measure on the real line. As in the case of the Lebesgue

measure, we start by constructing the Riemann-Stieltjes Integral.

1.2.1 Properties of Increasing Right Continuous Functions

Let F: R — R be an increasing and right-continuous function; it then follows that F' has the

following properties:

e F has left limits
For any = € R, the set A= {F(y) |y <z} is bounded above by F(z) < +oo due to the
monotonicity of F', so by the least upper bound property of the real line, there exists an
a € R such that

a=supA =supF(y).
y<a
We claim that o is precisely the left limit of F' at x: to see this, let {z,},en, be any
sequence in R that increases to  but does not include z. Since {F(x,) }nen, C A increasing
sequence (x, /" x, it has o as an upper bound and thus converges to sup,,cy . F(z,) <a.
Suppose that sup,,cn L F (xn) < a; then, by the definition of the supremum, there exists
an y < z such that sup,cy, F(zn) < F(y) < a, but letting € =z —y > 0, there exists an



N € N, such that
x—xn <e foranymn>N.

It follows that y <z and thus F'(y) < F(zx), a contradiction. Therefore, sup,,c y, F(2n) =

«. This holds for any sequence in R that increases to x but does not include z, so

a=limF(y) = F(z—),
ytz

the left limit of F' at .

This makes F' a cadlag function (or rcll, right continuous with left limits).

e I has countably many discontinuities
To see this, let D C R be the set of all discontinuities of F', and define the function r: D — Q
so that, for any « € D, r(x) is some rational number in the interval (F'(x—),F(z)). For

any x,y € D such that z # y, assuming without loss of generality that z < y, we have
Fz—) <r(z) <F(z) < F(y—) <r(y) < F(y),

where we used the fact that F'(y—) = sup;., F'(t) > F(x). Therefore, x # y implies that
r(z) # r(y), or that r is a one-to-one function. Since Q is countable, this means that D

must also be countable.

1.2.2 The Riemann-Stieltjes Integral

We now construct the Riemann-Stieltjes Integral with respect to F': we proceed in steps.

Step 1: Integral for Step Functions
Let f:[a,b] = C be any complex function defined on the interval [a,b]; then, for any
n € N, we define the functional AZ of f as

AL F=Y"fa) (Fa) — Flwi)),
i=1
where {zg, -+ ,x,} C [a,b] is a partition of [a,b] defined as z; = a+ b;—“i for 0 <i <n. For
notational brevity, we put AF (z;) = F(x;) — F(z;—1).
Note how A,, is a positive linear functional; for any f,g:[a,b] = R and z € C,

n n

Ay (zf+g) =2 flwi) - AF(xi)+)_g(a;)- AF(z;) = z- A} f+ AL g,

=1 i=1



while if f is non-negative, then

n
Anf =) flz:) AF(z;) 20
i=1
because each f(z;) and F(z;) are non-negative (F' is an increasing function). Consequently,

Aff is also montonic, that is,
AT fF<Alg

if f<g.

Step 2: Integral for Continuous Compactly Supported Functions
Now choose any real valued f € C.(R), that is, let f be a continuous compactly supported
real-valued function on R. Letting the (compact) support of f be K = {f # 0} C R, there
exists a closed interval [a,b] containing K (due to the Heine-Borel theorem, K is bounded).
f is uniformly continuous on the real line (for a proof, refer to the construction of the
Lebesgue measure in the measure theory text), so for any € > 0 there exists a § > 0 such
that

|f(x)—f(y)| <e for any |z—y| <.

Choose N € N, such that °%% <4, and let n > N. Letting {z¢, -+ ,2,} C [a,b] be the
corresponding partition of [a,b], define gy, hy, : [a,b] — C as

gn(@)= min  f(@), ha()= max f(z)

yE[zi—1,7i] yE[zi—1,7i]
for any z € [a,b], assuming that if x € [x;_1,x;] for some 0 <i < n. g,,h, take values in R
because each [z;_1,z;] is compact and f is continuous (by an application of the extreme
value theorem). Because |z; —z;—1| = =% < 4, it follows from the uniform continuity result
that

lgn(x) —hn(z)| =  max [f(z) - f(y)] <e
z,Y€[Ti—1,24]
for any z € [a,b)].
By another application of the extreme value theorem, we can see that there exist *,z, € R
such that

f(@¥) =max f(z) and f(z.)=min f(z).

zeR z€R
Since gn(x) < f(x) < hy(x) for any z € [a,b], we have

f(x*)-(F(b)—F(a))gAﬁgnzzn:gn( -AF(x;) Z )-AF(z;) = AL f
=0 1=



1=0
and
Alh, —AFg, = Z(hn(:c) —gn(z)) - AF(x;) < e-ZAF(mi) =e-(F(b)—F(a)).
i=0 =0

This holds for any n > N, so

.. F .. F
liminf A, g < liminf A, f,

lim sup Aff < limsup Af; hn,

n—o0 n—oo

where all limits are in R becauase the sequences {A% g, }nen . and {AE R Y nen . take values

in [f(z.) - (F(b) = F(a)), f(z*) - (F(b) = F(a))].

We can also see that

limsup ALk, — hnIgiO%nggn < limsup (Afjhn - Aggn) <e-(F(b)—F(a)).

n—oo n—oo

By implication,

0< limsupAff—linIgiO%fAﬁf <e-(F(b)—F(a)).

n—oo

Finally, this holds for any € > 0, so

. Fp i - Fe 7 F
117rlri>solcl)pAnf = h,{glo%ff\nf = nh—>IgoA” f

The Riemann-Stieltjes integral of f with respect to F' is defined as
Fope_ 7 F
A f—nh_{goAnfER.

For an arbitrary complex valued f € C.(R), since Re(f),Im(f) are real-valued continuous

compactly supported functions on R, by the linearity of each AL we can define
AP f:= AP Re(f) +i-AFTIm(f)
T F . . F
= Jim AvRe() - (Jim A7)

— 1; F
—nh_>ngoAnf€(C.

That AF : C.(R) — C is a positive linear functional follows from the fact that each AZ is: for
any f,g € C.(R) and z € C, zf + g € C.(R), so we have

AP (zf+g) = lim Ay (2f+g)

10



=z (lim AL f)+ lim Alg

=2 AP fHAFyg,
and if f takes values in [0,400), then because each AX f >0, we have
Fge_ 1 AF
AT =l Anf 20

as well.

1.2.3 Application of the Riesz Representation Theorem

We can now finally construct the Lebesgue-Stieltjes measure using the positive linear functional

that is the Riemann-Stieltjes integral with respect to F.

Theorem 1.2 (Construction of the Lebesgue-Stieltjes Measure on R!)
Let F: R — R be an increasing, right continuous function. Then, there exists a o-algebra Lp

and a measure A on R such that:
i) Lp contains every Borel set on R, that is, B(R) C Lp.
ii) (Completeness) (R,Lp,A\p) is a complete measure space.
iii) (Regularity of the Measure) Ar is a regular Borel measure, that is, for any A € Lp,

)\F(A) = inf{AF(V) ’ AC V,V € TR}
=sup{A\r(K)| K C A, K is compact}

iv) (The Approximation Property) For any A € L and € > 0, there exist open and closed
sets V and K such tat K C ACV and

Ar(V\K) <.

v) For any half-open interval (a,b] on R such that a < b,

Ar((a,b]) = F(b) = F(a).

Proof) The topological space (R,7r) is a locally compact Hausdorff space. We saw earlier that
the Riemann-Stieltjes integral Af : C.(R) — C is a positive linear functional; by the
Riesz representation theorem, it follows that there exists a o-algebra Lr on R and a

measure A\r on (R, Lr) such that:

- B(R) CLp,

11



— (R,Lp,\p) is complete,

Arp(K) < 400 for any compact K C R,
— For any A€ Lp,

)\F(A) = mf{)\F(V) ’ ACV, Ve TR},
— For any A € Lp such that Ap(A) < 400 or A € 7x,
Ar(A) =sup{\r(K) | K C A, K is compact},

and

— For any f € C.(R),
AFf:/Rfd)\F.

Becauase R is also o-compact (it is the union of the sequence {[—n,n]},ecn, of compact
sets in R), by theorem 4.3 of the measure theory text it also follows that A is a regular

measure that possesses the approximation property.

It remains to be seen that Ap is the Lebesgue-Stieltjes measure representing F', that is,
Ar((a,b]) = F(b) - F(a).
To this end, choose a half open interval (a,b] C R such that a <b. For any n € N4,

define

b—a b—a
An=la+"b—
at 2n 2n

C (a,b).

Because each A, is a compact set contained in the open set (a,b), and (R,7g) is a
locally compact Hausdorff space, by Urysohn’s lemma there exists a f, € C.(R) such
that A, < fn < (a,b), that is, f,, takes values in [0,1], f,(x) =1 for any = € A,,, and the
support of f,, is contained in (a,b). For any m € N, by the monotonicity of A and
the fact that 14, < f, < I(4y), we have

AL Ta, <AL fn <AL Ty

By definition,

AET,, :F<b— b‘"’) —F(a—l—b_a>
2n 2n

and, because [, is 0 except on the closed interval [a,b],

b—a

Af;;](a’b) =F (a+
m

(m—1)> —F(a).

12



Therefore, taking m — oo on both sides of the above inequality, by the existence of left

limits for F' we obtain

F (b— bz_na> —F (a+ b;n“) < AFf, < F(b—)— F(a).

Taking n — oo again, the right continuity and the existence of left limits for F' once

again tell us that
nlgroloA fn=F(b—)—F(a).
From the Riesz representation theorem we concluded that

A g = [ fudir

for any n € N,. Clearly, { fn}nen, is a sequence of non-negative functions that increases
to I(4p). In addition, because each f,, is continuous, it is Borel-measurable. It follows
from the MCT that

. F EERT o o
nh—rgoA fn—nh_{glo/and)\F—/Rl(a7b)d)\p—)\p((a,b)).
Therefore,

Ap((a,b)) = F(b-) — F(a) = sup F(x) - F(a).

r<b

To extend this result to half-open intervals, note that

(a,b] :ﬂ (a,b—i—i),

n

where {(a,b—i—%)}ne]\/+ is a decreasing sequence of sets in Lr with Ap((a,b+1)) =

sup,pr1 F'(z) — F(a) < +00. By sequential continuity, we now have

AF((a,b]):JLrgo)\F(<a,b+:L>) = lim ( sup F(:L‘)—F(@))

N0 \ g<b+1/n
= inf sup F(z)—F(a).
NENY pch+1/n
Note that F'(b) <sup,pi1/, F'(2) for any n € Ny, so that F(b) <infpen, supycpiq/m F(z) =
B. Suppose this holds as a strict inequality. Then, letting e = § — F(b) > 0, because
{b+ %}ne N, is a sequence in R strictly decreasing to b, by the right continuity of F
there exists an N € N, such that

F(b—i—:L) —F(b)<e

13



for any n > N. This implies that

sup F(z)<F(b+1/N)<8,
x<b+1/N

which contradicts the fact that 3 is the infimum of sup, 4,1/, F'(x) over n € Ni. It

must therefore be the case that

F(b)= inf sup F(x),
() NENY g cb+1/n ( )

and as such,
Ar((a,b]) = F(b) = F(a).

Q.E.D.

We have constructed a measure A defined on all Borel setsB(R) that assigns the mass
Ar((a,b]) =F(b)—F(a) and Ap((a,b))=F(b—)—F(a)

to half-open intervals (a,b] and open intervals (a,b) on the real line. If F' were continuous on R,
then F(b—) = F(b) and Ar((a,b]) = A((a,b)), meaning that A\p({b}) =0 for any b € R. In fact,
the Lebesgue measure on R is precisely the Lebesgue-Stieltjes measure on R with F'(z) =z for
any x € R.

For the integral of some Borel measurable complex or non-negative function f with respect to

Ar, we often write

L1xe= [ f@ar)

given that the integral is well-defined.

14



1.3 Random Variables and their Distributions

Let (Q,H,P) be a probability space and (F,£) an arbitrary measurable space. A random variable
taking values in (E,€) is a function X : {2 — E that is measurable with respect to H and &, that
is, X~1(A) € H for any A € £. This indicates that the quantity

P(X € A)=P(X7'(4)),

or the probability that X takes values in A, is well-defined in [0,1] for any A € £.
Below we define the distribution, density and distribution function of this arbitrary random

variable X.

1.3.1 Distribution

The distribution g of X is defined as the pushfoward of P with respect to X, that is, as the

measure 4 =Po X! on (F,E). As such, the value u assigns to some measurable set A € £ is

or precisely the probability that X takes values in A. Since u(E) =P(X1(FE)) =1, u is a prob-

ability measure.

1.3.2 Density

Suppose that v is a o-finite measure on (E,E) such that the distribution p of X is absolutely
continuous with respect to v, that is, y << v. By the Radon-Nikodym Theorem, because v is
o-finite and p is finite, there exists a Radon-Nikodym derivative f of p with respect to v that is

unique a.e. [v], that is, f is a non-negative £-measurable function such that

p(A) = [ fdv

for any A € £, and if the above relationship holds for any other £-measurable function g, then
[ =g a.e. [v]. We call the equivalence class [f], the density of X with respect to v; for notational

simplicity, we refer to the equivalence class [f], by its representative f.

1.3.3 Distribution Function

In the case (F,&) = (R,B(R)), a related concept is the distribution function of X, which is the
function F: R — [0,1] defined as
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for any x € R and the distribution p of X. Distribution functions are useful because they deter-
mine the distribution of a random variable. To see this, note that {(—oo,z] | x € R} is a m-system
that generates B(R); if two real random variables X, Y have the same distribution function,
then their distributions agree on this m-system, and because they are finite, this also implies

that they agree on the Borel o-algebra B(R).

The following are some properties of distribution functions that are easily recovered:

o F takes values in [0,1]
This trivially follows from the fact that P takes values in [0, 1].

e F'is increasing on R
This too is trivial; for any =,y € R such that z <y, we have the inclusion (—oo, x| C (—00,y],

so that, by the monotonicity of measures,

e F'is right continuous on R
For any z € R and a sequence {z, }nen + that decreases to x, we can see that the sequence
{(—00, 2] }nen, of sets is decreasing with intersection (—oo,z]. Since y, being a probability
measure, satisfies p((—o00,z1]) < 400, by sequential continuity

P(a) = ul(=o00.2]) = Jim pu((—00,2.) = lim Fz.)

n—oo

which shows that F'is right continuous.

Combined with the monotonoicity of F', we obtain the more precise result

o F(z)—>0as z— —oo0 and F(z) » 1 as z — 400
Let {z,}nen, be a sequence decreasing to —oo. Then, the sequence {(—00,2,]}nen, is a
decreasing sequence of Borel measurable sets with intersection (). By sequential continuity
again,
Jim F(xy) = lim pu((—00,2n]) = p(0) = 0.
This holds for any sequence decreasing to —oo, so
lim F(x)=0.
T N\(—00
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On the other hand, let {z,},en, be a sequence increasing to +oc. Then, the sequence
{(—00,zp]|}nen, is an increasing sequence of Borel measurable sets with union R. By
sequential continuity again,

lim F(z,)= lim p((—o0,z,]) =p(R)=1.

n— o0 n—oo

This holds for any sequence increasing to +00, so

lim F(x)=1.
x /' Ho0o
In general any function F': R — R that satisfies the four properties above is called a distribution

function. The following is a neat corollary of theorem 1.2:

Corollary to Theorem 1.2 Let F': R — R be a distribution function. Then, there exists
a random variable X taking values in (R,B(R)) such that F is the distribution function of X.
Another way to put it is that there exists a unique probability measure p on (R, B(R)) such that

F(x) = p((=00,2])

for any = € R.

Proof) Because F' is increasing and right continuous, by theorem 1.2 there exists a measure
on (R,B(R)) such that

p((a,b]) = F(b) - F(a)

for any half-open interval (a,b] C R such that a < b. For any x € R, because {(—n +
z,x]}nen, is an increasing sequence of Borel sets with union (—oo,z], by sequential
continuity

p((~o0,2]) = lim p((~n+w,2)) = F(x) ~ lim F(-n+z) = F(x),

n—oo
where the fourth property of distribution functions justifies the last equality. Finally,
by sequential continuity and the fourth property again,

w(R) = lim F(n)=1,

n—oo

so p is a probability measure on (R,B(R)). The uniqueness of p follows from the fact
that F' determines u, as stated earlier.

The existence of a random variable X with F as its distribution function is then trivial;
we need only put the probability space (2, H,P) as @ =R, H = B(R) and P = u, and the
random variable defined as X (w) =w for any w € Q has F' as its distribution function.
Q.ED.
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Returning to our original setting, in which F' is the distribution function of some real valued

random variable X with distribution u, note that, for any = € R,

w((—o0,z)) = lim u((—oo,m—ﬂ) = sup F<x—1) =F(z—)

n—00 n—00 n

by the sequential continuity of p. This tells us that

p{z}) = p((=o0,2]) = p((=00,2)) = F(z) = F(z—).

We say that X is a continuous random variable if its distribution function F' is continuous; by
implication, u({z}) =P (X =z) =0, that is, the probability that X equals a single value is 0. If,
in addition, u is absolutely continuous with respect to the Lebesgue measure A, then the density
f of X with respect to A is called the probability density function (PDF) of X.

It is worth touching on the (infamous) relationship between the density of a random variable and
its distribution function. Let X be a real-valued random variable with distribution u, density f
with respect to the Lebesgue measure, and distribution function F'. If f is continuous at some

x € R, then because
Fla) = pl(~oca) = [ f(oyat

the fundamental theorem of calculus tells us that I is differentiable at z with derivative

Fl(x) = f(x).

1.3.4 Quantile Function

A mathematical object that is closely related to the distribution function is the quantile function,
which can be seen as a generalized inverse of the distribution function. Let X be a random
variable taking values in (R,B(R)) with distribution 4 =Po X! and distribution function F :
R — [0,1] defined as

F(z) = p((—o0,z])
for any x € R. The corresponding quantile function ¢ : (0,1) — R is defined as
q(t) =inf{x e R| F(z) >t}

for any ¢ € (0,1). Note that ¢(t) is well-defined for any t € (0,1) because the set {zx € R | F(z) >t}
is non-empty (since F'(x) /1 as x /oo, for any ¢t < 1 there exists a large enough = such that
F(z) > t) and bounded below (since F(z) \,0 as z \, —oo, for any ¢ > 0 there exists a small
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enough z such that F(z) < ¢, meaning x is a lower bound of our set). ¢ is a generalized inverse

of F' in the following sense:

Lemma 1.3 (Relationship between Distribution and Quantile Functions)
Let X be a real-valued random variable and F': R — [0,1] and ¢: (0,1) — R its distribution and

quantile functions. Then, the following hold true:
i) ¢ is increasing on (0,1).

ii) For any ¢ € (0,1) and = € R such that F(x) € (0,1),

F(q(t))>t, and q(F(z)) <.

iii) For any t € (0,1) and z € R such that F'(z) € (0,1),

q(t) <z if and only if t< F(x).

Proof) For any t,u € (0,1) such that ¢t < u, since
{zeR|F(zx) >u} C{x eR| F(z) >t},
we have
q(t) =inf{x e R| F(z) >t} <inf{x e R| F(z) > u} = q(u).

This shows us that ¢ is increasing.

Choose t € (0,1). If ¢(t) < z for some z € R, then by the definition of the infimum, there

exists a z; < z such that F(z1) >t. Since F' is increasing,

On the other hand, if F/(z) >t for some z € R, then ¢(t) < z because ¢(t) is the lower
bound of the set {x € R| F(z) > t}; the contrapositive tells us that, if ¢(t) > z, then
F(z) < t. Therefore, for any € > 0 small enough,

Flq(t)—e) <t < Flq(t) +e).
In particular, taking € | 0 shows us, by right continuity, that

Fq(t)) = t.
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Now choose some = € R such that F'(z) € (0,1). Since F(z) > F(x) and ¢(t) is the lower
bound of the set {z € R| F(z) > t}, we have

q(F(z)) <.

To show the third property, choose some ¢ € (0,1) and = € R, and suppose ¢t < F(x).
By definition of ¢(t) as the infimum, we have ¢(t) < x. Conversely, suppose ¢(t) < x.
If q(t) = z, then F(x) = F(q(t)) > t. If q(t) < z, then by the definition of the infimum
there exists some z < = such that F(z) > t, and since F' is increasing, we must have
F(z)> F(z) >t.

Q.E.D.

Corollary to Lemma 1.3 Let X be a real-valued random variable and F': R — [0,1] and
q:(0,1) — R its distribution and quantile functions. Suppose that F'(R) = (0,1), so that X is
supported on the entire real line, and that there exists a uniform random variable U on (0,1).
Then,

q(F(X)) =X
almost surely.
Proof) Since q is increasing on (0, 1), it has at most countably many discontinuities and is there-

fore Borel measurable. Measurability is preserved across compositions, so Y = ¢(F (X))

is also a real random variable.

Define X = q(U). Then, for any z € R,

P(X <z)=P(qU) <z) =P(U < F(z)) = F(x).

where we used property iii) above and the fact that U is uniformly distributed on (0,1).
It follows that X and X have the same distribution function, and is thus identically
distributed.

Now note that, by property ii) above,

In addition,



also by property ii). Finally, since ¢ is increasing,
9(F(X)) =2 qU) = X.

Putting together the two inequalities, it follows that

Therefore,
1=P(q(F(X)) = X) =P(q(F(X)) = X),

where the last equality follows because X ~ X. As such, ¢(F(X)) equals X almost

surely.

Q.E.D.

This result shows us that the quantile function can indeed be treated as a sort of inverse
to the distribution function when it comes to real valued random variables. In the process of
the proof of the preceding result, we have shown that, given any real random variable X with
quantile function f, and any uniformly distributed random variable U on (0, 1), the composition
goU is identically distributed to X. This fact is referred to as the Inverse Probability Integral
Transform (PIT), and is widely used to sample the values of some random variable X with a
given distribution. Specifically, we sample from the uniform distribution over (0,1) and then

take the g-value of that sampled value as the sampled value from the distribution of X.
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1.4 The Information Contained in a Random Variable

Here we introduce the idea of o-algebras as representing the information contained in a certain
random variable. Let (F,£) be a measurable space and X a random variable taking values in
(E,E). Define the collection

o X ={X"1A)|Ac¢&}

of H-measurable subsets of Q (they are H-measurable becauase X is a random variable). It is

easily shown that o X is a o-algebra on §2:
e O=X"YE),s0NecrX.

o For any H € 0 X, there exists an A € € such that H = X ~1(A); then, H* = X 1(A4°) €0 X

as well.
« For any countable collection {Hy,}nen, C 0X, letting H,, = X~1(A,) for some A, €& for
all n € Ny, define A=1J,, A4, € &. It follows that

UH. =X 1(A) =X"1(A) eoX.

Since every set in ¢ X is contained in H, 0 X is a sub g-algebra of H. In fact, 0 X is the smallest
(coarsest) o-algebra on Q relative to which X is measurable. For this reason, we call 0 X the
o-algebra generated by X.

We can furnish an intuitive generating set for the o-algebra generated by a random variable

taking values in (E,&), given that we know of a generating set for £.

Lemma 1.4 Let X be a random variable taking values in the measurable space (E,£), and

&y a subset of F that generates £. Then, the collection
Ho={X"1A)| Aec&}

of subsets of €2 generates ¢ X. In addition, if & is a m-system, so is Hg.

Proof) Clearly, because Ho C 0 X, the o-algebra generated by H, is contained in 0 X.

To show the reverse inclusion, define
D={ACE|X ' (A) coHto}

We can show that D is a o-algebra on E:

i) E € D because X }(E) = is contained in any o-algebra on (2.

ii) For any A € D, by definition we have X "1(A) € 0Hy, and because o-algebras are
closed under complements, X ~1(A¢) = (X 1(A))° € 0Ho. This means that A°€ D

as well.
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iii) For any {A, }nen, with union A={J, 4,, because X1 (A,) € ocHg for any n € Ny

and oHg is closed under countable unions,
XA =X (4n) € oMo,

which tells us that A € D.

Since X 1(A) € Ho C 0Ho for any A € &y, D contains the generating set & of £. There-
fore, D also contains &, which implies that X ~1(A) € 0'H for any A € £ and thus that
0 X C oHgp. Putting the results together, we have cHy = 0 X, so that Hy is a generating
set for 0 X.

Finally, suppose that & is a m-system. Then, choosing any Hi,Hs € Hy and letting
A; € & satisfy H; = X 1(A;) for i = 1,2, we have

HiNHy :X_l(Al ﬂAg) € Hop

because A1 N Ay € &. Therefore, Hy is also a mw-system.
Q.E.D.

Heuristically, o X represents the amount of information contained in X, since 0 X is exactly the
collection of all the events whose probabilities we would know if X were known. If 0 X C oY
for some other random variable Y, then knowledge of Y allows us to find the probabilities of a
greater number of events compared to knowledge of X it is in this sense that Y contains more
information than X. In fact, if 0 X C oY, then knowledge of Y essentially implies knowledge of
X. This means that X is included in the information set of Y, an idea that is mathematically
articulated through the fact that X is oY -measurable in this case.

We can actually go one step further if X is non-negative or complex. An important related
result states that, the claim that a non-negative or complex random variable X is included in
the information set of a random variable Y taking values in an arbitrary space is equivalent to

stating that X is actually a function of Y.

Theorem 1.5 (The Doob-Dynkin Lemma)
Let Y be a random variable taking values in the measurable space (E,£). X is a oY -measurable
non-negative or complex random variable if and only if there exists a non-negative or complex

E-measurable function f such that X = foY.

Proof) The sufficiency part is very easy to show. Let f be some non-negative or complex &-
measurable function; then, because Y € H/E by definition of a random variable and

measurability is preserved across compositions, the composition foY is H-measurable
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and thus a random variable. In addition, for any Borel-measurable A,
X1(A4) =YL (f1(A)) € oY

because f~1(A) € £. This shows us that X is oY -measurable as well.

To show necessity, we follow the usual construction.

Suppose initially that X is a oY -measurable simple function with canonical form X =
Yoo Iy, for ag,---,ay € [0,400) and Hy,---,Hy € oY . By definition, for any 1 <
i <n, there exists an A; € £ such that H; =Y ~!(4;); as such,

n n
X :Zai-lqui) == (ZalIAz> oY.
i=1 =1

Defining
n
f=> oi1a,
i=1
because ai,---,a, € [0,400) and Aj,---, A, € E, f is a E-measurable simple function;

we have thus shown that X = foY for some f e &,.

Now let X be an arbitrary non-negative oY-measurable function. Letting { X, }nen,
be a sequence of oY -measurable simple functions increasing to X, for each n € N the
preceding result tells us that there exists a £-measurable simple function f, such that
Xp = fnoY. Defining f =sup,cy, fn, [ is a &-measurable non-negative function. Fur-
thermore, for any w € €2, because { X, (w) = fn(Y(w))}nen, is an increasing sequence,
it converges to sup,cn, fn(Y(w)) = f(Y (w)). Since Xy (w) / X(w), by the uniqueness
of the limit, we have X (w) = f(Y (w)). This holds for any w € Q, so ultimately we have

X=foY

for some f €&, .

Finally, let X be a complex-valued oY-measurable function. Re(X)* and Im(X)*
are non-negative oY -measurable functions, so by the preceding result, there exist non-

negative £-measurable functions fi, f—,g+,g— such that
Re(X)*=fioY and Im(X)*=gioY.
Now define the £-measurable function

er =f+ 'I{f+<+oo}7
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and likewise for f_, g, and g_. Since Re(X)* and Im(X)* are real-valued (X is com-

plex valued),
Re(X)* = fLoY = [, oY,

where the second equality follows because fy and fi agree on the points at which fy.

is finite. Therefore, defining

which is well-defined because each function comprising the term on the right is real-

valued, f is a £-measurable complex function and
X =foY.

Q.E.D.
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1.5 Expected Values

Let X once again be a random variable taking values in an arbitrary measurable space (E,€),
and f: E — C a complex £-measurable function. Then, fo X is a complex random variable, and

the expected value of fo X is defined as the integral of f o X with respect to P, if it exists:

E[f o X] ::/Q(foX)dIP’.

Suppose p is the distribution of X, g is its density with respect to some o-finite measure v, and,
in the case that (E,&) = (R,B(R)), F is its distribution function. The following are equivalent

representations of the expected value of fo X:

In Terms of the Distribution

Since p=Po X!, by theorem 1.1, if f is pu-integrable or non-negative, then the expectation

of foX is well-defined and given by

E[foX]:/Q(foX)dP:/Efdu.

In Terms of the Density
Since g € £, is the Radon-Nikodym derivative of u with respect to v, if fg is v-integrable

or non-negative, then the expectation of fo X is well-defined and given by
BlfoX)= [ fap= [ f@)g(a)dvta).
E E
In the special case that (E,£) = (R¥, B(R¥)) and v = A\, we can write
E(foX] = | I@)g(a)ds
if fg is Lebesgue-integrable or non-negative.

In Terms of the Distribution Function
Suppose (E,€) = (R,B(R)). From theorem 1.2 and the determining property of the distri-

bution function, we can see that
p=Ap

on B(R), where A\p is the Lebesgue-Stieltjes measure with respect to F. It follows that, if

f is Ap-integrable or non-negative, then the expectation of fo X is well-defined and given

by
E[foX]:/Rfd)\pz/o:of(:n)dF(x).
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1.5.1 Moments of a Random Variable

Let X be a random variable taking values in (E,€). For any non-negative or real-valued &-
measurable function f and k € [1,+00), the expected value E {( foX )k} is called the kth moment
of the random variable fo X, should the integral exist. For any real or complex valued random
variable X, E {X k} is the kth moment of X, and E {|X |k} the kth absolute moment of X.

It is clear that X has finite kth absolute moments if and only if X € LF(H,P). X € L*(H,P)
implies X € L™ (H,P) for any m < k: if 1 <m < k < 400, then because 7 + k*Tm =1, by Hélder’s

11, = ( [ 11" ae)

inequality

3

< </Q |kadxp>)’1“P(Q)W

:
= ([ 1xpap)” = |x),.

Therefore, for any 1 <m < k < +o0, if X has finite kth absolute moments, then it has finite mth

absolute moments as well.

Some moments are encountered more often than others, and so have special designations:

e Mean
Let X be a real or complex random variable with finite first absolute moment. Then, the
mean of X is defined as E[X], which is well-defined (X is P-integrable).

e Variance
Let X be a real random variable with finite second absolute moment. Then, X also has a
finite first absolute moment, so that its mean y = E[X] is well-defined. Then, the variance
of X is defined as

Var[X] =E[(X ~E[X))?| =E |X?| -E[x]’,

where the second inequality follows from the P-integrability of X —E[X] and the linearity
of integration.

We saw above that Holder’s inequality implies
1
E[X)) = 11X, <Xl = (E[X*])*.
it follows that
E(X <E[X]? <E[X7] < +oo,

so Var[X] > 0. That is, the variance of a random variable is always non-negative.
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Finally, it is worth noting the implication of Var[X] = 0. In this case,
E[(X -EX)?] = [ (X(w) - E[X])*dP(w) =0,
Q

and because (X —E[X])? is a non-negative H-measurable function, by the vanishing prop-

erty for non-negative functions
(X(w)—E[X])*=0

for P-almost every w € €, that is, X = E[X] almost surely.

Covariance
This moment concerns two random variables. Let X and Y be real random variables with
finite second absolute moments. Then, E[X]| and E[Y] are well-defined, and by Hoélder’s

inequality,
E[IXY[] < [X][a[IY]ly < +o0,
meaning that E[XY] is well-defined as well. The covariance of X and Y is defined as
Cov[X,)Y|=E[(X-EX)(Y-E[Y])|=E[XY]-E[X]E[Y].

If Var [ X], Var[Y] > 0, then the correlation coefficient of X and Y is defined as

Cov|[X,Y]

corr XY = e v

If Cov[X,Y] =0, or equivalently, corr[X,Y] =0, then we say X and Y are uncorrelated.

Skewness

Let X be a real random variable with finite third absolute moment and positive variance.
The skewness of X is defined as
3
X -E[X]
Var [X] ’

which measures how skewed the distribution of X is to either side of its mean. The distri-

bution of X is said to be symmetric around the mean if its skewness is 0.

Kurtosis

Let X be a real random variable with finite fourth absolute moment and positive variance.
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The kurtosis of X is defined as

x-E[x]\"
Var [ X] ’
and measures the tail thickness of the distribution of X, that is, how fast the distribution

of X peters out as it goes to foo.

Let X be a real random variable with distribution p. Its moment-generating function (MGF)
m :R — [0,+00] is defined as

[e.e]

ooeXp(tx)dﬂ(w)

m(t) = Elexp(tX)] = [

for any t € R; the integral in question always exists in [0, 4+00] because the mapping x — exp(tx)
on R is non-negative and measurable for any ¢ € R.

The function m is called the moment-generating function of X because its kth derivative yields
the kth moment of X for any k£ € N4, if the moment exists in R. It is also useful to work with
MGPFs because, if they are real valued on the real line, then they determine the distribution of
the associated random variables; that is, if two random variables have the same (real-valued)
MGPFs, then they have the same distribution. Proofs for these results are omitted here, but can

be found in most probability theory texts.
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1.5.2 Moments of Random Vectors and Matrices

The discussion so far can be easily extended to random vectors and matrices. Suppose that
X = (Xy,---,Xg) is a random vector taking values in R¥. Then, for any k € [1,400), the kth
absolute moment of X is defined as E {|X |k}, whee |-| now denotes the euclidean norm on RF.
Here, X has finite kth absolute moments if and only if | X| € L*(H,P), and as such, it still holds
that X has finite absolute mth moments for any m < k if X has finite absolute kth moments.

Note also that X has finite kth moments if and only if Xi,---, X do: this follows from the

inequality
k
G| <[X] <D 1K
j=1
for any 1 < <k, which implies that
k
1l < XM < D015,
j=1

where the last inequality follows from Minkowski’s inequality.

The special moments are defined analogously to the univariate case: throughout, let X be a

random vector taking values in R”.

e Mean
If X has finite first absolute moments, then Xi,---,X; do as well. This means that the

mean of X is well-defined as

e Variance
If X has finite second absolute moments, then so do X1, -+, X}, and the mean of X is well-
defined as the vector collecting the means of X1,---, Xg. Thus, we can define the variance

of X (also referred to as the variance-covariance matrix of X) as

Var[X;] -+ Cov[Xy, Xk
Var[X] = : : =E|(X —E[X])(X ~E[X))]
Cov [ Xk, X1] -+ Var [ Xk]
=E[XX']-E[X]E[X].

Note that, because Cov[X;, X;] = Cov[X;, X;] for any 1 <4,j <k, Var[X] must be a
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symmetric matrix. Furthermore, for any o € R¥,
o/Var[X]a=E [o/(X ~E[X])(X ~E[X))'a] =E[¥?] >0

for the real random variable Y = o/ (X —E[X]). Therefore, Var [X] is a positive semidefinite
matrix.

Positive definiteness in this case plays the same role as positivity in the univariate case:
if Var[X] is positive semidefinite but not positive definite, then there exists a non-zero

a € R* such that
o'Var [ X]a=E[o/(X —E[X])(X —E[X])a] =0.

This means that the variance of the random variable Y = o/ (X —E[X]) is 0, which indicates
that Y = E[Y] = 0 almost surely. In other words, X is contained in the k — 1-dimensional

subspace {z € R¥ | o’z = o/E[X]} almost surely.

Covariance
Let Y be another k-dimensional real random vector. Suppose X and Y have finite second

absolute moments. Then, the covariance matrix of X and Y is defined as

Cov[Xy,Y1] -+ Cov[Xy,Ys]
Cov[X,Y] = : : =E[(X-E[X]))(Y —E[Y])']
Cov [Xg,Y1] -+ Cov[Xk, Y]
=E[XY'| -E[X]E[Y],

analogously to the univariate case. Note that Cov[X,Y] is not necessarily symmetric.

As with univariate random variables, we can also define MGFs for random vectors as well. For

any random vector X in R¥ with distribution p, its MGF m : RF — [0,4-00] is defined as

m(t) =E[exp(t' X)] = /Rk exp(t'z)du(z)

for any ¢t € R. Tt is clear that, for any ¢ € R¥, m(t) is the MGF of the random variable ¢ X

evaluated at 1.

Random matrices are defined similarly to random vectors. Let ||| be a matrix norm with the

usual properties of a matrix norm (e.g. the operator norm, the trace norm) and B(R™*") the

Borel o-algebra on R™*"

a random matrix X taking values in (R"™*" B(R™*™")).

generated by the metric topology induced by [|-||. Then, we can define

As with random vectors, for any k € [1,+00), the kth absolute moment of X is defined as
E {||X||k} . Again, X has finite kth absolute moments if and only if || X|| € L*(H,P), and as such,
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if X has finite kth absolute moments, then X has finite pth absolute moments for any p < k as
well.

Similarly to random vectors, X has finite kth absolute moments if and only if each entry X;; has
finite kth absolute moments; this follows from the inequality (which holds for both the operator

and trace norms)

m n
[Xipl < 1XN < DD 1Kl

i=1j=1

forany 1<l <m, 1<p<n.
In the case of random matrices, only the mean of X is well-defined. Specifically, if X has finite

first absolute moments, then the mean of X is defined as

E[X11] -+ E[Xy,]
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1.5.3 Some Important Identities and Inequalities

Here we present some useful identities and inequalities associated with expected values:

Theorem 1.6 The following hold true:

i) (Integral Representation) For any non-negative real random variable X,

:/OOIF’(X>t)dt
0

ii) (Markov’s Inequality) Let X be a real valued random variable. For any ¢ > 0 and

increasing non-negative Borel-measurable function f: R — R such that f(e) > 0,

1

P(X >¢€) < 6

E[foX].

iii) (Jensen’s Inequality) Let D be a non-empty closed convex subset of R¥ and X a k-
dimensional random vector taking values in the interior of D. Suppose X has finite first
moments, and that f: D — R is a convex function such that fo X is integrable. Then,
E[X] is contained in D°, and

FEX]) <E[foX].

Proof) i) Let X be a real non-negative random variable. For any w € Q,

X(w)

X(w) = /0 dt = /R Tip (o) (D)dt
_ /O T Loy (X (@),

so by Fubini’s theorem for non-negative functions,

://Oolt+oo)(X(w))dtdIP’
/ Tpo0) oX} dt

e 0

ii) Let f:R— R and e > 0 be chosen as in the claim above. If X > ¢, then foX > f(e)

because f is increasing, and f is non-negative, so we have the inequality
f€&) Iixsey < foX.
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iii)

Integrating both sides with respect to P yields

f(€) E[Iixsq| SE[foX]

by the monotonicity and linearity of the integration of non-negative functions.
Since E I x| =P(X >¢) and f(e) >0, it follows that

1
P(X >¢) < mE[foX],

as was claimed.

We first show that E[X] € D°. Suppose, for the sake of contradiction, that E[X] ¢
De°. Then, since D is a closed convex set with non-empty interior, by a separation
result (refer to the text on hemicontinuity and convex analysis) there exists a non-
zero v € R¥ such that 'E[X] > v’y for any y € D°. Since X takes values in D°, it
follows that

v (E[X]-X)>0
on 2. The linearity of expectations, however, implies that
E[v (E[X]-X)]=0.

The integrand is a non-negative function, so by the vanishing property we must
have v/ (E[X]—X) = 0 almost surely, which contradicts the inequality above.
Therefore, E[X] € D°.

Now we prove the main result. Let W be the set of all affine minorants of f,
that is, the set of affine functions h : R¥ — R such that h(z) < f(x) for any x € D.
Convex functions can be characterized as the supremum of these affine minorants,
that is,

f(x) = sup h(z) for any x € D°.
hEWf

Choose any h € Wy; by the definition of affine functions, there exist v € R* and
c € R such that

h(z)=v'z+c¢ for any z € R¥,
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By the linearity of integration, ho X is integrable with integral
E[ho X] =v'E[X]+c = h(E[X]).

Since h(z) < f(x) for any x € D°, and X takes values in D°, we have ho X < fo X

on §2 and, by the monotonicity of integration,
ME[X])=E[hoX]|<E[foX].
This holds for any h € Wy, so

E[foX]> sup h(E[X]).
heW;

Finally, E[X] € D° implies that

E[foX] > sup h(E[X]) = f(E[X]).
heW;

Q.E.D.
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1.6 Characteristic Functions

Let u be a finite measure on (R¥, B(R¥)). The Fourier transform of j is defined as the function
¢ : R¥ — C such that

k
o(t) = /Rk exp(it'z)dp(z) = /Rk (H exp(itjmj)) du(z)
j=1

for any ¢ € R¥. Note that the integral always exists because |exp(it’z)| =1 for any ¢,z € R¥ and
w1 is a finite measure.

The following are some basic properties of characteristic functions:

Theorem 1.7  Let y be a finite measure on (R¥, B(R¥)) with characteristic function ¢ : R¥ — C.
Then, the following hold true:

i) (Continuity of the Characteristic Function) ¢ is uniformly continuous on R¥.

ii) (Riemann-Lebesgue Lemma) If i is absolutely continuous with respect to the Lebesgue

measure, then ¢ vanishes at infinity, that is, ¢(t) — 0 as [t| — oc.

Proof) The uniform continuity result is easy to prove. For any t,h € R¥,

o(t+h) —(t)| = ‘/Rk (exp(i(t+h)'x) — exp(it'z)) du(z)
< /k lexp (it'z)||exp (ih'z) — 1|du(z) = /k lexp(ih'z) — 1|dp(z).
R R
The last term does not depend on ¢ and goes to 0 as h — 0 by the BCT, so the uniform

continuity of ¢ follows.

We now move onto the Riemann-Lebesgue Lemma.
Suppose p << Ag. Then, by the Radon-Nikodym theorem, there exists a density f of
p with respect to A,. Then, for any t € R¥,

o(t) = /]Rk exp(it'z) f(x)dz.

Because [pi. f(z)dr =1 < +oo, f is in L'(R¥); by the continuity property of L' func-
tions, for any € > 0 there exists a continuous compactly supported function g on RF

such that

[ 1f@)=g@)lde < 5.

Letting K be the compact support of g, because K is bounded (Heine-Borel theorem),
there exists a k-cell [T, T]* such that K c [-T,T]*.
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It now follows that

lo(t)| = /Rk exp(it'z) f(x)dz
< /Rk 1 () — g(2)|da + ‘/Rk exp (it'z) g () da

€
< S+t

where we define
wg(t) = /kexp(it’x)g(x)dx
R

for any t € R*. For any t # 0, by a linear change of variables we have

t t
exp (it'z xda::/ exp|it' |z4+ —=7 T+ —57 | dx
fuewtaistir= [, p( ( ik >>g< W)

t
= — exp(it'z T+ —=7m | dz
[ svtatia (4 e

because exp(ir) = —1. As such,
log(t)] = 1/ exp(it/x)g(x)dx—/ exp(it'z)g x—l—iﬂ dx
J 2| JRk RE WQ

g(x)—g (az + ‘tt‘QTr>

By the uniform continuity of g on R¥, there exists a § € (0,1) such that

1
<

S 5 -~ dx.

92)=90)| < o3

for any z,y € R¥ such that |z —y| < §; because

—5T :1—>07
g

as |t| — oo, there exists an M > 0 such that ﬁ—‘ < ¢ for any |t| > M.
Suppose that = ¢ [~T —1,T +1]". It is immediately evident that g(z) = 0. Furthermore,
for any t € R* such that |t| > M, because t—gw‘ <d <1 for any 1 <j <k and there

[¢]
exists a 1 < j < k such that

Zj <-T—-1 or Z; >T+1,
we can see that
tj

acj+W7r<:rj+1<—T or xj+ﬁ7r>xj—1>T.
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This means that =+ #7‘(‘ ¢ [~T,T]* and therefore that g (a:—{—
We have thus seen that, for any ¢ € R* such that |t| > M,

¢ t
_ +—x|ld :/ - T2
/]Rk 9(@) =g (x |75|27T> 7 Jerouryp o9 (m Wﬁ)

gﬁ-Ak([—T—LTﬂ]k):e

#7‘(‘) =0.

dx

where the inequality follows from the uniform continuity of g and the fact that ‘% <46
if |t| > M.
Therefore, for any ¢ € R¥ such that [¢| > M,

01 < 5+ 3 [ o) (4 1)

Such an M > 0 exists for any € > 0, so by definition

dr < e.

lim ¢(t) =0.

[t| =00

Q.E.D.

Starting with the Fourier transform for finite measures, we can also define the Fourier transforms
of random variables and measurable functions.

The Fourier transform of a random variable X taking values in R* with distribution p is then
defined as the Fourier transform of .

The Fourier transform of a Borel-measurable, non-negative and Lebesgue integrable function f
on R*, meanwhile, is defined as the Fourier transform of the indefinite integral of f with respect

to the Lebesgue measure on R¥. Specifically, let u be the measure on (R¥, B(R¥)) be defined as
p(A) = [ fla)do
A
for any A € B(RF). Because f is integrable,

pRY = [ fla)de < +oc,

making p a finite measure; this makes f the Radon-Nikodym derivative of p with respect to Ag.
Then, the Fourier transform ¢ : R¥ — C of f is defined as

o(t) = /Rk exp (it'z)dp(z) :/

exp(it'z) f(z)dx
Rk

for any t € R”.

Now let f be an arbitrary complex and Lebesgue integrable function on R¥. By the integrability

of f, Re(f)* and I'm(f)* are measurable, non-negative and integrable functions on R¥. Denoting
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their Fourier transforms by ¢, ¢+ : R¥ — C, the Fourier transform ¢ : RF — C of f is defined as

e(t) = o1(t) —p-(t) +i(d4(t) — (1))
— /Rk exp(it'z) f(x)dx

for any t € R¥. This is often taken to be the definition of the Fourier transform of arbitrary
complex measurable functions on R¥.
We will later derive the usual inversion results for the Fourier transforms of functions, rather

than finite measures.

The Fourier transform is of great significance in probability theory because it determines the
distribution of a random variable. That is, two random variables taking values in R¥ with the
same Fourier transform has the same distribution. This property is used to, later on, determine
whether a set of random variables are independent, and whether a sequence or array of random

variables converges in distribution.

1.6.1 The Dirichlet Integral

We first introduce an important integral that will be used to prove the inversion result.
Define S: [0,+00) — R as

Jeine) gy ST >0

S(T) = .
0 ifT=0

sin(x)

The integral is well-defined and finite because the integrand

sin(z) .

and bounded above by [ 71(x) (=, is bounded above by 1), whose Lebesgue integral is finite

“I(o,r)(x) is Borel measurable

and equal to T'.

Unlike in the case where % is integrated over a finite interval [0, 77, its integral over [0,+00)

sin(x)

T

does not exist, since the integral of over [0,4+00) is infinite. It does not even exist in the

extended sense, since the integrals of both the positive and negative parts of Smxﬂ are infinite.

It is, however, possible to obtain the limit of S(7T') as T'— oo; this is a quantity distinct from the
sin(x)

integral of == over [0,+00) (although in the case of other integrands the two do agree). This

x
limit is referred to as the Dirichlet integral, and is often denoted [;° Smmi(z)dm (which represents

a clear abuse of notation).

Lemma 1.8 Let S:[0,+00) — R be defined as above. Then,

3

A S =y
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Proof) For any x > 0,

1 oo
- = —tz)dt
- = | exp(-taa

where the integral is over the interval [0,400). Therefore, for any 7" > 0, S(T') can be

written as

S(T) = /OT Sin(w)dw = /OT /000 exp(—tx)sin(x)dtdx

x
by the linearity of integration (exp(—tx) is integrable with respect to ¢ for any fixed
x > 0). Because the integrand exp(—tx)sin(z)- Io7)(x) is integrable with respect to

the Lebesgue measure on R?, by Fubini’s theorem we can interchange the order of

integration to obtain

oo T
S(T) :/ / exp(—tx)sin(x)dzdt.
0o Jo
For any t > 0, integration by parts tells us that
T T
t-/ exp(—tw)cos(fn)dw+/ exp(—tz)sin(x)dx =1 —exp(—tT)cos(T)
0 0
and
T T
t-/ exp(—tx)sin(m)d:r—/ exp(—tx)cos(z)dr = —exp(—tT)sin(T),
0 0

so we have

1 —exp(—tT)(tsin(T') + cos(T))
241 ’

T
/ exp(—tz)sin(z)dz =
0

and because {0} has Lebesgue measure 0,

dt

[ 1—exp(—tT)(tsin(T) 4 cos(T))
ST / t2+1

~Jo
oo ] > exp(—tT) ., .
:/0 mdt—/o W(tsm(T)—i—cos(T))dt.

The first term is equal to 5.
As for the latter term, define

exp(—tT)

g(t,T) = 21 (tsin(T") 4 cos(T))

for any T'> 0 and t > 0. It is evident that

t+1
g(t. 7)) < F

241 exp(~)

40



for any t > 0 and T' > 1, and because

o (t+1 (2 +2t+3)exp(—t)
6t<ﬁ+&eﬂﬂ_ﬂ>“_ (2 +1)? 0

for any ¢ > 0 and tgfl exp(—t) =1 if t =0, we can see that

t+1
21 exp(—t) <1

for any t > 0. It follows that

> t41 Li+l o
—t)dt < —t)dt +2 —t)dt
| mexptar< [ exp(-de+2 [ exp(-t)

o0
<1 +2/ exp(—t)dt =1+ 2exp(—1) < 4o0.
1

Finally, we know that

pointwise as T — oo.
Therefore, by the DCT, we have
o [o¢]
lim g(t,T)dt = / ( lim g(t,T)) dt = 0.
T—o0 Jo 0 T—o0
We can now conclude that
T o0 T
li T)=—-+ 1l T)dt = —.
ARSI =g gy o=y

Q.E.D.

The result above tells us that the function S must be bounded on [0,4+00) (otherwise, there ex-
ists a subsequence {t,}nen, of Ny such that S(t,) — +o0c as n — oo, which is a contradiction).
Thus, there exists an M > 0 such that |S(7")| < M for any T' > 0.

1.6.2 k-Cells with Vertices of Measure 0

Another important component to the inversion formula is the structure of euclidean k-space,
and how the set of all k-cells is a 7m-system that generates the Borel o-algebra on R*. We now
introduce an additional wrinkle; it is not only the collection of all k-cells that generates the
B(Rk), but also any collection of open k-cells whose boundaries have measure 0 under some fi-
nite measure . The inversion formula holds for precisely these k-cells, so the formula, combined
with the fact that these cells generates the Borel o-algebra on R¥, allows us to make a claim
about the distributions of random variables in RF.

We state below the salient result concerning k-cells on R¥. The proof is very detailed so as

41



to present and draw attention to the most important properties of euclidean spaces and how

powerful they can be.

Lemma 1.9 Let p,v be finite measures on (R*, B(R¥)), and define

!
P= { [1(a;.5))
j=1

j=1 j=1

k k
Vj,a; <bj, and p (H{aj,bj}) = (H{aj,bj}) :O}U{(Z)},

that is, as the collection of all open k-cells on R* whose endpoint have measure 0 under p and

v. Then, D is a 7-system that generates B(RF).

Proof) We first show that there are at most countably many points x € R¥ such that u({z}) > 0;
we present the standard argument for this claim. Let m = [u(R¥)] € Ny, and A the set
of all points on R¥ such that p({z}) > 0. A can then be expressed as the union

A:U{xERk|u({x})>%}.

An

For any n € Ny, suppose |A,| > nm. Then, there exists a finite subset J of A,, with
cardinality exactly nm, so that, by finite additivity,

> p(An) 2 p() = 3 p({e}) > 1] = m,
zeJ
which is a contradiction. It follows that A,, contains at most nm elements, and because
this holds for any n € Ny, A is at most a countably infinite set.
Likewise, there are at most countably many points z € R* such that v({z}) > 0. This
means that there are at most countably many values ay,---,ag,b1,---,br € R such that
a; < b; for 1 <7<k and

k k
i (H{aj,bj}) >0 or w (H{aj,bj}) > 0.

J=1 J=1

Using this property, we can define a countable set of points on R¥, which we denote

Q. Specifically, for any ¢ € RF and n € N, define
k
Wi(g,n)=[](g—27"q;+27"),
j=1

where n € N4 and g € QF. The collection of all such k-cells is countable because QF
and N, are.
For any q € QF and n € N, we define W (q,n)’ = W (q,n) if the vertices of W (g,n) have
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measure 0 under both p and v. On the other hand, suppose that at least one of the
vertices of W (q,n) has positive measure under u or v, we choose a ¢ € (0,27"71) so

that the vertices of
k
W(gq,n) = H (gj—27"+6,¢;+27"—0)
j=1

have measure 0 under both p and v. The key idea is that such a § > 0 exists because
there exists at most countably many points = on R¥ such that u({z}) >0 or v({z}) > 0.
Due to our choice of §, this k-cell has diameter between 271 and 27", thus retaining
its unique position among other similar k-cells.

Ultimately, the collection of all cells W (g,n)" constructed as such is countably infinite,
and the vertices of each cell have measure 0 under both y and v. Denote the collection
of all such cells as W'.

Now we show that P is a 7-system that generates B(R¥). To show that P is a w-system,
choose any two cells A = Hg?:l(aj,bj) and B = H?Zl(cj,dj) in P. By definition,

k k
[t (H{aj,bj,cg',dj}) =v (H{aj,bj,cj,dj}> =0
j=1 J=1

If b; <cjordj <aj for at least one 1 < j <k, then ANB = () € P. As such, assume that
(aj,b;)N(cj,d;) #0 for all 1 < j < k. Because (a;,b;)N(c;,d;) is also an open interval
in this case, AN B is an open k-cell. Furthermore, the endpoints of each interval are
chosen from the set {a;,b;,c;,d;}, and since any point on R* with these endpoints has

measure 0 under both p and v, AN B is contained in P. It follows that P is a m-system.

Moving onto showing that P generates B(R¥), it is initially clear that, because each
k-cell in P is Borel measurable, the o-algebra generated by P is contained in B(R¥).
To show the reverse inclusion, choose any open subset V of R¥ and a point z € V.

Because V' is open, there exists an € > 0 such that B(x,¢), the e-ball around x under
5.
QF is dense in R¥, there exists a ¢ € QF such that |z —¢| < 27V~!, and by implication
lzj—qj| <27N~1 for any 1 < j <k.

The k-cell

the euclidean metric, is contained in V. Choose N € N so that 27V < ﬁ Because

k
W(g.N)=]](g;—27" ¢ +27")
j=1

clearly contains z (in fact, it is contained in the smaller k-cell W (q, N +1)). Further-

43



more, W (q, N) is contained in B(x,€) and by implication V, since, for any z € W(q, N),

k 2
|z —a| <lg—zl+]g—2| <27V 1+ (Z(% - Zj)2>

=1

<§+x/E-2—N

The k-cell W (g, N)" in W’ corresponding to W (g, N) is contained in W (q, N), so we have
W(q,N) C V. Furthermore, W(q,N)" contains W (g, N + 1), in which z is contained.

Therefore, we have
r€W(qg,N) CV.

This holds for any z € V, so V is the union of k-cells in W’; W' is a countable collection
of sets, so this means that V is a countable union of sets in WW'. Finally, each set in W'
is an element of P, which implies that V' is an element of the o-algebra generated by

P.

We have shown that the euclidean topology g1 on RF is contained in oP. Since B(RF)

is generated by Tk, we finally have
B(R*) c oP,

which, combined with our previous observations, means that P is a m-system that gen-
erates the Borel g-algebra on R¥.
Q.E.D.

1.6.3 The Inversion Formula

We now state the inversion formula and its corollary, which are the main results of this section:
Theorem 1.10 (Lévy’s Inversion Formula)

Let i be a finite measure on (R¥, B(R¥)) with characteristic function ¢ : R¥ — C. Then, for any
open k-cell W = H§:1(a1,b1), it holds that

k k —expl—1
,U,(W)-f—éu (j_l:[l{aj,bj}) = hm (2711-) /[TT (H xp Za]t )itj p( b t )) (p(t)dt.

j=1

Proof) The characteristic function ¢ is given by

o(t) :/ exp(it'z)du(z / Hexp (itjay)dp(x)
Rk
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for any t € R, so

d
it it; ()

b exp(—ta;t;) —exp(—ibjt;) B b exp(itj(xj —a;)) —exp(itj(x; —bj))
(H j 5t gp(t)_/Rk‘:1 j\Tj — j

Jj=1 J

for each k-dimensional vector ¢ (if ¢; =0 for some j, then the fraction above is taken
to be equal to bj —aj, its limit at 0 by L’Hospital’s Rule). For any 1 < j <k, note that

lexp(itj(xj —a;)) —exp(itj(x; —b;))| < tj(bj —aj)
by the mean value theorem (applied to the function z — exp(iz) on R), so that

exp(itj(xj —a;)) —exp(itj(x; —bj))
it;

S bj*aj.

For any T > 0, define

E explit;(x; — a;)) — exp(it; (z; — b))
I

g(t,x) = A1y

j=1
for any ¢,z € R*. Because ¢ is bounded by Hle(bj —aj) < 400, i is a finite measure
and the k-dimensional Lebesgue measure ); is bounded on the k-cell [~T,T*, g is

integrable with respect to the product measure p x A\g, and Fubini’s theorem tells us
that

i —iait:) —exp(—ibit.
/[TT]]C (H exp( th)itj p( bjtj))@(t)dt:/Rk/ng(t’x)dﬂ(x)dt

j=1
:/Rk /ng(t,ar)dtdu(:c).

For any x € R¥,

_ ke explit(x; — ;) — exp(it;(x; — b))
o= I at

it;

J
k Tex ij Tj—aj))—€x ij :z:j—bj
:H</_T p(it; (2 — a;)) = exp(it; >>dtj>

it;

once again by Fubini’s theorem (the integrand is bounded, and the Lebesgue measure
is finite on a compact set).

Using Euler’s formula to expand the complex exponentials, for each 1 < j <k we have

/T exp(itj(r; —a;)) —exp(itj(z; — b;)) Qb
it; !
T

-7
_ [ %(COS(tj(l“j—aj))JriSiH(tj(fj —aj)))dtj—/ %(COS(%’(%’ —b;)) +isin(t;(x; —bj))) di;
—T 11 —T
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/T sin(t; (2 — aj)) —sin(t;(z; — b)) dt;,
0

tj

where the last equality follows from the fact that cos(-) is an even function. Since the

first term can be expressed as

T & - T\z;j—a;| «j
/ Sln(t] ('f] a]))dt] — sgn(yjj _aj) / J J Sln;z) dZ — Sgn(ﬁl’,'j _ aj) . S(T‘:L'j _ a]’)
0 j 0

and likewise for the second term, where sgn(-) is a function that yields the sign of the

argument, the above integral can now be written In terms of the function S(-) as

/T expl(it;(z; —a;)) —exp(it;(x; — b)) .,
_r it; !

— 2[sgn(a; —a) - S(Tle; —a]) — sgn(a; — by)- S(Tla; — by|)].

So far, it has been shown that

1 b exp(—tajt;) —exp(—ibjt;)
(2m)k /[T,T]k (]1;[ it p(t)dt

:/ ﬁ(sgn T;—aj)- M sgn(xj —b;)- W)dﬂ( ).

™

gr,;(z5)

Because S(-) is bounded above by M € (0,+00), the integrand in the integral on
k
the right is bounded above by (2M ) < 400. Furthermore, in light of the fact that

limp_,00 S(T') = 5, as T — 00, each g7 ; converges pointwise to the function g; : R — R
defined as

1
95 =3 Tia; ;3 +La;by)-
Finally, p is a finite measure, so by the BCT,

) 1 k exp(—iajt;) — exp(—ibjt;)
Jim o /[Tﬂk (H it P it ) dt_/ (H gj(; )

J=1

k k
- %M (H{aj,bj}) +u (H(aj,b ) SH (H{“J’b }) +u(W).
j=1

j=1

Q.E.D.

The inversion formula, together with the 7-system for B(R*) furnished in lemma 1.9, directly

lead to the next result:

Corollary to Theorem 1.10  Let j,v be two proability measures on (R*, B(R¥)) with char-
acteristic functions ¢, ¢ : R¥ — C. If ¢(t) = ¢(t) for every ¢t € R¥ then = v on B(RF).
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Proof) Let P be defined as in lemma 1.9. Then, for any W = H;?:l(aj,bj) € P, because

k k
M (H{aj,bj}) =0 (H{aj»bj}) =0,

by the inversion formula we have

pW) = A (2711) /[—T,T]k (H exp(_mjtj)i;jexp(_ibjtj)) o(t)dt

Jj=1

o(W) = lim 1 / ﬁ exp(—ia;t;) —exp(—ib;t;)
- T—00 (271') T,T]* =1 ltj

é(¢)dt.

Since p = ¢ on R¥, it follows that

Thus, 1 and v are measures that agree on the 7-system P generating B(RF), and
p(R*) = v(R¥) =1 < +oo0. It follows that p = v on B(R¥).
Q.ED.

1.6.4 The Cramer-Wold Device

The most useful and frequently utilized result that stems from the inversion formula is the
Cramer-Wold device, which comes in two forms; we state here its first form, which tells us that

the distribution of a random vector is determined by the linear combination of its components.

Theorem 1.11 (Cramer-Wold Device I)
Let X,Y be two random vectors taking values in R¥ with distributions p and v.

X ~Y if and only if /X ~ 'Y for any non-zero r € R¥,

Proof) We first show necessity. Suppose that X ~ Y, that is, 4 = v on B(RF). Choose some
non-zero r € R¥, and define f : R* — R as f(x) =z for any 2 € R¥. Then, /X = fo X,
'Y = foY, so that the distributions of /X and r'Y are given as po f~ and vo f~1.
Since p = v, this means that ' X and r'Y both have distributions po f~!, and as such,
that they are identically distributed.

To show sufficiency, let ¢,$ : R¥ — C be the characteristic functions of X and Y; by

definition,
o(t) :/Rk exp(—it'z)du(x) and ¢(t) :/Rk exp(—it'z)dv(x)

for any t € R¥.

Suppose that /X ~ 'Y for any non-zero r € R¥. Choosing some non-zero r € R¥, define
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f as above. Then, foX ~ foY, which tells us that the characteristic functions of fo X
and foY are the same. Denoting these functions by ¢, and ¢,, and using the fact that
the distributions of fo X and foY are the pushforward measures o f~ and vo f1,

by theorem 1.1 we have

or(t)= [ expitz)duo f)(2) = [ expitf(a))du(a)
= /Rk exp (itr'z)du(x) = @(tr)

for any t € R. Likewise, ¢, (t) = ¢(tr) for any t € R. Putting t = 1 and making use of
the fact that ¢, = ¢, on R yields

p(r) = ¢r(1) = ¢r(1) = o(r).

This holds for any non-zero r € R¥, and ¢(0) = 1 = ¢(0), so by the inversion formula
and its corollary, = v on B(R¥), that is, X and Y are identically distributed.
Q.E.D.

The Cramer-Wold device thus allows us to make claims about the distribution of a random
vector using only its projections onto a one-dimensional subspace. This property often comes in

handy, as will be illustrated in the section on the multivariate normal distribution.

1.6.5 The Fourier Transform of Functions

As stated at the beginning of this section, we can opt to start from the Fourier transform of
integrable functions rather than finite measures. We derive here the inversion formula for the
Fourier transform of functions, which expresses them as functions of their characteristic func-

tions.

Theorem 1.12 (Inverse Fourier Transform)
Let u be a finite measure on (R¥, B(R¥)) with characteristic function ¢ : R¥ — C.
If ¢ is Lebesgue-integrable, then the unique continuous density f of p with respect to the

Lebesgue measure is defined as

flz)= (2717)"3/]1gk exp(—it'z)p(t)dt

for any x € R*.

Proof) Suppose that ¢ is Lebesgue-integrable, that is,

/ o (t)|dt < +o0.
Rk
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Choose any open k-cell H?Zl(aj,bj) on R* and define g: R — C as

k jat;) — exp(—ibt;
o) = (H St el %)) o1t

j=1

for any ¢ € R¥. The sequence {g- Ii_qr }r>0 is bounded above by (H] 1(b; aj)> lol,
which is Lebesgue integrable. Since g- I [—7,7)+ converges pointwise to g, by the DCT g¢

is Lebesgue integrable and

lim t)dt = / t)dt.
Jim [_TﬁT]kg() 90

By the inversion formula, we now have
b 1 1
w( TlGasb) ) + H{aj,b V) = e L o0
j=1

Since |g| < ( io1(bj— )) |o], by the monotonicity of integration,

1 (& k 1 ({
oH (H{aj7bj}) (H @, by )+2“ (H{aj’bj}>
j=1 Jj=1 Jj=1

e L o0 < o [ latoar

1
7 (Hl(bj—aj)) /Rk lo(t)|dt.

Sending b\, a on both sides, by sequential continuity pu (H?Zl{aj, bj}) — p({a}), while
the right hand side converges to 0. This implies that u({a}) = 0; because a € R was

chosen arbitrarily, every singleton has measure 0 under pu.

Let F': R¥ — [0,1] be defined as
k
F(z)=p | [[(=00,25)
j=1

for any = € R¥. For purposes of illustration, here we assume that k& = 2. In this case,

for any = € R* and non-zero h € R*, we have

p((x1,x1+hy) X (2,22 4+ ha)) = F(x1+ h1,22 4+ ha) — F(x1,22+ he) — F(z1 4+ h1,22) + F(21,22)

in the case that hq,ho > 0. By the inversion formula, we have

F(xl—l—hl,l‘g—i-hz) —F(xhxg—i-hz) —F(x1+h1,a:2)+F(x17a:2)
hihs
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k —itjxi) —exp(—it;(x; ;
—— (Hexp( ta;) z-tjif ty(ﬂrh])))(p(t)dt’

J=1

and it can be shown that the above equation holds even when hy < 0 or hy < 0.

The integrand in the integral on the right is bounded above as

< lp(t

k itix;) —exp(—it;(x; ;
(H exp(—it;z;) p(—it;( J+h]))) o(t)

j=1

and

lm L (ﬁ eXp(—itjl‘j)—exp(—itj($j+hj))> (1)

h1—0he—=0 \ 5 it;h;
= — — | =—exXpl—1 jfﬁj
j=1 th Oxj

for any t € R*, so by repeated applications of the DCT,

p(t) = exp(—it'z)p(t)

0%F(x) . . F(x1+hi,za+he) — F(x1,22+ he) — F(x1 + hy,22) + F(21,22)
= lim lim
8$18$2 h1—0ha—0 h1h2
1

- W/Rk exp(—it'z)p(t)dt.

This result is easily generalized to the case of k > 2.

Define f:RF - R as

_ OF(x)
f(IL‘) B 8.%'1 ce aiL'k

for any = € R*. Because I is increasing in each coordinate of 2 (by the monotonicity of
measures), f is a non-negative function. It is also continuous on R¥: to see this, choose

any = € R¥ and a sequence {Zn}nen, C R* converging to z. For any n € N,

flan) = (2717)’“/Rk exp(—it'z,)p(t)dt.

Since |exp(—it'z,)p(t)| < |p(t)] for any ¢t € R and n € Ny, and exp(—it'z,)e(t) —
exp(—it'z)p(t) as n — oo, by the DCT we have

n—oo

1
lim f(zn) = 2n)F /Rk exp(—it'z)p(t)dt = f(x);
it follows that f is continuous at z, and, indeed, on R”.

Define o as the indefinite integral of f with respect to the Lebesgue measure (which

exists because f is a non-negative Borel measurable function). Then, for any open k-cell
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W= H?Zl(aj,bj), we have

/’L(W) :F(b17b2)_F(b17a2)_F(alab2)+F(a17a2)
_ /b2 aF(bl,$2)dx2_/b2 8F(a1,x2)dx2
a2 Oz2 a Oxa

_ b2 <8F(b1x2) 8F(a1,$2)> de
81’2 Bxg 2

b2 b 62F .7,'1 I‘Q
— % drd
/ / 833161‘2 4L

= / z)dx = pio(W)

by the fundamental theorem of calculus (we put k = 2 for the purposes of illustration)
and Fubini’s theorem, which can be applied here thanks to the non-negativity of f.
Choosing W,, = [~n,n]* for any n € N, this result tells us that u(W,) = uo(W,) for
any n € N, and because W,, /*RF as n — oo, by sequential continuity

PR = (R = [ fla)ds < +oo
Rk

by the finiteness of p. Since the collection of open k-cells forms a 7-system generating
B(RF), we have = ug on B(RF¥), that is, f is the Radon-Nikodym derivative of u
with respect to the Lebesgue measure, and in fact the only continuous version of the
Radon-Nikodym derivative.

Q.E.D.
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The above construction yields an alternative approach to the Fourier transform and its inverse
on R¥. Instead of starting with a finite measure on (R¥, B(R¥)), we can start from a non-negative
continuous Lebesgue integrable function f on R¥. To illustrate how the two approaches are in
fact equivalent, we first state the properties of the Fourier transform we have derived so far when
starting from finite measures.

Throughout, let i be a finite measure on (R¥, B(R¥)) and ¢ : R¥ — C its Fourier transform.

¢ Definition

For any t € R¥,

o(t) = /Rk exp(it'z)du(z).

e Continuity

¢ is uniformly continuous on R¥.

e The Riemann-Lebesgue Lemma
If 11 is absolutely continuous with respect to the Lebesgue measure on R¥, then ¢ vanishes

at infinity:

e(t) -0 as |[t|—o0.

e The Inversion Formula
For any open k-cell W = H§:1(aj,bj),

1 i L 1 i exp(—ta;t;) —exp(—ibj;t;)
pW)+5n (j];[l{ajabj}) —Tlggow/[nﬂk (H it; ! p(t)dt.

J=1

If ¢ is Lebesgue integrable, then the formula reduces to

b —ta;t;) —exp(—ib;t;
W)= i [ (H St e bjt]))@(t)dt.

J=1
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We now state the properties of the Fourier transform of continuous and integrable functions,
and how they can be deduced from that of the transform for finite measures.
Throughout, let f: R¥ — R be a continuous non-negative Lebesgue integrable function on R¥

with Fourier transform ¢ : R¥ — C.

¢ Definition

For any t € RF,

o(t) = /Rk exp(it'z) f(x)dz.

Letting p be the indefinite integral of f with respect to the Lebesgue measure, ¢ is the
Fourier transform of g, and can be written as p(T') = [pr exp(it’z)du(z) for any t € R¥.

o Continuity

Because ¢ is the Fourier transform of the finite measure p, it is uniformly continuous on R¥.

« Riemann-Lebesgue Lemma
Because p has Radon-Nikodym derivative f with respect to the Lebesgue measure, u is
absolutely continuous with respect to the Lebesgue measure. By implication, its Fourier

transform ¢ vanishes at infinity:

o(t) -0 as |[t|— oco.

e Inverse Fourier Transform
If [gr|e@(t)|d: < 400, then by theorem 1.12, the unique continuous density f of p with

respect to the Lebesgue measure can be expressed as

flz)= (271r)k/Rk exp(—it'z)p(t)dt

for any x € R”.

The case for general complex-valued f can be easily deduced by making use of the construction
of the Fourier transform of f from those of Re(f)* and Im(f)*.
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1.7 Multidimensional Distributions and Independence

We now generalize some of the concepts introduced in the previous section to random variables
taking values in product spaces (these are often called random vectors, processes, or functions,

depending on the cardinality of the product spaces in question).

Let T be an arbitrary index set and {(E:, &) |t € T'} a collection of measurable spaces. Denote
the product of these spaces by (E,€) = Q,cr(Et, &), where £ is the o-algebra generated by the

m-system of measurable rectangles

{ H Ay |Vte T, Ay € &, and only finitely many A; are not Et}
teT

on E =]],cr E;. Let X be a random variable taking values in (E,£). Letting X; be the coor-
dinate of X corresponding to (E:, &), we can also write X = (X¢)ier, that is, as a (possibly
uncountable) sequence of random variables. It is clear that X is a random variable taking values

in (E,€) if and only if each X is a random variable in (Ey,&).

1.7.1 Joint and Marginal Distributions

Letting p be the distribution of X, for any ¢ € T' the distribution u; of X; satisfies
/Lt(At) = P(Xt S At) = IP)(X € A x E_t) = N(At X E_t),

where Ay X E_; = [[;e1 As for Ay = E for any s € T such that s # t.

p is referred to as the joint distribution of X, and each u; as the marginal distribution of Xj.

1.7.2 Joint and Marginal Densities

Suppose T' = {1,---,n} for some n € N and that p is absolutely continuous with respect to
the product measure v =wv; X --- X v, on (E,E), where each v; is a o-finite measure on (E;,&;).
Letting f be the density of X = (Xy,---,X,,)" with respect to v, we can see that, for any A; € &,

11 (A;) :/Ai (/Eif(fﬁiaﬂé‘i)dvi(fﬂi)) dvi(x;)

by Fubini’s theorem ( f is a non-negative function). Since the mapping x; — [ p_, f(@i,x—i)dv_i(x_;)

defines a &;-measurable non-negative function, by definition
fi= [ fCamddvoia)

is the density of X; with respect to v;.

f is referred to as the joint density of X with respect to v, and each f; as the marginal density
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of X; with respect to v;.

1.7.3 The Information Contained in a Multidimensional Random Variable

Returning to the general case, the information contained in X is once again represented by
the o-algebra o X generated by X = (X;)ier. Once again, we can view 0X as the amount of
information contained in X. Due to the unique property of measurable rectangles, namely that
they are essentially finite rectangles trivially extended to an infinite product space if need be,

we have the following generating set for o X:

Lemma 1.13 Let 7 be an arbitrary index set, {(E:,&) |t € T} a collection of measurable
spaces with product (E,£), and X = (X;)ier a random variable taking values in (E,£). Define

Ho = { th—l(At) | J C T is finite, Vt € J, A; € 5t}-
teJ

Then, Hg is a w-system on ) that generates o .X.

Proof) For any finite subset J C T and A; € & for any t € J, defining A =[], A¢, in which
Ay = E; for any t € T such that ¢t ¢ J,

ﬂX (Ay) €oX,
teJ

so that Ho C 0 X.

To show that the reverse inclusion holds, define & as the set of all measurable rectangles
on E, that is, as

Eo={T]A¢|37 CTst. Jis finite, A, € & if t € J, A, = By if t ¢ J}.
teT

Since & is a m-system generating £, by lemma 1.5 the set
D={X"1(A)| A&}

is a m-system on () generating o X.
Note that, for any measurable rectangle A = [[,c7 As € & such that A; # E; only for ¢
in a finite set J C T,

ﬂX At € Ho.

teJ

Conversely, for any (Ve ; X; (A;) € Ho, where each A; € & and J C T is finite, defining
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Ay =FE,; forany t € T\ J and A = [];cr As, we have A € & and thus

N X;'(A)=X""(A) eD.
ted

It follows that D = H, and as such that Hg is a m-system on ) that generates ¢ .X.
Q.E.D.

The above lemma allows us to obtain a very intuitive characterization of the information con-
tained in X = (X;)er as the totality of the information contained in each X;. Recall that, given
a collection of o-algebras {F; |t € T'} on €, the o-algebra generated by their union |J, mathcal F}
is denoted \/, Ft.

A generating m-system for \/, F; is given by

Go={ () Ai| A€ Fi,J C T is finite }.
teJ

For any finite intersection (;c;A¢, each A; € F; C \/,F,, and because o-algebras are closed
under intersections, (e A: € V, Fy; this implies that Go C \/, F; and thus that oGy C \/, F;.
On the other hand, any A; € F; for some ¢t € T' is contained in Gy and thus 0Gy (put J = {t}),
which implies that (J, F; C 0Go. Since \/, F; is the o-algebra generated by |J, F, this means that
V:Ft C 0Gp, and as such that Gy generates \/; F.

In light of this operation, the information contained in X = (X;)¢cr is the totality of the informa-

tion contained in each X; in the sense that ¢ X is precisely \/, 0 X;. This is formally shown below:

Theorem 1.14 Let T be an arbitrary index set, {(E;,&) |t € T} a collection of measurable
spaces with product (F,€), and X = (X;)ier a random variable taking values in (F,&). Then,

cX = \/ o X;.
teT

Proof) From lemma 1.13, we can see that the set

Ho={ () X, (A0) | A € &,J C T is finite )
teJ

is a m-system generating ¢ X, and we just showed above that

Go={ () Hi| Hi € 0X;,J C T is finite }
teJ
is a m-system generating \/,cr0X;. It is apparent, however, that Ho = Go, since any
H; € 0X; can be written as X, 1(At) for some A; € &, and conversely, any X, 1(At)
is contained in oX; if A; € &. Therefore, Hy generates both ¢ X and \/,c7 0 X;, which

means that they are the same o-algebra on €.
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Q.E.D.

The o-algebra \/, 0 X is also sometimes denoted by o{X; |t € T'}. The claim of the above theorem

can then be succinctly written as

oX =0{X;|teT} for X =(X¢)er.

Intuitively, if S C T, then the information contained in X = (X;);cs must also be contained in

X = (Xi)ter. This intuition is confirmed in the following result:

Lemma 1.15 Let T be an arbitrary index set, {(E+, &) |t € T} a collection of measurable
spaces with product (F,£), and X = (X;)er a random variable taking values in (F,€&).

Let S C T be an index set nested in 7" and X = (Xt)tes. Then, X contains the information on
X, that is, 0 X C 0 X.

Proof) Define (F,F) = Qycs(Ei, &), and Fo the set of all measurable rectangles on F. By

lemma 1.5, the set
Ho={X"1(A) | Ae Fo}

generates 0X. Choose any measurable rectangle A = [I;e5 At € Fo, where there exists
a finite set J C S such that A; # E; only for ¢t € J. It follows that

XA =X "(4) eonX,
ted
from the previous lemma, and as such, Hg C 0 X. 0X is a o-algebra on H, so cHy =
cX CoX.
Q.E.D.

The fact that £ is generated by the collection of finite measurable rectangles allows for an intu-

itive and simple extension of the Doob-Dynkin lemma for multidimensional random variables:

Theorem 1.16 (The Multidimensional Doob-Dynkin Lemma)

Let T be an arbitrary index set, {(E, &) |t € T'} a collection of measurable spaces with product
(E,€), and Y = (Y3)ter a random variable taking values in (E,E).

X is a oY -measurable non-negative or complex random variable if and only if there exists a

sequence {t,}nex C T, where K ={1,--- N} for N possibly infinity, and a non-negative or
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complex function f defined on [],, £}, and measurable relative to §),, &, such that

X=fo(Yy,Ye, ).

Proof) Again, sufficiency is easily shown. Suppose that there exists a sequence {t,}nex C T,
where K ={1,---,N} for N possibly infinity, and a non-negative or complex function
f defined on [],, E;, and measurable relative to &),, &, such that

X:fo(nlvlftzv"')‘

Defining Y = (Y}, )ne ¢, which is a random variable taking values in (F, F) =[1,,(E:,, &)
because each Y;, is a random variable in (Ey,,&;, ), we can write X = foY. By the
Doob-Dynkin lemma X is oY -measurable. Because {tn}nex C T, it follows from the

previous result that oY C oY and thus that X is oY -measurable as well.

For necessity, we make use of the monotone class theorem for functions. Define M as the
colleciton of all numerical functions defined on €2 such that there exists a {t, }nerx C T,
where K = {1,---,N} with N possibly infinity, such that X = fo(Y;,,Y;,,---) for a
®,, &t,,-measurable function f. We will show that M is a monotone class of functions

on 2:

i) In € M because Ig = Ig, oY; for any t € T; in this case, we take N =1 and

{tn}nGK = {t}

ii) For any a,b € R and X7, Xy € M, there exists a sequence {t, }nex C T such that
Xi = fio(}/;flay;fga"')

for some measurable bounded real function f; and i = 1,2 (in the case that the
sequences corresponding to each random variable is different, we need only define
{tn}nex as their union and trivially extend f1, f2 to functions on [[,, Ey, ). Defining

f=afi+bfs, fis also a measurable bounded real function, and we have
aXl +bX2 - fO (5/1‘,17}/;27'“)'

By definition, a X1 +bXo € M,,.

iii) Let {Xn}nen, be a sequence in M that increases to X. As before, there exists

a sequence {ty}rex C T such that, for each n € N,

Xn:fno(nunza'“)
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for some non-negative measurable function f, (again, if the sequences correspond-
ing to each X, is different, we let {¢)}rcx be the union of those sequences and f,

the trivial extension to [], Et, ). Defining

f: sup fm

neEN4

fis a @y, &, -measurable non-negative function such that

Xn/‘fo(yvtp)/tgf")

pointwise as n — oco. By the uniqueness of limits, it follows that
X :fo(}/;fp}/tz)'”)

and thus that X € M.

Choose any H € oY; by definition, there exists a measurable rectangle A = [[,c7 A; on
E such that H =Y ~!(A). Because of the way measurable rectangles are defined, there
exists a finite J C T such that A, = E; if t ¢ J. Denoting J = {t1,--- ,tn} for N € N4,

we have
IH - IY*I(A) = -[At1><~~><AtN o (}/tlf" 7}/t1\7)'

Since [ Ay XX Agyy is a non-negative Q),, &, -measurable function, it follows that Iy € M.
Therefore, M contains all indicator functions I where H € oY, and becauase oY is a 7-
system generating itself, by the monotone class theorem for functions, M contains every
bounded or non-negative real-valued oY -measurable function. In particular, for any Y-
measurable non-negative random variable X, there exists a sequence {t, }ncx, where
K ={1,---,N} for N possibly infinity, and a non-negative and ),, &,-measurable
function f such that

X:fo(ml7n27”')‘

We can now extend this result to arbitrary complex valued functions as in lemma 1.5.

Q.E.D.

Of note is that, even though the indicator of each set in oY is the function of a finite number of
coordinates of Y, because we take limits when extending this result to arbitrary non-negative
oY -measurable random variables, such random variables are possibly functions of a countable
many coordinates of Y. The important part is that none of them are functions of uncountably

many coordinates of Y, even when the underlying index set 1" is uncountable.
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1.8 Independence

Let T be an arbitrary index set, and {F; |t € T'} a collection of sub o-algebras of H. Then, we
say that {F; |t € T'} is an independency, or that its elements are mutually independent, if

P (ﬂ At> =[P4
teJ teJ

for any finite J C T and A; € F; for each t € J. Clearly, any subcollection of {F; |t € T'} is also
an independency.
The following elementary result shows us that the partition of an independency is also an inde-

pendency.

Theorem 1.17 Let T be an arbitrary index set, and {F; |t € T} a collection of sub o-
algebras of H. Let {T1,---,T}} be a partition of 7', and define G; = \/;c, F; for 1 <i < k. Then,

the collection {Gi,---,Gx} is also an independency.

Proof) We proceed by induction on k, the number of partitions of 7". Suppose first that k = 2,
so that {T1,T>} is a partition of T. Defining G; and G, as above, recally that, for each
1=1,2, the set

Hi:{ﬂAt‘AtEIt,JCEiSﬁnite}
teJ

is a m-system generating G;. Choose any B = ;¢ ;, B: € Il for some finite J; C T3, and
define

Di={AcH|P(ANB)=P(A)P(B)}.
We can show that D; is a A-system on €2
i) Q € D; because P(QNB)=P(B) =P (B)P ().

ii) For any A;, As € D; such that A; C Ay, As\ A1 € H and

P((A2\ 41)N B) = B((A2NB)\ (AN B))

—P(4,1B)~P (AN B) (Finite additivity)
= (P(A2) —P(41))-P(B)
=P(A)P(B). (Finite additivity)

By definition, A\ A; € Dy.
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iii) For any {Ap}nen, C Dy with A=J,,A,, A € H and, by sequential continuity,
P(ANB) = lim P(4,NB) = (lim P(4,))P(B)=P(A)P(B).

By definition, A € D;.

We can also see that 11y C Dy, since for any A =(,c s, A¢ € 1y for some finite set J; C T4,

P(ANB)=P (( N At> N (ﬂ Bt)> = (H P(A,Q) (H Bt> =P(A)P(B)
teJi teJa teJy teda

because the collection of o-algebras {F; |t € J;UJ2} is an independency. By the m— A
theorem, it now follows that G; C Dy, that is,

P(AUB) =P(A)P(B)

for any A € G;. This holds for any B € Iy, so we can see that P(AUB) =P(A)P(B)
for any A € Gy and B € 1l5.

Now choose any A € Gy and define
Dy={BeDy |P(ANB)=P(A)P(B)}.

By almost the same process as above, we can show that Do is a A-system on €). In
addition, IIs C D5 by the result shown above. By the m — A theorem, it now follows that
Gs C Do, that is,

P(AUB) =P(A)P(B)

for any B € Gy. This holds for any A € G, so we can see that P(AUB) =P(A)P(B)
for any A € Gy and B € G,. By definition, G; and Gy are independent.

Suppose now that the claim of the theorem holds for some k > 2. Let {T},--- ,Tx+1} be a
partition of T', and let G; =V, , F¢ for 1 <i <k+1. Defining T = {T1,---, Tk}, because
the collection {F; |t € Ty}, being a subcollection of {F; |t € T'}, is an independency. As
such, by the inductive hypothesis Gy, -, G are independent, that is,

k k
P (ﬂ A,-) =[P (4)
i=1 i=1
for any A; € G; for 1 <i<k.

Since {T,Tki1} is a partition of T, by the result for k=2 we can see that \/*_; G,
and Giy1 are independent. Therefore, for any Aj,---, Ax11 such that A; € G; for any
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1<i<k+1, since ﬂleAi € \/le Gi,

k1 K k1
P <ﬂ Ai) =P (ﬂ Ai) P (A1) = [TP(A).
=1 =1 =1

By definition, Gy,---,Gk+1 is an independency, and the claim of the theorem follows by

induction.

Q.E.D.

1.8.1 Characterizations of Independence

An equivalent formulation of independence in terms of integrals can now be easily given:

Theorem 1.18 (Characterization of Independence with Expected Values)
Let T be an arbitrary index set, and {F; |t € T} a collection of sub c-algebras of H. Then,
{Fi |t €T} is an independency if and only if, for any finite subset {t1,---,¢x} C T and non-

negative random variables V7,---,V} measurable relative to F;,,---,Fy, respectively,

k k
E [Hvl = [1EWi].
i=1 i=1

Proof) Sufficiency follows immediately, since for any finite set {t1,---,tx} C T, we can take

Vi =14, for some A; € F;, for 1 <i <k and independence follows from the definition.

To show necessity, we proceed by induction on k. First choose any {t1,to} C T and
denote G; = F,, Go = Fi,. Then, for any simple functions V =31 ;- I4, and U =

Zle Bi-Ip, that are G1 and Gz measurable, respectively, we have

n k n k

i=1j=1 i=1j=1
n k

= (Zai'P(Az')> (Zﬁi'P(Bz)> =E[V]E[U],
=1 i=1

where the second equality follows from the independence of G; and Gs.
Now let V € Gy 4 and U € Gy . Letting {V,,}nen, and {Uy,}nen, be sequences of Gy
and Gs-measurable simple functions increasing to V' and U, by the MCT

E[VU] = lim lim E[V,U,]

n—o0 m—oQ

- ( lim E[Vn]) ( lim E[Um]) —E[V]E[U].

n—o0 m— 00
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Now suppose that necessity holds for some k > 2. Choose a subset To = {t1, - ,tg+1} C T

and V; € Fy, for 1 <i < k. Defining G = \/¥_; 7y, and Go = F;, , |, because {{t1,- -, tx}, {tks1}}

is a partition of Ty, by the previous theorem Gy and G, are independent. Because Hle Vi

is a Gi-measurable non-negative function, by the result for £k = 2 we have

k1 k
E [H %] =E [H Vi] E[Vit1] .
i1 i1

Finally, by the inductive hypothesis,

k+1 k
E[_Hvz} = [1EW].

=1

Therefore, we have
k+1 k+1
E[Hv] ~TlEm,
i=1 i=1

and necessity holds by induction.
Q.E.D.

Now we move on from the independence of g-algebras to that of random variables. Let T" be an
arbitrary index set, and {(E, &) |t € T} a collection of measurable spaces with product (E,E).
For any collection of random variables {X; |t € T'} such that X; takes values in (E¢, &) for all
teT, wesay {X;|teT} is an independency, or that its elements are mutually independent, if
the corresponding collection of o-algebras {cX; |t € T} is an independency.

By the definition of independence stated above, we can equivalently say that {X; |t € T} is an

independency if

P (ﬂ{Xt € At}> = HP(Xt GAt)

teJ tedJ

for any A; € & and a finite subset J C T
Furthermore, theorem 1.18, together with the Doob-Dynkin lemma, shows us that {X; |t € T} is
an independency if and only if, for any finite subset J C T' and non-negative functions { f; |t € J}

such that each f; € & 4, we have

EletoXt] =[[E[fio X4

tedJ teJ

Below we formulate, in terms of the distributions, a necessary and sufficient condition for a finite

set of random variables to be independent:
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Theorem 1.19 (Characterization of Independence with Distributions)
Let {Xi,---,Xk} be a collection of random variables such that each X; takes values in the
measurable space (E;,&;) and has distribution p;. Xi,---, X} are independent if and only if their
joint distribution 7 is the product of their individual distributions, that is,
T=u1 X X U
Proof) Throughout, let X = (Xy,---,X), so that X is a random variable taking values in
(E,£) = @Y | (E;,&). We can then interpret 7 as the distribution Po X! of X.

Suppose that Xi,---, X are independent. Then, for any measurable rectangle A; x

.-+ X A on E, we have
k
7r(A1><--~><Ak):IP’(XEA1><-~-><Ak):IP><ﬂX-1(Ai)>
i=1

. k
— 1:[1[1’ (Xi_l(Ai)) = HMi(Ai)'

Thus, m = p1 X -+ X ug on the set of all measurable rectangles, and because these sets

form a m-system generating &£, and
k
7T(E) = HMZ(Ez) =1< 400,
i=1

it follows that m =1 X - X g on &.

Conversely, suppose that 7 = 3 X --- X ugp on E. Then, for any Aj,---,Ag such that
A;e&ifor 1 <i<k,

P(ﬁ{XZGAZ}> :IP(XEAlX-”XAk)
i=1
k
:7T(A1 X~--><Ak) :H,ui(Ai): H]P)(XZEAl)
=1

By definition, X1, -, X} are independent.
Q.E.D.

If each random variable has a density with respect to some o-finite measure, then we can obtain

a sharper characterization for independence:
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Theorem 1.20 (Characterization of Independence with Densities)

Let {Xi,---,Xk} be a collection of random variables such that each X; takes values in the
measurable space (E;,&;) and has distribution p;, and let 7 be the joint distribution of X7, -+, X.
Suppose that, for each 1 <i <k, there exists a o-finite measure v; on (E;,&;) with respect to
which p; has a density f;.

In this case, X1, -+, X} are independent if and only if the product of their densities is a density

of m with respect to the product measure vy X --- X vy, that is, f: E — [0,+00] defined as

on

for any = € E is a member of Forsc o

Proof) Throughout, let X = (X1,---,X%), so that X is a random variable taking values in
(E,€) = Q% ,(E;,&). We can then interpret 7 as the distribution Po X! of X.
Suppose that Xi,---, X are independent. Then, by the previous theorem, 7 is the
product of the individual distributions puq,---,ug. Define f:E — [0,+00] as above;
then, f is £-measurable and therefore the indefinite integral my of f with respect to the
product measure v] X --- X vy is well-defined.

For any measurable rectangle Ay x --- x Ay,

k k
(A x---xAk):gui(Ai)ngi Fil)dvi(a:) :/A [ S@)e(ag) (o)

= f(a:)d(vl ><~-'><Uk)(x):7T0(A1 ><~-'><A]€)7
Ap XX Ak
where the second to last equality follows from Fubini’s theorem. 7 and my are thus prob-
ability measures that agree on the m-system of measurable rectangles, so that m = mg

on £. By implication, f is the density of m with respect to v X --- X vg.

Conversely, suppose that the f:E — [0,400] defined above is the density of = with

respect to vy X --- X vg. Then, for any measurable rectangle Ay x --- x Ay,

W(Alx.--xAk):/A @ e (a)

k k

by Fubini’s theorem. Thus, 7 and w1 X -+ X pu are probability measures that agree on
the set of all measurable rectangles, so m = 1 X -+ X g on €. By the previous theorem,
this implies that X1,---, X} are independent.

Q.E.D.
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Finally, we can also characterize independence by exploiting the fact that characteristic func-

tions determine the distribution of a random vector. Below we illustrate this approach:

Theorem 1.21 (Characterization of Independence with Charcteristic Functions)
Let X and Y be k-and m-dimensional real random vectors with characteristic functions ¢, and
¢y. Defining the k+m-dimensional real random vector Z = (X’,Y”)" and letting its characteristic

function be ¢, X and Y are independent if and only if

(1)) = ea(t)py(r)

for any t € R* and r € R™.

Proof) Let X and Y have distributions p, and p,, and let the joint distribution of X and Y
be 7.

Suppose X and Y are independent. Then, 7 = i, X 1, so that for any ¢ € R* r e R™

and s = (¢,r') € RF*™ we have
©(s) :/ exp(is'z)dn(z)
Rk’+m
= /ka exp(it'x) exp (ir'y)d(pe X py)(z,y)

= (/Rk exp(it’x)dux(:c)> (/Rm exp(ir/y)d,uy(y)> (Fubini’s Theorem)

= (t)py(r).

Conversely, suppose that

P((t'r)") = pa(t)py(r)

for any t € R¥ and r € R™. Letting mp = jiz X [y, the characteristic function ¢ of 7 is
defined as

¢(s) =z (t)py(r)

for any t € R¥, r € R™ and s = (¢/,7") € R¥*™ as showed above. This means that ¢ = ¢
on R¥+t™ and because the characteristic function of a distribution determines the dis-
tribution itself, 7 = mp on B(R¥+™). As such, X and Y are independent.

Q.E.D.
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1.8.2 Construction of Sequences of Independent Random Variables

Having defined the independence of random variables, the next question is naturally whether
there actually exists a probability space on which independent random variables with specific
distributions exist. This is a simple matter for a finite collection of random variables.

To illustrate this, let (E1,&1),- -+, (En,&,) be measurable spaces and puy,-- -, iy, probability mea-
sures on those spaces. Define (2, H) = @1 (E;, &), P=p1 X -+ X pp, and X;: Q — E; as

X’i(wla"' awn) = Wq

for any (w1, - ,w,) € Q and 1 <i <n. Then, X1,---,X,, are independent random variables
taking values in (F1,&1), -, (Fn,&,) with distributions puq,---,u, and underlying probability
space (€2, H,P). We verify the claims one by one:

o (,H,P) is a probability space
This is trivial, since p1 X - -+ X p,, is a product measure on (£2,H) with total mass 1 because

each p; is a probability measure.

e Xi,---,X, are random variables
For any 1 <i¢<mn and A; € &;,

X;l(Ai) =A;xE_; € ®5¢ =H,
=1

so X; is a random variable taking values in (E;,&;).

e For any 1<i<n, X; has distribution u;
Choosing any A; € &;,

P(X; € Aj) = (1 X -+ X pun) (Ai X E—j) = p1i(A;).

e X3,---,X,, are independent

For any Aq,---,A, such that A; € & for 1 <i<mn,
P (ﬂ{Xz S A,}) :P(Al Xooe XAn) = Hﬂz(Az) = ]‘—[IED(‘XZ S A,),
=1

i—=1 i=1

so by definition, X1,---,X,, are independent.

However, the issue is more complicated when it comes to constructing a sequence of independent
random variables with specific distributions because we cannot define the product of an infinte

number of measures. Fortunately, there is a way to preserve the intuition of the construction
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above when constructing a probability space underlying a sequence of independent random vari-
ables. Namely, we extend a pre-measure that yields the desired finite dimensional distribution,

constructed exactly as above, to a probability measure using Caratheodory’s extension theorem.

Cylinder Sets and Finite Dimensional Distributions

Formally, let {(E;, &, ;) | i € N4} be a collection of probability spaces, define for any n € N4
the probability space

(En)€n77rn) = ®(E275’L7,U'Z)7
i=1
and let (E,€) be the product of {(E;,&;) |1 € Ni}.
A set A € £ is said to be a cylinder set with base B if B € £" for some n € N, and

A=Bx ( ﬁ El)

1=n-+1

n is then said to be the dimension of A, and we denote A = [B]. F,, denotes the set of all n-
dimensional cylinder sets, and F = J,, F», is the set of all cylinder sets.

We can immediately tell that, for any n,m € Ny such that n <m, F, C F,,. To see this, let
A € F,; by definition, there exists a B € £ such that A =B x F,, 41 X ---. Then, for any m > n,

we can write
A=[B]=[(BX Ept1 X x Ey)],

where B X Epy1 X -+ X Ep, € E™ by the associativity of the product of g-algebras. Therefore,
A e F,, as well.

Now we can define a function on F that yields all the desired finite dimensional distributions.
Define Py : F — [0,1] as

Po([B]) = mn(B)

for any [B] € F,,. For any n € N, the value of Py for any n-dimensional cylinder set is equivalent
to the value of its base under the product measure p; X --- X p,. This is meant, in analogy with
the finite case, to represent the fact that the first n random variables in the sequence have
distributions u1,- -, u, and are mutually independent.

Any cylinder set A can be a member of multiple F,, as seen above. Fortunately, it is easily seen
that Py assigns the same value to A regardless of which F,, it belongs to, so that the definition
above is consistent: this is shown below.

Let A € F, for some n € N;, and choose any m > n. Then, letting the base of A be B € £™
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under F,, its base is B X Ep41 X -+ X Ep, under F,,. We now have
Po([B]) =mn(B) = (B X Epq1 X -+ X Epy) =Po([B X Epgq X -+ X Epy)),

so that Py(A) is consistently defined.

Construction of the Probability Space

It remains to see that the F and Py defined above can be extended to an actual probability
space (2,H,P), where H contains F and P agrees with Py on F. Then, letting X1, X5, -+ be
defined as in the finite case, it can be easily seen that {X,},en, is a sequence of independent

random variables having the distributions {z, fnen, -

Before diving into the proof of the desired result, we define some mathematical objects that assist
with the proof. Retaining the setup established in the previous section, for any n-dimensional
cylinder set [B] € F,, define the sequence {Q,(-;[B])}men, of functions as follows: for any

m€N+,

I T1, " 3L, d m X eoe X n 1fm<n
Qm (1, &m; [B]) = JBm 1o, I8(21 Y)d(pm1 1) ()
Ip(@1,-,2n) ifm>n

for any (z1,--+,xm) € E™. Clearly, each Qp,(+;[B]) is a £™-measurable function.

For any m € N, if m+1 <n, then
Quarswni(B) = [ In(ar amy)d(ponss - ) 1)
m—+1
- [ [ It im0z <% i) ()| i1 ()
Em+1 Em+2
— [ @t ani B)dim ()
Em+1
by Fubini’s theoerem, while if m+1 > n, then
Qm($17 T [B]) = / Qerl(xlv oty TmA41 [B])dluerl(merl)
m—+1

trivially. Therefore, the above relationship holds for any m € N4 and (z1,---,2m) € E™.

Finally, we can see that, for any n-dimensional cylinder set [B] € F,,

Bo(B) =ma(B)= [ Ip()d(mx - x ) @)

_/ [/1;2x XERIB(xl,y)d(,uzX"'Nn)(y) dpir (1)
_/ Q1 (z1;[B])dp (x1).
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The formal construction of the desired probability space is given below; it is a special case of
Ionescu-Tulcea’s theorem for the construction of sequences of random variables, and the proof

remains virtually the same.

Theorem 1.22 (Ionescu-Tulcea’s Theorem for Independent Random Variables)
Let {(E;,&,1ti) | i € N1} be a collection of probability spaces. Then, there exists a probability
space (£2,’H,P) and a sequence {X,, },en, of random variables with underlying probability space
(Q,H,P) such that:

i) {Xn}nen, is an independency.

ii) Each X; takes values in (F;,&;) and has distribution ;.

Proof) Let the notations and definitions follow the setup given in the earlier sections. Our first
goal is to show that F, the set of all cylinder sets, is an algebra on E, and that Pg is
a o-additive pre-measure on F. The probability space (€2, H,P) will then be defined as

the extension of F and Py obtained via Caratheodory’s extension theorem.

Step 1: F is an algebra on E
Clearly, E = [Eq] € F7.
For any A € F, letting A = [B] € F,, for some n € N, and B € £,

A°=B X Epyq1 X -+ =[B° € Fp,

so that F is closed under complements.

Finally, for any {A;,---,A,} C F with union A, let m € Ny be the highest dimension
among Aq,---,A,. It follows that Ay, ---, A, € F,n, so that there exist By,---,B, € E™
such that A; = [B;] for 1 <i < n. Therefore,

A= UAZ: <UBZ> XEm+1><'~-: [UB;| € Fm,
=1 =1 ]

so that A € F and F is closed under finite unions.
By definition, F is an algebra on E.

Step 2: Py is a pre-measure on F

Initially, we have

Po(0) =Po(@x Bz x---) = 1 (0) = 0.
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For any disjiont {Aq,---,A,} C F with union A, letting m be the maximum dimension
among Ay, , A, as before, there exist By, -+, B, € £™ such that A; =[B;] for 1 <i<n.
Furthermore, for any 1 <i# j <n,

AiﬂA]’: [BlﬂBj] :®,

which means that B; N Bj =0; {B1,---,By,} is a disjiont collection of sets in £™. As
such, by the finite additivity of m,,,

Po(A) = 7 (U BZ-> = mm(Bi) = 3 Po(4)).
i=1 =1 i=1

It follows that Py is finitely additive on F, making it a pre-measure on that algebra.

Step 3: Py is o-additive

We first show that Py is continuous sequences of sets in F that decrease to the empty
set.

Let {A,}nen, be a sequence of cylinder sets such that A, 1 C A, for any n € Ny and
A=), A, =0. By the monotonicity of pre-measures, the sequence {Py(Ay)}nen, in
[0,1] is decreasing; therefore, its limit is well-defined as its infimum. We want to show
that the limit is equal to 0, so assume otherwise, that is, suppose that

lim Po(An) > 0.

n—oo

We now show that this leads to a contradiction via induction.

For any n € N4, we have
Po(An) = [ Qulani Audpn (o).
1

Since Q1(z1;4,) is an integral of the xj-section of the base of A,, the sequence
{Q1(z1;An) fnen, takes values in [0,1] and decreases for any x; € Ei. This means
that the pointwise limit of Q1(-;Ay) as n — oo is well-defined as its infimum, and by

the bounded convergence theorem,

lim Py(A4,) = /E1 ( inf Q1(:U1;An)) dpg (x7).

n—00 neNL

Because this integral is positive, there must exist an x} € E; such that

inf 13 A,) > 0.
W, @il An) >
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Now suppose, for some k£ > 1, that there exist z] € Ey,---, 2} € Ej, such that

inf Qp(x7,---,25;A4,) > 0.
n€N+

For any n € N4, we have
Qr(xl, -, 2k An) :/E Qrtr (@, 2,y An)dpirra (y),
k+1

and the sequence {Qy4+1(x7, -+, 2},;An) fnen, of functions on Ej; takes values in
[0,1] and is decreasing pointwise by the same line of reasoning as above. Therefore, by
the BCT,

_ ( inf Quer (e, ,xz,y;An>) A1 (9),
Eri1

neENL

and because this integral must be positive by the inductive hypothesis, there exists an

7}, € Egy1 such that

. * * *
inf Qpy1(2], -, 2f, 25415 An) > 0.
TLGN+

Therefore, by induction, there exists a sequence z* = {x };en, € E such that
Qk(x; T 756]);;1411) >0

for any k € Ny and n € Ny. This means that, for any n € N, letting A, = [B] € F,,

for some m € Ny,
QWL(xfa 7x:n7 [B]) = IB($T’ 7x;kn) =1,
or that (z7,---,x},) € B. As such,

¥ E€EBXE, 1 %= A,

and because this holds for any n € N, z* is contained in A =(,, A,,. This contradicts

the assumption that A =, so it must be the case that

n—oo

It is easy now to show that this implies o-additivity. For any disjiont sequence { A, }nen, C

72



F such that A=1J, A, € F. Define {Hy},en, as

Hn:A\@Ai)

=1

for any n € Ny. Becuase algebras are closed under finite unions and set differences,

{H, }nen. is a sequence of sets in F that decrease to (). By the finite additivity of Py

on F,
n n
=1 =1
n
=1
By the preceding result, the first term goes to 0 as n — oo, so it follows that

=Y Py(A,
n=1

which proves o-additivity.

Step 4: Construction of the Probability Space and Random Variables
Because F is an algebra on E and Py a o-additive pre-measure on F, by Caratheodory’s
extension theorem there exists a complete measure space (E, M, u) such that F C M
and p(A) =Po(A) for any A € F. In particular, because E € F, u(E) =Py(E) = 1;
defining Q = E, H = M and P = p, the triple (Q,H,P) is a probability space.

Now define the sequence {X,, }nen . of functions on 2 as follows: for any n € N,
Xn(w) =wh
for any w = {w; }ien, € Q. Then, X, is a function taking values in (£,,&,), and because
X YA =[Fix---xE, 1xA]eF, CH

for any A, € &,, X, is a random variable.

Furthermore, for any A, € &,, because X, 1(4,) is a cylinder set,

P (X, (An)) =Po(X; ' (40))

n

=Po([E1 X X Ep_1 X Ay]) =mp(ErL X -+ X Ep_1 X Ay) = pn(Ap).

Therefore, X, has distribution p,.

73



Finally, choose any finite set J = {t1,---,t,} C Ny and Ay € &,,---, A, € &;,,. Letting

t] <--- <t, =m without loss of generality,

X, (A) =
=1

J=1

where By, = Ay, for any 1 <i‘k and B; = E; if j ¢ J. Therefore,

P (ﬁ Xt:I(Az')) =Py (lﬁ BzD

i=1 n=1

:7Tm<ﬁ Bz) ﬁﬂi(Ati):ﬁ]P)(Xti EAl)
n=1

i=1 i=1

By definition, { X, }ncn, is an independency.
Q.ED.
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1.9 Normal Distributions

Normal distributions, also called Gaussian distributions, form the crux of many theorems in
probability theory. They also have a rich structure of their own, so we take a moment to study

the normal distribution and its multivariate generalizations.

1.9.1 The Standard Univariate Normal Distribution

A real random variable X is said to have the standard normal distribution if its density f: R —

[0, 4+00] with respect to the Lebesgue measure is defined as

1 1 2)
r)=—exp|—=x
i@ V2r p( 2
for any z € R; this relationship is succinctly stated as X ~ N[0, 1].
f is continuous on R, so by lemma 1.3, the distribution function F' of X is differentiable on R
with derivative f. This implies that F' is continuous, and as such that X is a continuous random

variable.
If X ~N[0,1], X has finite kth moments for every k € N

E[1X1] = [ o fla)ds

1
1 5 oo
=25+ <2> ’ / 25 exp(—z)(QZ)*%dz (Substitution with v/2z = z)
™ 0
1 oo
= 25—/ P Lexp(—2)dz
™ Jo

where I' : R — R denotes the gamma function. We are thus able to obtain some elementary

E(x]=/2rm =2

E[X?] :\;r@) :;;F(;) —1
E[1xf] =28 re) -2/

el £ ()

In addition, because x > zF exp(—%xz) is an odd function on R for any odd k € N, the odd

absolute moments:
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moments of X are all 0, that is,
E|X*| =0 if k is odd.

These yield the familiar results concerning the standard normal distribution; if X ~ A[0,1],
then:

o The mean of X is u=E[X]=0
o The variance of X is 0?2 =E[X?| —p2 =1

3
e The skewness of X is E [(XU”> ] =FE [XS] =0

4
o The kurtosis of X is E [(X;“) ] =E[X1] =3.
For X ~ N'[0,1] with density ¢ : R — [0,400), the distribution function ® : R — [0,1] of X is

defined as
@(x):/ ¢(z)dz:/ exp| —=2° |dz
—00 —oo V2T 2

for any = € R. As stated above, ®'(z) = ¢(z) for any x € R.

X ~ N[0,1] also has simple and tractable moment generating and characteristic functions.

Lemma 1.22 (MGF and Characteristic Function of Normal Distribution)
Let X ~ N[0,1] have moment generating function and characteristic function m : R — [0, +00]

and ¢ : R — C, respectively. Then,
Lo 1o
m(t) = exp §t and ¢(t) =exp _it

for any t € R.

Proof) We start with the moment generating function. For any ¢t € R,

(e 9]

m(t) = E[exp(tX)] :/ exp(tx)o(z)dx

—00

m-/ exp(—(:c +2ta:))d

1 1 © 1
:\/Texp( t2>./ exp<—2(:€+t)2>d:v
1
exp( > exp<—222)dz
(Linear change of variables)
1 oo
:exp<2t2) / o(2)dz
Lo
= =17 ).
exp( 52
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Moving onto the characteristic function, note that, for any non-zero ¢ € R,

plt) = [ explita)o(a)da

—/ cos(tz)p(x)dr +i - /Oo sin(tz)p(z)dx (Euler’s formula)
= 2/ cos(tz)o(z)dx (cos(tz)p(x) is even, while sin(tx)p(x) is odd)
0

2 [ 1,
= \/;/0 cos(tm)exp<2x )d:c.

This immediately tells us that ¢() is real valued.
Integration by parts similar to that used in the derivation of the Dirichlet integral

reveals that

0 1 1 foo 1
/ cos(tx)exp (—x2>dx — f/ xsin(tx) exp(—wQ) dx =0,
0 2 tJo 2

so that

n-1 M [ sinzyexn( - x>dx].

Now we turn away from ¢ for a moment to obtain the derivative of ¢ at t. For any

non-zero h € R,

(t+h \f/oocos (t+h)x )—005(t$)exp<—;x2)d

Since

COS((t"‘h)Z) — cos(tz) exp<—;x2> ‘ < mexp<—;$2)

for any h # 0 and x > 0, where

/ Texp —ix dr =1 < 400,
0

and

lim cos((t + h)x) — cos(tx) - Dcos(tz) = —xsin(tx)
h—0 h ot

for any z > 0, so by the DCT,

o'(t) = %%W = —\/z-/ooo$sin(tx) exp<—;$2) dz.
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From the result derived earlier from integration by parts, we can now see that

¢(t)=—t-p(t).
Suppose that ¢(t) > 0, so that

£ ios(p(0)

(the derivative on the right is well-defined because the continuity of ¢ ensures that ¢

is positive on a neighborhood of 0). It follows that

1
log(p(t)) = —5 1> +¢.

or equivalently,
1o
o(t) =C-exp —§t

for some ¢ € R and C' >0 (C = exp(c) in this case). Since ¢ is continuous on R and

©(0) =1, we must have

1=limep(t) = C,

and therefore,

o(t) =exp( -5

for any t € R.
Q.E.D.

1.9.2 General Univariate Normal Distributions

Normal distributions are easy to work with because all normally distributed real random vari-

ables can be expressed as an affine function of a standard normally distributed random variable.
Let Z ~ N[0,1]. For any p € R and o2 > 0, the random variable defined as

X=0-Z+p

would have mean y and variance o2. We say that X has the normal distribution with mean g

and variance o2, and denote this by X ~ N [u,0?].

Suppose o2 > 0. Letting ¢ be the standard normal density and v the distribution of X, note
that, for any Borel set A C R,

V(A)=E[[goX]|=E[lg0(0Z+ )]
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/ Ia(o-24 ) (2)dz

L o

o
1
= /A Wexp(—w(x —,u)2> dzx.

1 1 )
Pt )

is precisely the density of X ~ N [u,0?] if o2 > 0.

) dx (Substitution with == = z)

As such,

If 02 =0, then because X = u almost surely, the distribution of X is not absolutely continuous
with respect to the Lebesgue measure and thus X does not admit a density.
Given X ~ N [p,0 ] for some o2 > 0, we can conversely define Z = 2~ and find that Z ~ N [0,1].

The operation z +— £ “ is referred to as the normalization of the random variable X.

The moment generating and characteristic functions of X ~ N [u,0?] are now easily found.
Letting Z = %, Z ~N|0,1] and X =0Z+ u, so the moment generating function m : R —
[0,+00] and the characteristic function ¢ : R — C of X are defined as
m(t) = E[exp(tX)] = exp(ut) - Elexp(toc Z)]
1
= exp (,ut + 202252)
o(t) = Elexp(itX)] = exp(iut) - Elexp(ito Z)]

1
=exp (iut — 202t2>

for any t € R, where we used the formulas for the mgf and characteristic function of the standard

normal distribution.

An important characteristic of the normal distribution is that the linear combination of any

independent normally distributed random variables is also normally distributed.
Theorem 1.23 (Preservation of Normality under Linear Combinations)
Let X,Y be two independent real random variables such that X ~ N [uy,02] and Y ~ N [,uy, JZ} )

Then,

aX+Y ~N ocux+,uy,a20§—i—ag].

Proof) If a =0, then aX +Y =Y, and the result follows trivially.
Suppose that a # 0. Then, letting ¢ be the characteristic function of the real random
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variable aX +Y and ¢,,p, the characteristic functions of X and Y, we have

o(t) =E [exp(it'Z)] = E[exp(itaX)exp(itY)]
_ Efexp(itaX)]E [exp(itY )] = ga(ta)ay (1)

for any t € R, where the third equality follows because X and Y are independent. Since

X and Y are normally distributed, their characteristic functions are given by

) 1
0. (t) = exp (z,um - 2033152)

) 1
oy (t) = exp <zuy - 205752)

for any t € R. It follows that

. 1
o(t) = exp (z(auw + py )t — 5(0420'3 + aZ)ﬁ)

for any t € R, which is exactly the characteristic function of a normal distrubtion with

mean i, + i, and variance a’o? + 05. Therefore,
aX—i—Yw/\/[a,u,m—i—uy,aQUg—i—az :
Q.E.D.
This easily generalizes to finite linear combinations, so that, for any collection of normally

distributed random variables Xi,---, X,, such that X; ~ N [, 01-2] for 1 <7 <n and real numbers

i, -, 0, We have

n n n
ZaiXi ~N [Zaiﬂiazai‘aﬂ .
i=1 i=1 i=1
In algebraic terms, we can say that the collection
N={XeH/BR)|X N./V’|:,U,,O'2} for some p € R,0? >0}

forms a linear subspace of the set of all real random variables.
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1.9.3 The Multivariate Normal Distribution

We now study the multivariate generalization of the normal distribution. A k-dimensional real
random vector X is said to be normally distributed if, for any ¢t € R¥, /X is a (possibly degen-
erate) normally distributed random variable. Taking t to be equal to each standard basis vector
on R*. it follows that each coordinate of X is normally distributed. Thus, each coordinate of X
and by extension X itself has finite absolute moments of all integer orders, so that we can define
the mean and variance of X; denote them by x € R¥ and V € R¥** (in particular, recall that V'
is positive definite). We can then denote X ~ A [u, V], in analogy with the univariate case.

If X is a normally distributed k-dimensional random vector with mean 0 and variance [j, then
we say that X has the standard normal distribution. The coordiantes of X are all standard

normally distributed real random variables, and they are pairwise uncorrelated.

We can easily obtain the MGF and characteristic function of X. For any t € R¥, #' X is a normally

distributed random variable such that
E[¢'X]=¢u and Var[t'X]=1tVar[X]|t=1t'Vt,

so letting m : R — [0,+00] and ¢ : R¥ — C be the MGF and characteristic functions of X, we

have
/ / 1 /
m(t) =E [exp(t'X)]| = exp (t n+ it Vt)

o(t) =E [exp(it'X)] =exp <z’t’,u — ;t’Vt) :

for any ¢t € R¥. These expressions are easily seen as multivariate generalizations of the MGF and
characteristic function of a univariate normally distributed random variable.
The formula for the characteristic function of normally distributed random vectors derived above

yield the following independence result, which is of great importance:

Theorem 1.24 (Independence and Uncorrelatedness for Normal Vectors)
Suppose X and Y are k-and m-dimensional random vectors, and that the &+ m-dimensional
random vector Z = (X',Y’) is normally distributed. Then, X and Y are independent if and

only if they are uncorrelated.

Proof) Necessity follows immediately. To see sufficiency, suppose that X and Y are uncorre-
lated. For any t € R* and r € R™,

‘x=(¢ o) (i) and 7Y = (0" ) (‘;()

and because Z = (X', Y")" is normally distributed, ¢’ X and r'Y" are normally distributed
real random variables. By definition, X and Y are normally distributed, and let s, 1,

be the means of X,Y and V,,V, their variances, so that Z has mean (u,u,)" and
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V
variance V = Ox vl Let ¢, and ¢, be the characteristic functions of X and Y,
Yy

and ¢ the characteristic function of the k+m-dimensional random vector Z = (X,Y).

Then, for any t € R¥ and r € R™, we have

t 0 oan (e 1, N (Ve O) ([t
(Gl ) 2 3)0)
= exp (it’uw - ;t/th> exp (z’r’,uy - ;T/‘/y’l“> = @ (t)py(r).

Therefore, X and Y are independent.
Q.E.D.

The above theorem implies that, if Z ~ N[0, ], then the coordinates Zy,---,Zy of Z are in-
dependent standard normally distributed normal random variables. Letting ¢ be the density of
a standard normally distributed real random variable, the independence of Zi,---,Z; implies
that Z is absolutely continuous with respect to the Lebesgue measure with unique continuous
density f:R* — [0, +00) defined as

for any x € R*.

As in the univariate case, affine functions of normally distributed random vectors is also a
random vector. To see this, let X be a k-dimensional normally distributed random vector, and
A€R™ and C € R™** for some m € N,. Define Y = A+ CX; then, for any t € R™,

tY =t'A+ (' 0)X,

and because ('C)X is a normally distributed real random variable, so is ¢'Y. By definition, Y’
is a normally distributed m-dimensional random vector.
This invariance under affine transformations leads to the following characterization for normally

distributed random vectors:

Theorem 1.25 (Characterization of Multivariate Normality)

Let X be a k-dimensional real random vector. Then, X is normally distributed if and only if
there exists an A € R¥, a matrix C € R¥*™ of full rank m, where m < k, and an m-dimensional
standard normally distributed random vector Z such that X = A+ CZ. In particular, if the

variance of X is positive definite, then we can take m = k.

Proof) Suppose that there exists an A € R¥, a matrix C' € R¥*™ where m < k, and an m-
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dimensional standard normally distributed random vector Z such that X = A+ CZ.
It immediately follows that X is normally distributed because normality is preserved

under affine transformations.

Conversely, suppose that X is normally distributed with mean p € R* and variance
V € R¥*F_Since V is positive semidefinite, it admits an eigendecomposition V = PDP’

kak

for orthogonal matrix P € and diagonal matrix D whose diagonal elements equal

the eigenvalues of V. Letting m < k be the rank of V', D consists of exactly m diagonal
elements and k —m diagonal entries equal to 0. Assume that the non-zero elements of

D are ordered first; letting these entries be Ay > --- > A\, > 0, define the k x m matrix

VAN -0
D=| :+ -~ |,
0 - VA

and let P € R¥*™ collect the first m eigenvectors comprising P. Then, D and P have

full rank m, and it follows that
V =PDP =PD*P' =CC,
where C' = PD € R¥*™ also has full rank m. Now define
Z=D"'P(X —p).

It follows that Z is a normally distributed random vector with mean 0 and variance

Var[Z]) = D" 'P'Var[X|PD ' =D 'P' PD?P'PD ' =1,

where we used the fact that P’P = I,,, by the orthonormality of the eigenvectors com-
prising P. It follows that Z is an m-dimensional standard normally distributed random

vector, and
p+CZ=pu+PP'(X —p)=X.

If V is positive definite, then because all the eigenvalues of V' are positive, we can take
m = k above. In fact, in the construction above C' ends up being the Cholesky factor
of V.

Q.E.D.

This characterization is actually our definition of normally distributed real random variables,
and thus reveals that our definition for multivariate normally distributed random vectors is rea-

sonable.
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As in the univariate case, the density of a normally distributed random vector exists if and only
if its variance is non-singular; in light of the positive semidefiniteness of the variance of a random

vector, this is equivalent to the positive definiteness of the variance.

Theorem 1.26 (Density of the Multivariate Normal Distribution)
Let X be a k-dimensional normally distributed real random vector with mean p € R* and
variance V € R¥** Then, X has a density with respect to the Lebesgue measure if and only if

V is positive definite, and in this case, the density f:R* — [0,+00) of X is given by

1\ _1 1 o1
f@)=5=) ldet(V)|"2exp( —o(z—p) V" (z—p)
27 2
for any x € R*.

Proof) Suppose that X has a density f with respect to the Lebesgue measure, which implies
that the distribution v of X is absolutely continuous with respect to the Lebesgue
measure. Assume that V is not positive definite, or that it is singular. Then, there exists
a non-zero a € R¥ such that o/Va = 0. Defining o/ X = Z, Z is normally distributed

with mean o'y and variance o/Va = 0, which tells us that Z = o/p almost surely. In

other words, X takes values in the hyperspace H = {x € R*¥ | o/ = o/} almost surely;

H is a k — 1-dimensional subspace of R¥, so letting {ug, - up—1} C R* be a basis

generating H and defining the k£ X k matrix P as
P= <u1 ce UR—1 O),
we can express H = PR*. Tt follows that
Ak (H) = |det(P)|Ax(R¥) =0.

By the absolute continuity of v with respect to A, we must have v(H) =0, a contra-

diction. Therefore, V' must be positive definite.

Conversely, suppose that V is positive definite. Then, there exists a k-dimensional

standard normally distributed random vector Z such that
X=pu+CZ,

where C' is the Cholesky factor of V. Letting v be the distribution of X and A € B(R¥),
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by a linear change of variables we have

’U(A):E[IAOX] :E[IAO(M+CZ)]

— I ) i : 1/ d
_/Rk Alp+cz 5 ) ep(—577)dz

= [ Ia(x) <217r> : exp (—;(ac —pyc Ve Yz —u)) ’det (C_l) ‘d:c

RE
:/A(Q;)g‘det(C’_l)’exp(—é(w—u)'V‘%x—u))d:&

This implies that v is absolutely continuous with respect to the Lebesgue measure, and
that

=

(217r>§ ’det (C’*l) ‘ exp(—;(x —w)V(z —,u))

is precisely the density of v with respect to the Lebesgue measure.

Finally, we can see that

det(V) = det(CC") = det(C)” = (det(C))

so the density f can be written as

f() = (;ﬂ) det(V)|“Fexp (3o )V o))

for any = € R”.
Q.E.D.
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1.10 Uniform Integrability

Here we introduce a concept crucial to the theory of martingales and convergence in LP. First,

we present a characterization of integrability.

Lemma 1.27 (Characterization of Integrability)

Let X be a non-negative random variable. X is integrable if and only if
lim E | X - Iy =0.

n—o0

Proof) Suppose that X is integrable, that is, E[X] < 4-00. Defining the sequence {X,, },en, of

non-negative random variables defined as
Xn =X Iix>n

for any n € N4, note that |X,,| < X for any n € Ny and X,, — 0 pointwise. By the
DCT, it now follows that
Jim E|X Iy | =E| lim X,| =0.

n—o0

Conversely, suppose that
i B o] =0
There then exists an N € N, such that
E [X-I{X>n}] <1
for any n > N. Since
X=X Itrxsm+X -Iix<eny <X - Iixsny+ N,
taking expectations on both sides yields

E[X]=E[X-I{xsn]+N < N+1<+oo.

Q.E.D.

Since any real or complex random variable X is integrable if and only if |X]| is integrable,
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the above characterization suggests that X is integrable if and only if
Jim {!X\ 'I{\X|>n}} =0.

The same goes for real random vectors with |-| now standing for the euclidean norm.

A collection K of complex random variables or real random vectors is said to be uniformly

integrable if
sup E || X T n| —0
e% [| | {IX|> }}

as n — 0o. In other words, every element of K is integrable ”at approximately the same rate”.

There are many convenient properties of uniformly integrable collections of random variables:

Theorem 1.28 (Properties of Uniform Integrability)
Let K be a collection of complex random variables and real random vectors. Then, the following
hold true:

i) If K is uniformly integrable, then it is L!-bounded, that is,

sup E| X| < +00.
Xek

ii) If there exists an integrable non-negative random variable Z such that |X| < Z for any

X € K, then K is uniformly integrable.

iii) If there exists a non-negative function f:R — R, such that

lim m

T—00

=+o00 and supE[fo|X]|] <400,
XeKk
then K is uniformly integrable.
iv) If, for some p > 1, K is LP-bounded, that is,
sup E| X |P < +o0,
Xek

then K is uniformly integrable.

Proof) i) Suppose K is uniformly integrable. Then, there exists an N € N such that
E |[X|-Ijx|sm) <1
for any n > N and X € K. For any X € K, since

| X =X Ifxpsny X Ixieny < X Ixsay + N,
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it follows that
E|X| <E|[X|- Ijxjsm] + N < 14N,
This holds for any X € K, so

sup E|X| <14+ N < +o0,
XeK

and K is L'-bounded.

ii) Suppose that the elements of K are dominated by an integrable non-negative

random variable Z. Then, for any n € Ny and X € K,

IX]- Ix)sny < Z-Ixsny £ Z - L{z5n),

where the last inequality follows from the fact that | X| < Z. Thus,

E[[X|- Ix|sn] SE[Z-I(z5m)]

for any n € N4 and X € K, implying that
sup B IX] Ixsmy| SE|Z-Lzsm)]

for any n € N,. Since Z is integrable, by the characterization of integrability the
right hand side goes to 0 as n — oo; it follows that I is uniformly integrable.

iii) Suppose that there exists a non-negative function f:R; — Ry such that

lim @

T—000

=400 and supE[fo|X]|] < +4oc.
Xek

Then, for any M > 0 there exists a b € R such that

@>M for any = > b.
x

By implication, for any n € N4 such that n > b and X € K, we have

X| - Txion < 57 (FoIX])

since 7 f(|X(w)]) > | X (w)| for any w € Q such that |X(w)| >n >b, and f is
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non-negative valued. Taking expectations on both sides yields

1
E[1X]- Ijixjsm) < 77ELf o |X1],

and because holds for any X € IC,

1
. < — .
SE%E[IX! I{\X|>n}} =/ (S%%E[fOIXIO

Finally, this holds for any n > b, so

. 1
limsup sup E []X] 'I{\X|>n}} < i (}S{léI’)CE [fo ]XH) :

n—oo Xek

This in turn holds for any M > 0, so that the finiteness of supx ¢ E|[f o | X|] implies
that

i, sup B [1X] - Iixj5my ) =0.

By definition, K is uniformly integrable.

iv) Suppose that K is LP-bounded. Defining f: Ry — Ry as

2P ifx>0
f(z) =
0 ifa<0

for any z € R, f is a non-negative and increasing function such that
x
lim & = lim 277! = 400,
r—00 o T—00
since p > 1. By assumption,

sup E[fo|X]|] < 400,
XeKk

so that, by the preceding result, I is uniformly integrable.

Q.E.D.
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We can offer the following characterizations of uniform integrability; the third criterion, at-

tributed to De la Valleé Poussin, proves particularly useful in the theory of martingales.

Theorem 1.29 (Characterizations of Uniform Integrability)
Let K be a collection of complex random variables and real random vectors. Then, the following

are equivalent:
i) K is uniformly integrable.

ii) (Epsilon-Delta Characterization) K is L!-bounded and, for any ¢ > 0 there exists a
d > 0 such that, for any H € H satisfying P(H) < §, we have

sup E[| X| - ITg] <e.
Xek

iii) (De la Valleé Poussin Characterization) There exists an increasing, non-negative and

convex function f:R — R, such that

lim@:—i—oo and sup E[fo|X]] < +o0.
Xek

T—00

Proof) We prove the equivalencies one by one.

Epsilon-Delta Characterization

Suppose K is uniformly integrable. The preceding theorem already shows us that K is

L'-bounded, so it remains to prove the € —§ part of the claim.

Choose any € > 0; by the definition of uniform integrability, there exists an N € N,
such that

€
E||X]|-1 < =
S [1X] - Ix5my ] 5

for any n > N. Defining § = 5%, choose any H € H such that P(H) < §. Then, for any
Xekr,

E[|X|- L] = B [| X[ Iyx|s xyon] +E[|X] - Lxj<nion]

<E[|IX| Ijxisny] + N -P({|X| < N} H)
€
2

FN-PH) <S4+ =e

<
- 2 2

This holds for any X € K, so

sup E[|X|- Ty] < <+ N -P(H) < .
XeK 2
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This in turn holds for any € > 0, so the proof of necessity is complete.

As for sufficiency, suppose that K is L'-bounded and that, for any € > 0, there exists a
0 > 0 such that P(H) < ¢ implies

sup E[| X| - ITy] <e.
Xek

Choose any € >0 and X € K. Since K is L'-bounded, it is bounded in probability, so
that there exists an NV € N, such that

sup P(|X|>n) <é
XeK

for any n > N. For any n > N and X € K, since P(|X| > n) > 4, letting H = {| X| > n},
E |[X|-Ixj5n] < supE[|Y]-In] <e.
YeK
This holds for any X € K, so

sup E {\X\ 'I|X|>n} <e
Xek

for any n > N. This in turn holds for any ¢ > 0, so by definition

lim sup E [yxy -I|X‘>n] =0
K

and K is uniformly integrable.

De La Valleé Poussin Characterization

We proved sufficiency in the previous theorem. To show necessity, we assume that K is

uniformly integrable and construct a function f: Ry — R, with the desired properties.

By uniform integrability, we can choose a sequence {z, }men, of strictly increasing

natural numbers such that
. —m
)S(lé%E {|X| I{|X|>mm}} <2

for any m € N;.

Now define the function f:R — R, as

F@) =3 (o)

n=1



for any = € R, where (x —z,,)+ is defined as
(x —xp)+ = max(x —zp,0)

for any n € N4. For any x € R4, since there exists an N € N, such that z,, > x for any

n > N, f(z) is non-negative valued.

f is also clearly increasing, and we can show that it is convex. For any x,y € R and
t €10,1],

((tz + (1 =1)y) —2n)4 = max(t(z — ) + (1= )(y — 24),0)
<t-max(z —x,,0)+ (1 —t) max(y — x,,0)

=t (z—2p)+ +(1—1)- (y—zn)+

for any n € N4 by the convexity of the mapping z — max(z,0) on R, so that

fltr+(1 i tr+(1—1t)y) —zn)+
< i (e + (- 1) S (0 a)e = L)+ (1— 1)1,
n=1 n=1

It remains to show that f satisfies the conditions laid out in the theorem. Note that
o0
x x
flz) _ 3 (1 _ n)
z n=1 T/ +

for any x € Ry. For any m € N, define the function ¢, : Ny — R, as

dn(m) = <1—$7;n>+ = max (1— x:,())

for any m € Ny. For any m,n € N,

ulim) = max (1= 222,0) < max (1= 222, 0) = g (m),

so that {¢;, }nen, is an increasing sequence of functions whose limit is 1. Letting c be

the counting measure on Ny, by the MCT we now have

o0

ti E = i 30 (1) <t [ o

= lim ¢, dc— ldc = 1=40c0.
= [, (i on)de= [ 1= 3
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It follows that

r—00

For any X € K and w € Q, suppose that | X (w)| < z,, for any n > N, where N € N,.
Then,

(folXD(w) =D (X (W) —2n)+
n=1
N
= (X))

3
Il
—

Mz

|—Z|X ) L x > an) (@)

n—=1
This holds for any w € €2, so the inequality
o0
o[ X| <Y IX|- I{x|>a0}
n=1
holds. Taking expectations on both sides yields

E[fo|X[|=E [Z | X 'I{X|>wn}]

n=1

iE [|X| 'I{|X|>zn}}a
n=1

where the second inequality follows from Fubini’s theorem for non-negative functions.

By design,

E [’X’ 'I{\X|>xn}} <2

for any n € N4, so we can conclude that
oo
folX| < Z =1< +oo.

This holds for any X € I, so

sup E[fo|X]|] <1< +o0.
Xek

Q.E.D.
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Chapter 2
Conditioning and Information

Here we delve deeper into the idea of o-algebras as information and expectations formed condi-
tioned on such information. Our investigation culminates in Ionescu-Tulcea’s theorem, a discrete
version of Kolmogorov’s extension theorem, which reveals that there exist probability spaces sup-

porting very general kinds of stochastic processes.

2.1 Conditional Expectations

2.1.1 Conditional Expectations of Non-negative Random Variables

Let (£2,H,P) be the underlying probability space, and F a sub o-algebra of H. Let X be a non-
negative random variable. A version of the conditional expectation of X given F is a numerical

random variable X such that

e Measurability

X is F-measurable

e Defining Property
For any H € F,

E[X-Iy]=E[X I|.

We often denote the collection of all versions of the conditional expectation of X given F by
E[X | F).
The following result shows that E[X | F] is actually an equivalence class of almost surely equal

functions:

Lemma 2.1 Let F be a sub c-algebra of H, and X,Y F-measurable numerical random

variables. Then, X <Y almost surely if

E[X -In] <E[Y-In]
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for any H € F, granted that the expectations exist.

Proof) Suppose that
E[X Iyl <E[Y-Ig]
for any H € F. For any ¢,r € Q such that g < r, define
Hyp = {Y <q}n{X >},
where Hy, € F because Y, X are F-measurable. Note that

H={y<X}= |J (¥r<gn{X>rh= | Hy.

q,m€Q, g<r q,m€Q, g<r

where the union on the right is over a countable index. Suppose that P(H) > 0. Then,
by countable subadditivity,

0<PH)< > P(Hg),
q,r€Q, q<r

indicating that there exists some ¢, € Q such that ¢ < r and P(Hg,) > 0. We now have

rB(Hy) =E[r Iy, ] SE[X- I, ]

<E
<E[Y- Iy, <Elq-In,]=q P(Hg).

Dividing both sides by P(Hy,) > 0 yields » < ¢, a contradiction. Therefore, we must
have P(H) =0, and by implication X <Y almost surely.

Q.E.D.

Corollary to Lemma 2.1 Let F be a sub g-algebra of H, and X,Y F-measurable numerical

random variables. Then, X =Y almost surely if
E[X - Iy]=E[Y - In]
for any H € F, granted that the expectations exist.

Proof) X =Y almost surely if and only if X <Y and X >Y almost surely. The above lemma
then implies that X <Y and X >Y almost surely if and only if E[X - Iy]| <E[Y - Iy]
and E[X - Ig| >E[Y - Iy] for any H € F. Putting this all together, X =Y almost surely
if and only if

E[X Iy =E[Y - Iy]
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for any H € F.
Q.E.D.

For any non-negative random variable X, let X and X belong to E[X | F]. Then, for any H € F,
E|X-Iy| =E[X Ig]=E|X Iu],

and because X and X are both F-measurable, we have X = X almost surely by the above lemma.
Therefore, versions of conditional expectations are unique up to almost sure equivalence, and we
can let E[X | F] also denote a representative of the equivalence class of versions of conditional
expectations of X given F. For this reason, equalities and inequalities usually only hold with
probability 1 when dealing with conditional expectations. In what comes below, every equality

and inequality is required to hold only almost surely, unless it is important to specify otherwise.

One of the first questions we can ask is whether E[X | F] is non-empty. The fact that E[X | F]
is non-empty for any non-negative random variable X can be shown using the Radon-Nikodym

theorem:

Theorem 2.2 (Existence of Conditional Expectations)
Let F be a sub o-algebra of H, and X a non-negative random variable. Then, E[X | F] # 0.

Proof) Suppose initially that X is integrable. Since X is non-negative, we can define the

measure p on (Q,F) as
u(H) = / XdP
H

for any H € F. Letting P’ be the restriction of P to (€2, F), u is absolutely continuous
with respect to ', and both are finite measures (u(2) = E[X] < +00). Therefore, by

the Radon-Nikodym theorem there exists a F-measurable function X such that
j(H) = / XdP’
H
for any H € F. It follows that
E[X-Iy] = p(H) = / XdP'
H

for any H € F.

It remains to verify that the integral on the right is the P-expectation of X - I'7. To this
end, we approximate X with an increasing sequence of non-negative and measurable
simple functions, as usual. Fix H € F, and let {f,},en, be a sequence of non-negative

F-measurable simple functions increasing to X. For any n € N, , suppose the canonical
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form of f, is given as

m
fn :Zai'IAia

i=1

where Aq,---, A, € F. Then,

ndP’:/ a;-Ia, dP’
/Hf . [; AZOH‘|

=Y PN H) =Y a BN H) = [ fudP.
i=1 i=1 H

since each A;NH € F and P =T on F. This holds for any n € N, so by the MCT,

/ XdP' = lim / foP' = lim / fndP :/ XdP.
The last term on the right is just E [Y-IH}, so we can see that
E[X - Iy]=E[X-Iy]

for any H € F.

Now let E[X] = +o0. In this case, define for any n € N4
X, = max(X,n).

{Xo }nen, is a sequence of bounded and thus integrable non-negative random variables
that increases to X. By the preceding result, for any n € N there exists a non-negative

F-measurable function X,, such that
E[X,Iy] =E X, Iu]
for any H € F. Note that, for any n € N,
E (X, In| =E[Xy In] <E[Xpi1-In] =B [Xpi1 - I

for any H € F. Since X, and X, 1 are both F-measurable, this implies by lemma 2.1
that X,, < X,,.1. In other words, {Yn}ne N, is a sequence that increases almost surely
to some limit X. By the almost everywhere version of the MCT, for any H € F we now

have
E[X-Iy] = lim E[X, Iy]= lim E[X,-Iy| =E[X-Iy].

Being the limit of F-measurable functions, X is itself F-measurable. Thus, by defini-
tion, X =E[X | F].
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Q.E.D.

What the above theorem actually does is furnish us with a version of the conditional expec-
tation of X given F that is non-negative everywhere on 2. Henceforth, we take E[X | F] to be
the representative of the equivalence class E[X | ] that is non-negative everywhere. It follows
that every version of E[X | F] is almost surely non-negative.

Conditional expectations retain many properties of expectations, including linearity; these

are presented below:

Theorem 2.3 (Expectation Properties of Conditional Expectations)
Let F be a sub o-algebra of H. Let X,Y be non-negative random variables. Then, the following
hold true:

i) (Projection Property) A non-negative F-measurable random variable X is a version of

the conditional expectation of X given F if and only if, for any V € F,,
E[X-V]=E[X-V].
ii) (Monotonicity) If X <Y, then E[X | F]<E[Y | F].
iii) (Linearity) Let a € R;. Then,

a-B[X|F|+E[Y |F]=E[aX+Y | F].

iv) (Monotone Convergence Theorem) Let {X, },en, be a sequence of (almost surely)

increasing non-negative random variables. Letting X be the pointwise limit of { X, }nen,,

E[X | F]= lim E[X, | F].

v) (Fatou’s Lemma) Let {X,,},cn, be a sequence of (almost surely) non-negative random

variables and X = liminf,, . X,,. Then,

E[X|F] < lirginfE[Xn | F].

Proof) i) Sufficiency is clear, since Iy is a F-measurable non-negative random variable for
any H € F.

Suppose that X =E[X | F]. Then, for any simple non-negative and F-measurable

random variable V with canonical form

n
V:Zai'IAi
i=1
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ii)

iii)

iv)

for some Aq,---, A, € F, we have
EX-V]=) a;-E[X 14
=1
=Y @ E[X-Iy|=E[X V]
=1

by the linearity of integration of non-negative functions.

Now let V' be a F-measurable non-negative random variable in general. Then,
there exists a sequence {V}, }nen . of F-measurable simple functions that increases
to V; this indicates that {X -V, },en, and (X Vibnen . are sequences of non-
negative measurable functions that increase to X -V and X -V, respectively. By
the MCT, we now have

E[X-V]= lim E[X-V,]= lim E[X-V,| =E[X-V].

n—oo

Suppose X <Y (as usual, the inequality is almost sure). Then, for any H € F,
E[X Iy <E[Y-Ig]

by the monotonicity of integration, which in turn implies by the defining property
that

E[E[X | F]-Ig) <E[E[Y | F] - Ig]

for any H € F. Since E[X | ] and E[Y | F] are both F-measurable, by lemma 2.1
we have E[X | F] <E[Y | F] (also almost surely).

Choose any a € Ry. The sum aE[X | F]+E[Y | F] is a non-negative F-measurable
function, and for any H € F,

E[(QX+Y)'IH] :a-E[X'IH]+E[Y-IH]
_ -E[E[X | F-In] + E[E[Y | - In]
=E[E[X | FI+E[Y | F])- Iu],

where we used the linearity of the integration of non-negative functions and the

defining property of conditional expectations. By definition, aE[X | F]|+E[Y | F]

is a version of the conditional expectation E[aX +Y | F].

By the monotonicity of conditional expectations, {E[X,, | F]}nen, is an almost
surely increasing sequence of non-negative random variables. This means that the

(almost sure) pointwise limit of {E[X,, | F]}nen, is well-defined. We must show
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that this limit is a version of the conditional expectation of X given F. Denote
this limit by X.

Being the limit of F-measurable functions, X is also F-measurable. It remains to
show the defining property holds. For any H € F, {X,, - Iy }nen, and {E[X,, | F]-
Igtnen , are sequences that increase (almost surely) to X - Iy and X - Ipz; thus,

by the almost everywhere version of the MCT,
E[X-Iy] = lim E[X, In] = lim E[X,-In| =E[X-Iy].
n—oo n—0o0
By definition,

E[X | F]=X = lim E[X, | F].

Define the sequence {Y, }nen, as
Y, = égi X,

for any n € Ny. Then, {Y,},en, is an increasing sequence of non-negative random
variables with pointwise limit X = liminf,, ., X,,.

For any n € Ny and H € F, since Y, < X}, for any k£ > n, we have
E[Y, Ig) <E[X-Iy],
and by the defining property of conditional expectations,
E[E[Y,|F] Iy <EE[Xy|F] Iu].
This holds for any H € F, so by lemma 2.1,
E[Y, | F]<E[Xy|F]
for any k£ > n, and as such
E[Y, | F] gégiE[Xk | F].
By the conditional version of the MCT,
nh_{EOE[Y” | FI=E[X | F].
Therefore,

E[X | F]= lim E[Y, | F] < lim_inf E[X} | F] = liminfE[X,, | F].
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Q.E.D.

Conditional expectations also possess the following unique properties:

Theorem 2.4 (Unique Properties of Conditional Expectations)
Let F,G be sub o-algebras of H, and X,Y non-negative random variables. Then, the following
hold true:

i) (Conditional Determinism) If X is F-measurable, then
E[XY | F]=X -E[Y | F].
ii) (Tower Property) If 7 C G, then

EX|F]=E[E[X|F]|G]=E[E[X|G]|F].

Proof) i) If X € F, then for any H € F, since X - I is a F-measurable non-negative random
variable, by the projection property

E[XY -Ig]=E[E[Y | F]- XIy].

This holds for any H € F, and E[Y | F]- X is a F-measurable non-negative random
variable, so by definition E[Y" | F]- X is a version of XY | F, or in other words,

X-E[Y | F]=E[XY | F].

ii) The first equality follows easily from conditional determinism, since E[X | F] is

JF-measurable and thus G-measurable.

To show that the second equality holds, note that, for any H € F, H € G as well,
so that

E[E[X |G] - Ig|=E[X-Iy].
However, by definition, we also have the equality
EE[X |G]-In] =E[E[E[X |G]| F]-In].
Putting the two together,

EEEX |G F]-Iu] =E[X - Ix]
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for any H € F, and since E[E[X | G] | ] is F-measurable, by definition

EE[X|G]|F]=E[X|F].

Q.E.D.

The tower property, in particular, implies the infamous law of iterated expectations:
E[E[X [ F]]=E[X],

since unconditional expectations can be thought of as conditional expectations with respect to

the trivial o-algebra. In other words, if X is integrable, then so is E[X | F].
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2.1.2 Conditional Expectations of Real Random Variables

Now we extend the above framework to arbitrary real random variables. Let X be a real-
valued random variable, with positive and negative parts X and X . Since X' and X~ are
non-negative random variables, by the results we showed above the conditional expectations
E[XT|F] and E[X ™ | F] exist. We define the conditional expectation of X given F as the

collection
E[X|F]= {YJF -X | X" €eE [X* | F], and the difference is almost surely well-defined}.
We also write this as
E[X|F]=E[X*|F|-E[x"|F].

As in the case of non-negative random variables, we can see that E[X | F] is an equivalence
class of almost surely equal random variables. To see this, let X,Y € E[X | F|; then, there exist
Yi,?i € E[X™ | F] such that

X=X"-X and Y=Y -Y_.
Since X =Y and X =Y almost surely, it follows that X =Y almost surely as well. Thus,

as in the non-negative case, we let E[X | F] also denote a representative of the equivalence class,

and assume that all equalities and inequalities hold almost surely, unless specified otherwise.

For E[X | ] to be non-empty, it suffices for E[X* | ] to be finite almost surely (since E[X* | F]
is an equivalence class, this means that every conditional expectation is also finite almost surely).
In this case, we say that X is conditionally integrable given F; note that every random variable
in E[X | F] is almost surely real-valued in this case. Note that this does not imply that X is

integrable.
The following show that conditional expectations of real random variables retains much of the

properties associated with unconditional expectations, and that they also possess the same

unique properties as conditional expectations of non-negative random variables.
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Theorem 2.5 (Properties of Conditional Expectations of Real Variables)
Let F,G be sub og-algebras of H. Let X,Y be real valued random variables that are conditionally
integrable given F. Then, the following hold true:

i) (Defining Property) Suppose X is integrable. Then, it is conditionally integrable given
F. Additionally, X = E[X | ] is a F-measurable and integrable real random variable such
that

E[X-V]=E[X-V]

for any integrable V.
ii) (Monotonicity) If X <Y, then E[X | F]<E[Y | F].

iii) (Linearity) For any a € R,

a-B[X|F|+E[Y |F]=E[aX+Y | F].

iv) (Dominated Convergence Theorem) Let {X,},en, be a sequence of real random
variables that converges pointwise to some real random variable X. Suppose there exists
a real random variable Y conditionally integrable given F such that |X,| <Y for any

n € Ni. Then, X is conditionally integrable given F and

lim E[X,, | F] =E[X | F].

v) (Conditional Determinism) Let X be a F-measurable random variable. Then, XY is

conditionally integrable given F and

E[XY | F]=X -E[Y | F].

vi) (Tower Property) Let F C G, and assume that X is also conditionally integrable given
G. Then,

EX[|F]=E[E[X|F]|G]=E[E[X[F]]F].
Proof) i) Suppose X is integrable. Then, by the law of iterated expectations,
E[E[X*|F]] =E[X*] < 400,

so that, by the finiteness property, E[X* | F] < 4+oc almost surely. It follows that
X is conditionally integrable given F.

Let X = E[X | F]. By definition, there exist X ', X such that X = E[X* | F]
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ii)

and
X-X"-X

since X and X _ are both integrable, so is X, and by the finiteness property
we can choose versions of them that are finite everywhere. This ensures that the

operations below are all well-defined.

For any real integrable F-measurable random variable V', we can see that
XV=XT-X) (VI -V ) =XVt - XV - X"V 4+ XV,

Since VT,V ™ are non-negative F-measurable random variables, by the projection

property for non-negative variables we have

E| XV =E[X V|
E[X V¥ =E[X V*].

Since these expectations are all finite (they are products of integrable variables),
it follows that

E[X-V]=E[X*V*|-E[X V] -E[X*V |+E[X V]

Suppose X =E[X | F] and Y =E[Y | F], and let X <Y. Then,
XT+Y <Y +X",

and by the monotonicity and linearity of conditional expectations of non-negative

random variables,
E[X*|F|+E[y~ | F] <E[X™ | F]+E[Y*|F].

By conditional integrability, E[X* | F] < 400 and E[Y™* | mathcalF] < +oo al-

most surely; as such, the above inequality tells us that

E[X|F]=E[X*|F|-E[X" | F]
<E[Y*|F|-E[y~|F]=E[Y | F].
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iii) Choose any a € R. Suppose that a > 0. In this case,
(aX)"=aX" and (aX) =aX",
so that
E[(aX)* | F] =a-E[X*|F]

by the linearity of conditional expectations of non-negative functions. By condi-
tional integrability, E[(aX)¥ | F] < +oo almost surely, so that aX is also condi-

tionally integrable given F, and we have
ElaX | Fl=0a-E[X | F].
If a < 0, we can repeat the process above using the observation that

(aX)"=—-aX~ and (aX) =-aX".

By monotonicity, since (aX +Y)" < (aX)T+YT,
E[(aX +Y)" | F| <E[@aX)" | F|+E[y* | F| < +oc.

The same holds for (aX +Y)7, so aX +Y is conditionally integrable given F.
Now note that

aX+Y =(@X)"—(aX) +Y " -Y =(aX+Y)" —(aX+Y),
so that
(aX+Y) 4+ (aX) " +Y = (@X)T+Y T+ (aX+Y)".
By the linearity of conditional expectations of non-negative functions, we have

E[(aX +Y)" | F|+E[(aX)” | F]+E[Y~ | F|
=E[(aX +Y)" | FI+E[(@X)" | F|+E[v*| F],

and because all the conditional expectations involved are almost surely finite,

rearranging terms yields

ElaX+Y | F]=E[aX | FI+E[Y | F]=a-E[X | F]+E[Y | F].

iv) We first show that X is conditionally integrable. For any n € N, |X,| <Y and
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Y is conditionally integrable, so that, by monotonicity,
E[|X,| | F]<E[Y | F] < 40
for any n € N. By the conditional version of Fatou’s lemma, it now follows that
E[|X]|]|F] < hnrglgﬂEHXﬂ | FI<E[Y | F] < +o0.

Since | X|= X1+ X, the linearity of the conditional expectations of non-negative

functions implies that
E[X* | F] < +oo,

and as such that X is conditionally integrable.

Define the sequences {Y;, }nen, and {Z,}nen, as
Y.,=Y-X, and Z,=X,+Y

for any n € N4. Since |X,| <Y for any n € N by assumption, {Y,},en, and
{Z, }nen, are sequences of non-negative random variables, so that, by the condi-

tional version of Fatou’s lemma,

EY -X|F] < linrggéfIE[Yn | F]
EY+X|F]< linrgicgfIE[Zn | F].
Here, Y is conditionally integrable given F, so that, by linearity,
limsupE[X,, | F] <E[X | F] <liminfE[X,, | F].
n—oo n—oo

It follows that

lim E[X,, | F] =E[X | F].

Suppose X is F-measurable. Then, so are X+ and X . We first show that XY is

conditionally integrable given F.
XY =X"YT-XTY - XY "4+X Y,

and XY <0 if only one of X or Y is negative, while XY > 0 if both are non-

negative or negative, we can see that
(XY)T=XTYT4+ XY™ and (XY) =XTY +X YT .
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By conditional determinism applied to the positive and negative parts of X and

Y, we have
E|XTY* | F] =Xt E[Y*|F]

E[X"Y*|F]=X"-E[Y*|F].

Then, the linearity of the conditional expectations of non-negative functions im-

plies that

E[(XY) | F] =XTE[Y* | F]+ X -E[y™ | F] <400
E[(XY)™|F]=XT-E[Y™|F]+ X -E[Y"|F| <+o0

almost surely. By definition, XY is conditionally integrable given F. It is now

immediately evident that

E[XY | F]=E[(XY)*" | F| -E[(XY)" | F] = X -E[Y | F].

vi) By the tower property for non-negative random variables,
E[X*|F]=E[E[X*|F]|G] =E[E[X*|d]| F].
Since X is conditionally integrable given F and G, we can see that
E[X|F]=E[X*|F|-E[X" | F]
[E[x*| 7] \g} E[E[X™|F]|G]
E
[E

(X | F|-E[X~ | F] 1]
X | F]19]

ﬁﬁﬁﬁ

by linearity, and the same holds for the second equality as well.

Q.E.D.
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2.1.3 Conditional Expectations of Real Random Vectors

The conditional expectations of real random vectors are defined analogously to their uncon-
ditional expectations. Let F be a sub o-algebra of H, and X = (Xi,---,X}) a k-dimensional
random vector. We say that X is conditionally integrable given F if Xi,---, Xy are all condi-

tionally integrable given F, and in this case we define

E[X1 | F]
E[X | F]=
E[Xy | F].

If X takes values in ]Ri, so that its coordinates are all non-negative random variables, then
E[X | F] always exists and is defined as above. Again, E[X | F] stands for the representative of
an equivalence class.

We first state Jensen’s inequality for conditional expectations; we did not state this as part

of the preceding theorem because it is mostly used in a multivariate context.

Theorem 2.6 (Conditional Version of Jensen’s Inequality)
Let F be a sub c-algebra of H, and X a k-dimensional real random vector. For any convex

function f:R¥ — R, if fo X and X are conditionally integrable given F, then

E[foX | F] = F(E[X | F]).

Proof) The proof proceeds almost identically to the proof of the unconditional version of the

inequality.

Let W; be the set of all affine minorants of f, that is, the collection of all affine
functions h : R¥ — R such that h(z) < f(z) for any = € R¥. The characterization of
convex functions (refer to the text on correspondences and convex analysis) tells us
that

f(z) = sup h(z)
heW;

for any = € R*. We use this to establish our claim.

For any h € Wy, there exist v € R* and ¢ € R such that
h(z)=vz+c

for any = € R¥, since h is an affine function. Since X is conditionally integrable given

F, and constants are trivially conditionally integrable, the linearity of conditional ex-
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pectations tells us that ho X is also conditionally integrable given F with

Since h(z) < f(z) for any x € R¥, we can see that ho X < fo X and thus, by the

monotonicity of conditional expectations,
E[foX]>E[hoX]=h(E[X | F]).
This holds for any h € Wy, so

E[foX]> sup h(E[X | F]).
hew,

On the other hand, the characterization of f reveals that

FE[X]F]) = sup h(E[X | F]).
eWy

Therefore,

E[foX] = sup h(E[X | F]) = F(E[X | F]),
heW;

which is our desired result.

Q.E.D.

The result above allows us to draw the following connection between conditional expecta-

tions and uniform integrability:

Theorem 2.7 Let X an integrable k-dimensional real random vector, and define the collection
K={E[X | F]|F is a sub c-algbra of H }.

KC is a uniformly integrable collection of real random vectors.

Proof) X is an integrable random vector, so that the singleton {X?} is trivially uniformly
integrable. By the De La Valleé Poussin characteriztion of uniform integrability, there
exists a non-negative increasing and convex function f:R — R, such that f(0) =0 and

lim f@) =400 and E[fo|X]|] < +oc.

T—00
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Choose any Z € KC; by definition, there exists a sub o-algebra F of H such that
Z=E[X|F].

By the conditional version of Jensen’s inequality, the convexity of the mapping = — ||,

and the conditional integrability of | X| and X, we can see that
2] <E[X|[F].

Since fo|X]| is integrable, it is also conditionally integrable; by the conditional version

of Jensen’s inequality once more, we have
FEIX]F]) <E[folX[[F].
Finally, f is an increasing function, so
folZ| < fFE[IX][F]) <E[folX[[F].
The monotonicity of integration now shows us that
E[fo|Z]] <E[fel|X]].

This holds for any Z € K, so

sup E[fo|Z]] <E[f o[ X|] < +oo.

ZeK

By the De La Valleé Poussin characteriztion of uniform integrability once again, we can

conclude that /C is uniformly integrable.

Q.E.D.
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2.2 Conditional Probabilities

So far, we have dealt with the conditional expectation of random variables given some sub o-
algebra F of H. We can instead think of the more general concept of conditional probabilities,
that is, an expression that summarizes the information in P(H | F) for any H € H, where we
define

P(H|F):=E[Ig|F].

2.2.1 Regular Versions of Conditional Probabilities and Distributions

Transition probability kernels play a central role in the theory of conditional probabilities and
distributions. Let (E, &) and (F,F) be measurable spaces. Recall that the function K : E x F —
[0,+00] is called a transition probability kernel from (E,£) to (F,F) if:

o K(-,A) is a E-measurable non-negative function for any A € F, and
o K(z,-) is a probability measure on (F,F) for any x € E.

Recall that, for any = € F, we denote the integral of some function F-measurable function

f with respect to the probability measure K(z,-) as

/f K (z,dy),

granted that the integral exists.

Consider a function @ : Q2 x H — [0,1], where Q(-,H) is taken to be a version of P(H | F)
that takes values in [0,1] for any H € H, with Q(-,0) =0 and Q(-,Q) = 1. Then, each Q(-,H) is
an F-measurable non-negative function, and for a disjoint collection { H, }nen, of H-measurable
sets with union H = J,, Hp,

Q- H)=E[Iy|F]= [Z Iy, |f]

by the conditional version of the MCT for series, where the equality holds almost surely.

If we can choose ) so that this equality holds everywhere on ) for any disjoint collection
{H,}nen, CH, then @ becomes a transition probability kernel from (€,F) into (2,H) such
that

Q(,H)=P(H |F)

for any H € H. In a sense, () summarizes the information present in all conditional probabili-

ties given F; we call @) a regular version of the conditional probability P (- | F). Heuristically,
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we may view () as representing the conditional analogue of the underlying probability measure IP.

Let X be a random variable taking values in the measurable space (F,£), and let F be a
sub o-algebra of H. Recall that the distribution of X as the pushforward measure of P with
respect to X, that is, as y =Po X ~!. The value of u given a measurable setA € £ represents the
probability of X taking values in the set A.

We can define the conditional distribution of X given F in a similar manner. Suppose that
Q:QxH —[0,1] is a regular version of the conditional probability given F. Then, letting
L:Qx&—[0,1] be defined as

L(w,4) = Q(w, X 1(4))

for any (w,A) € Qx &, L is referred to as a regular version of the conditional distribution of X
given F. Note that L is a transition probability kernel from (€, F) into (E,E):

e Forany A€ €&, L(-,A) = Q(-, X 1(A)) is a F-measurable non-negative function

o For any w € Q, L(w,-) is the pushforward measure of Q(w,-) with respect to X and thus a
probability measure on (E,&).

For any A € &,
L(,A)=Q(,XTH(A) =P(X € A| F)

so that L(-,A) can be interpreted as the conditional probability of X taking values in A given
F. Like the regular version () represents the conditional analogue of the underlying probability

measure P, L represents the conditional analogue of the distribution y =Po X! of X.

Given the parallels beteween the unconditional probability measure/distribution and the
conditional versions, we might expect conditional expectations to be formulated in terms of
integrals with respect to @ or L, like how expectations can be written as integrals with respect

to P or pu. We confirm below that this is indeed the case:

Theorem 2.8 Let X be a random variable taking values in (E,£), and F a sub o-algebra of
‘H. Suppose there exists a regular version @ of the conditional probability given JF, using which
we can define a regular version L of the conditional distribution of X given F as above. Then,

for any f € &4, the mappings

w s /Q(foX)(t)Q(w,dt)

and

wl—>/Ef(a:)L(w,dx)
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are both versions of the conditional expectation E[f o X | F].

Proof) Define Ag,Ar : 2 — [0,+00] as
Ko@) = [ (foX)(Qw.d)

AL(w):/Ef(x)L(w,dw)

for any w € Q. Since L(w,-) = Q(w,-)o X1, by theorem 1.1, we can immediately see
that

Mulw) = [ f@)Lw,dz) = [ (70 X)(0Qw,dt) = Ag(w)
for any w € €2, so that
A(f):=Ap =Ag

on Q. It remains to show that A(f) is a version of the conditional expectation of foX

given F.

Suppose f is a non-negative £-measurable simple function with canonical form

n
f:Za’L"IAi:
i=1

where a1, ,a, € [0,4+00) and A;,---, A, € £ form a measurable partition of E. Then,

for any w € Q,
/Ef(x)L(%dl') = zn:az‘ - L(w, 43),
i=1
by the linearity of integration of non-negative functions, so that
A(f) = iai-L(-,Ai).

Each L(-, A;) is F-measurable and non-negative by definition, so it follows that A(f) is

a non-negative F-measurable function. Furthermore, for any H € F,

E[A(f) 1] =E [iai ' L(’aAi)IH]
i—1

i=1

by the linearity of expectations of non-negative functions. Since each L(+, A;) is a version
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of E [ X (A | F |, by the defining property of conditional expectations
E[L(-,A;) - In] =E [Xfl(Az‘) ‘ IH} ;
it follows that

E[A(f) - Iy] = iai B [X (A I
i=1

:EH<XH:Q,IAZ.> oX] -IH] —E[(foX)-Ip].

=1

Therefore, if f is a non-negative simple F-measurable function, A(f) is a version of
E[foX | F].

Now let f be an arbitrary non-negative £-measurable function. Then, there exists a
sequence { f, }nen, of non-negative £-measurable simple functions increasing to f. By

the MCT, we can see that, for any w € €2,

n—oo

/Ef(:c)L(w,dx): lim /Efn(x)L(w,dac),

so that

A(f) = lim A(f,).

We showed above that {A(f,)}nen, is a sequence of non-negative F-measurable func-
tions, so it follows that their pointwise limit A(f) should also be a non-negative F-
measurable function. Note also that {A(fy)}nen, is itself an increasing sequence of

functions by the monotonicity of integration.

Similarly, by repeatedly using the MCT, we can see that, for any H € F,

E[A(f)-In] = lim E[A(f) - Tn]

= Jim B[(fy0X) Iy =E[(f o X) - Tp).

By definition, A(f) is a version of E[f o X | F].

Q.E.D.

We have thus seen that, in almost every sense, the transition probability kernels (Q and L play

the role of the conditional analogue of the underlying probability measure P and distribution

u of a random variable X. However, unlike the underlying probability measure P, we do not

know whether the regular version @ of the conditional probability F even exists. Are there any

sufficient conditions under which @Q exists?

115



Instead of directly addressing the question of the existence of (), we can address a related, but
distinct, question. Suppose X, Y are two random variables taking values in the measurable spaces
(E,E) and (F,F) with joint distribution 7 = Po (X,Y)~!. Letting p and v be the distributions
of X and Y, recall that we say that X and Y are independent if the joint distribution 7 can be
expressed as the product m = u X v. However, what if X and Y are not independent? Can we
still decompose 7 into the product of p and some other mathematical object in this case?

Fortunately, the answer to both questions is yes. The decomposition m = u X v turns out to
be a special case of the general case where 7 is decomposed into the “product” of 1 and some
transition probability kernel from (E,€) into (F,F). In the next section we study the general
method of constructing a probability measure on a product space from a measure and a tran-
sition probability kernel, and then furnish sufficient conditions for a probability measure on a
product space into the product of a measure and a transition probability kernel. We then show
that the transition probability kernel in question can be used to construct a regular verison of
conditional distribution of Y given X', as well as a regular version of the conditional probability

given X.

2.2.2 Construction of Probability Measures

One of the main uses of transition probability kernels is in the construction of measures on the
product space (E x F,EQ@JF). To this end, we first show that, for any transition probability
kernel K from (E,€) to (F,F) and non-negative £ Q F)-measurable function f, the mapping

xb—>/fx K(x,dy)

is a non-negative £-measurable function, where f, : F' — [0,+00] is the section of f defined as
f2(y) = f(x,y) for any y € F. Below, we let (£@Q F)4 , denote the collection of all non-negative

or bounded & Q) F-measurable functions.

Lemma 2.9 Let (E,€) and (F,F) be measurable spaces. For any transition probability kernel
K :ExF —[0,1] from (FE,€) to (F,F). For any non-negative (bounded) £ F-measurable

function f,

(Tieh)w) = [ Lo0)K .dy)

is well-defined for any x € F and the function Tx f : E — [—00,+00] is a £-measurable non-
negative (bounded) function.

Furthermore, the transformation Tk : (€ Q F)4, — E4p possesses the following properties:

i) (Linearity) For any non-negative (real-valued) scalar a and non-negative (bounded)

"When we say given X, we mean given the sub o-algebra ¢ X of H.
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& Q F-measurable functions f,g,
Tg(af+g)=a - (Tkf)+(Tkg)-

ii) (Sequential Continuity) For any increasing sequence { f,, }nen, of non-negative £Q F-
measurable functions with pointwise limit f, {Tk f,}nen, is an increasing sequence of

non-negative £-measurable functions such that

TKf: sup TKfn
neN4

Proof) We first show that, for any f € (EQF)+p, (Tkf)(x) is well-defined for any = € E.
First note that the section f, : F — [—00,+00] is a F-measurable function?. If f is

non-negative, then so is f,, and therefore the integral

(Te)(a) = [ fol)K oy

is well-defined and takes values in [0, +00]. Meanwhile, if f is bounded, then there exists
an M > 0 such that | f| < M, and by the monotonicity of integration and the fact that

K (z,-) is a probability measure, we have

/F | f2(y)| K (z,dy) < M < +o0.

This shows us that f; is K(z,-)-integrable, and as such that

(Tc)(a) = [ fol)K oy

is again well-defined and takes values in R.

Now we show that the mapping Tk from the set of all non-negative or bounded £ ) F-
measurable functions to numerical functions on E possess linearity and sequential con-
tinuity properties. Choose any £ Q F-measurable functions f,g that are both bounded
(and thus real-valued), and let a € R. af + g is again a bounded & F-measurable
function, so Tk (af + g) is a well-defined real valued function on E. For any x € E, by

2This can easily be seen as follows. Define g: F — E x F' as g(y) = (z,y) for any y € F. Then, for any measurable
rectangle A X B on (E x F,EQF), we have

0 ifzgA

-1
AxB)= e F,
(AxB) {B fzeA

which implies that g is measurable relative to F and £ )F, since the set of all measurable rectangles generates
the product o-algebra £ ®]: . Since fy = fog, the preservation of measurability across compositions and the
& Q) F-measurability of f ensures that fy is F-measurable.
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the linearity of integration for real integrable functions,

(Tie(af +0)(@) = [ (@f +9):)K (@.dy) = [ (@ o)+ 0:0) K ()
=a‘/Ffm(y)K(w?dy)+/ng(y)K(m,dy)=a‘(TKf)(fv)+(TKg)(w)-

This shows us that Tx(af +9) =a - (Tkf)+ (T'kg). On the other hand, if f,g are
non-negative instead of bounded, and a € [0,+0o0], then af + g is again a non-negative
€ Q@ F-measurable function, so that Tk (af + g) is a well-defined non-negative function
on F. The linearity result then follows from the linearity of integration for non-negative

functions.

Now suppose that { f, }nen, is an increasing seqeunce of non-negative £ @ F-measurable
functions. Then, defining f = sup,cy, fn, f is also in (€ ®F) because measurability
is preserved across pointwise supremums, so that Tk f is a non-negative function on F.
Furthermore, for any = € I, since { f,, 2 }nen, is an increasing sequence of non-negative

F-measurable functions increasing to f,, the MCT shows us that

(Tr f)(x /fx (z,dy) = hm / fna(W)K(x,dy) = hrn (TKfn)( ).

The monotonicity of integration also shows us that Tk f,, < Tk fn+1 for any n € N4, so

{Tk fn}nen, is a sequence of non-negative functions on FE that increase to T f.

It remains to show that Tk f is £-measurable for any bounded or non-negative £ @ F-
measurable function. To this end, we make use of the monotone class theorem for

functions: define the collection M as
M={fe (5®f)+ | Tk f is E-measurable. }
Note that, for any measurable rectangle A x B on (E x F,EQF),
(T Laxs)(x / La(2)Ip(y) K (2, dy) = L4(z) - K (z, B)

for any = € FE, so that Txlaxp = Ia- K(-,B). Since I4 and K(-,B) are both &-
measurable non-negative functions, so is TxIaxp; this shows us that Iaxp € M. We

now show that M is a monotone class of functions:

i) Igxr € M because E x F is a measurable rectangle.

ii) For any a,b € R and f,g € My, since f,g € (€ Q F)s, by the linearity result shown

above,

Tx(af+bg)=a- (Tkf)+b-(Tkg).
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Since Tk f,Tkg are both bounded £-measurable functions because f,g € M, the
preservation of measurability across linear combinations shows us that Tk (af +bg)

is also a bounded £-measurable function, and as such that af +bg € M,,.

iii) For any increasing sequence {f,}nen, C My, since {fn}nen, is an increasing
sequence of non-negative £ F-measurable functions, the sequential continuity

result shown above shows us that

TKf: sup TKfn
neEN4

By assumption, {Tk fn}nen, is a sequence of £-measurable non-negative func-

tions, so it follows that Tk f € €4 as well. Therefore, f € M.

Thus, M is a monotone class of functions that contains all indicator functions of the
form 4« p. Since the collection of all measurable rectangles on E x F' forms a m-system
that generates the product g-algebra £ Q) F, the monotone class theorem for functions
tells us that any non-negative or bounded &£ @) F-measurable function is contained in
M. In other words, for any f € (£QF)p, the function Tx f : E — [—o00,+0o0] is &-

measurable.

Q.E.D.

The next result shows us how to construct a probability measure on (E x F,E@ F) given a

probability measure on (E,€) and a transition probability kernel from (E,&) into (F,F).

Theorem 2.10 (Construction of Probability Measures on Product Spaces)

Let (E,€) and (F,F) be measurable spaces. Let i be a probability measure on (E,£) and K a
transition probability kernel from (F,&) into (F,F). Then, there exists a probability measure 7
on (E x F,EQF) such that

s = [ (Ticf)dp

ExXF

for any f € (€@ F)_. Furthermore, 7 is the unique measure on (£ x F,€® F) such that

7(Ax B) :/AK(-,B)du

for any measurable rectangle A x B on E X F.
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Proof) Define the functional A : (€@ F) . — [0,+00] as

AP = [ (Tihp

for any f € (EQF), . We verify that A satisfies the following three properties:

— A assigns 0 to the empty set
A(1y) = [(TrIp)dp =0 because Tk Iy =0 by the definition of the mapping Tk.

— A is a linear functional
For any a € [0,+00] and f,g € (E®F),, by the linearity of the mapping Tk :
(EQF), — &4 and the linearity of the integration of non-negative functions, we

have

a [ @ichdu+ [ (Tigldn=a-A() +Alg).
E E

— A is sequentially continuous
For any increasing sequence { f,, }nen, of non-negative £ Q F-measurable functions
with pointwise limit f € (€@ F),, the preceding result tells us that {Tk fy fnen,
is an increasing sequence of non-negative £-measurable functions with pointwise
limit Tk f. By the MCT, this implies that

AP = [ (Tchdu=lim [ (Ticfu)dp = lim A(F).

Furthermore, by the monotonicity of integration, {A(f,)}nen, is an increasing

sequence of functions, so that

A(fn) /7 ACF).

The elementary representation theorem for linear sequentially continuous functionals
stated in the measure theory text now implies that there exists a measure m on (E X
F,EQF) such that

fdm=A(f)
EXF

for any f € (@ F),.. Since

7(E x F) = Mpsr) = [ K(.F)du=1
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7 is a probability measure, and since the collection of all measurable rectangles on
E x F is a w-system generating £QF, 7w is equivalent to any probability measure v

such that m and v agree on all measurable rectangles A x B on E x F. Since

T(Ax B) = /AK(-,B)d,u,

this proves the uniqueness claim.

Q.E.D.

We denote the probability measure m constructed above as m = pu x K, and we often write

san= [ @ehau= [ [ 1)K dypdu)

ExXF

for any f € (£Q®F),. The measure 7 is then called the product of the probability measure
and the transition probability kernel K.

2.2.3 Decomposition of Joint Distributions

What we are actually interested in is the opposite of the above case: specifically, we want to
furnish sufficient conditions under which a probability measure 7 on the product space can be
expressed as the product of some probability measure p on (E,€) and a transition probability
kernel K from (E,E) to (F,F). The following result shows how the decomposition problem is
intimately related to the existence of regular versions of conditional distributions of random

variables:

Theorem 2.11 Let X and Y be random variables taking values in the measurable spaces
(E,E) and (F,F). Denote the joint distribution of X and Y by 7, and suppose that it has the
decomposition m = p x K for some probability measure p on (E,€) and transition probability
kernel K from (F,E) into (F,F). Then, u is the marginal distribution of X, and defining L :
QxF —10,1] as

L(w,A) = K(X (), A)

for any (w,A) € Q@ x F, L is a regular version of the conditional distribution of YV given X.
Furthermore, for any f € (EQF),,

E[f(X.Y) | X] = (Txf)o X = [ F(Xy)K(X.dy).

Proof) We first show that p is the marginal distribution of X. For any A € £, since 1 = ux K,
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we have

T(AxF) = /K F)dp = p(A)

since K is a transition probability kernel. By definition, p is the marginal distribution
of X.

Now we show that L is a regular version of the conditional distribution of Y given X.
It is easy to see that L is a transition probability kernel from (Q2,0X) into (F,F); for
any A € F,

is a probability measure on (F,F). Now choose any A € F. We can see that, for any
H € 0X, there exists a B € £ such that H = X~!(B) and thus
E[L(-A)-In) = E[(K(-,A) - I) 0 X]
= [ () 1n) dy
/ K(-,A)duy=m(Bx A)
=E[(IpoX)([a0Y)|=E[(Is40Y) Ig],
where the second and fifth equalities are justified by the definitions of the distribution
of random variables/vectors. Since L(-, A) is o X-measurable, the above result tells us

that L(-,A) is a version of the conditional expectation E |:Iy—1(A) ] X} =P(YeA|X).

By definition, L is a version of the conditional distribution of Y given X.

Finally, let f be a non-negative £ ) F-measurable function. Then, for any H € 0 X,
letting A € € be chosen so that H = X ~1(A), note that

E[f(X,Y) - Iu] =E[(f-Taxr) o (X,Y)]

EXF

_//fxy (z,dy)du(z) = /(TKf)du

E[(Tkf) 1a)o X]=E[(Tkf)oX)-In].

Since (T f)o X is trivially o X-measurable by the Doob-Dynkin lemma, this shows us
that (T'x f) o X is a version of the conditional expectation E[f(X,Y) | X].
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Q.E.D.

The quantity K allows us to give a mathematically rigorous definition of the conditional
probability of Y € A given X = z; since L(-,A) = K(-,A)o X is a version of P(Y € A| X), it

stands to reason that we may define
PYeA|X=x)=K(z,A)

for any (x,A) € E x F. This also allows us to rigorously define the conditional density of Y
given X = x; suppose that there exists some o-finite measure v on (F,F) such that K(x,-) is
absolutely continuous with respect to v for any € E. By the Radon-Nikodym theorem, for any

x € E there should exist a function k, € F, such that

K(z, A) = /A ke (y)dv(y)

for any (z,A) € B x F. If the function fy|x : E X F' — [0,+00] defined as

fyix(y | @) =ke(y)

for any (z,y) € E x F' is £@ F-measurable, then it is referred to as the conditional density of Y’

given X = x with respect to v. Note that, in this case,

/ fyix(y | X)dv(y)
A

is a version of the conditional probability of Y € A given X, for any A € F.

Now that we showed how the decomposition m = p x K allows us to rigorously define various
useful concepts, we again turn back to the problem of the existence of this decomposition. The
next theorem shows that a common assumption made in probability theory is actually sufficient
for the above decomposition. Specifically, if we interpret 7 as the joint distribution of two random
variables X and Y, then it is sufficient for 7 to have a joint density with respect to a product
of o-finite measures for 7w to be decomposed into the product of a probability measure and a
transition probability kernel. The most common way in which this setting occurs in probability
theory is through the assumption of the existence of a joint pdf with respect to the Lebesgue
measure on a multidimensional euclidean space, where this Lebesgue measure can be seen as

the product of Lebesgue measures of lower dimensional euclidean spaces.
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Theorem 2.12 (Decomposition of Probability Measures on Product Spaces)

Let (E,€) and (F,F) be measurable spaces, and 7 a probability measure on the product space
(ExF,EQJF). Let u and v be o-finite measures on (E,E) and (F,F), respectively, and suppose
that there exists a density f € (£ ®F)_ of m with respect to the product measure y x v, which is
o-finite?. Let P be the probability measure on (E,£) defined as P(A) = (A x F) for any A€ €.
Then, the following hold true:

i) Defining g: E — [0,+00] as
o(@) = [ S )do()
for any z € E, g is a non-negative £-measurable function such that
P(A) = [ g@)dutz)

for any A € £. By implication, P << pu.

ii) Defining k: E x F' — [0,+00] as

Hzy) if 0< g(z) <+
k(z,y)=4{ 9@ 0 < glz) < +oo

Sy f(y)da(x) i g(x) =0 or +00
for any (z,y) € E x F, k is a non-negative &£ @ F-measurable function that satisfies
f(x,y) = g(x)k(z,y)

for any y € F' and P-a.e. z € E.

iii) Defining K : E x F — [0,1] as

K, 4) = [ ka.g)do(y)

for any (z,A) € Ex F, K is a transition probability kernel from (E,€) into (F,F) such
that

T=Px K.

Proof) The function g defined as above is £-measurable due to Fubini’s theorem for non-

negative functions. To see that P is the indefinite integral of g with respect to u, note

3In light of the Radon-Nikodym theorem, condition is equivalent to the assumption that 7 is absolutely
continuous with respect to pu X v
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that, for any A € &,

P(A) = (A x F) :/EXF(ﬂIAXp)d(uxv)

://f(m,y)dv(y)d,u(m) (Fubini’s theorem)
AJF

- [ s@dun(a).

It follows immediately that P << pu, that is, P is absolutely continuous with resepct to
78

Now define the function & as above. Letting G = {0 < g < +o0} € £, define the functions
g5 E —[0,+00] and ¢ : F — [0,400] as

gr(x) = g(x) - Ig(z) + Ige(z)

and

) = [ 1ty)du(t)

for any (x,y) € E x F. 1 is F-measurable by Fubini’s theorem, and gy is also trivially
&-measurable; note that gy is non-zero and finite everywhere on E while agreeing with
g on the points at which ¢ is non-zero and finite. Furthermore, the extensions 95 :
E x F —[0,400] and ¢¢: E X F — [0,+00] are £ Q) F-measurable; this follows because,
for any a € R,

{g;<a}:{gf<a}><F€5®.7:,
and similarly for ¥°. Since k can be written as

k= !}fe 'IG><F+¢6'IGC><F7

f

and measurability is preserved across arithmetic operations, it follows that k is a non-

negative £ Q) F-measurable function.

For any (z,y) € Ex F, if 0 < g(x) < +00, then

f(z,y) = g(x)k(x,y)

by definition. Define Gy = {g =0} and G = {g = +o0}. Since

P(E) =r(ExF)=1= [ gla)du(a).
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by the finiteness property of non-negative functions we have y(Go) = 0. The absolute
continuity of P with respect to p implies that P(Gs) = 0 as well. In addition,

P(Go) = [ gla)an(z) =

because g(z) =0 on Go; therefore, P(G¢) = P(GoUG) = 0. It follows that f(z,y) =
g(x)k(z,y) holds for any y € F and P-a.e. z € E.

Finally, let K : E x F — [0,1] be defined as above; it is well-defined because k is a

non-negative £Q F-measurable function. For any A € F,

K(-A) = /F (k- Ipxa)(z,y)do(y),

where k-Ipxa € (EQF),, so by Fubini’s theorem K(-,A) € £&;. For any z € E, K (x,-)
is the indefinite integral of the section k(x,-), which is a non-negative F-measurable
function, with respect to v, and therefore is a measure on (F,F). If 0 < g(x) < +o0,
then

K(z,F) /k:xydv /fxydv
while if g(x) =0 or g(x) = +o0, then
K@.F) = [ [ faydu@)doy) == F) =1,

so that K(x,-) is a probability measure in any case. This proves that K is a transition
probability kernel from (E,€) into (F,F).

It remains to show that 7 is equivalent to the measure P x K. Since both are probability
measures, this reduces to checking that they agree on all measurable rectangles A x B
on E x F. Choose any A € £ and B € F. Note first that, if g(x) =0, then

/fa:ydv /f:cydv g(x) =0,

so that [ f(z,y)dv(y) =0 and thus

/AmGO (/B f(xvy)dv(y)) du(z) =

Meanwhile, since p(Goo) = 0, we trivially have

L. ([ 1o dutz) 0.
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Now we can see that

~(axB) = [ [ f@ydvi)duta)

= (/fxydv du(z
ANG

ANG (

k(x,y)dv(y )g

o ANGe (/ fla,y)dv(y )) du(z)

* ANGo </fxydv(y)) p(z)+ AnC (/fﬂfydv( ))dﬂ(l’)

= (K(-,B)g)du
ANG

= K(-,B)dP
ANG

:/K@Bﬂ)
A

(By definition of K)

(By the property of indefinite integrals)

(Since P(G°) = P(GoUG) =0)

This proves that m = P x K on the entire product space.

Q.E.D.

The quantities g, k, P and K that appear during the proof have very clear probabilistic

interpretations. To make the connections clearer, we re-state the results of the previous theorem

in terms of probabilistic concepts:
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Corollary to Theorem 2.12 (Probabilistic Interpretation of Theorem 5.12)

Let X and Y be random variables taking values in, and p and v o-finite measures on, the
measurable spaces (E,€) and (F,F). Denote the joint distribution of X and Y by 7 and the
marginal distribution of X by Px. Suppose that 7 is absolutely continuous with respect to the
product measure p x v, and that fxy is the joint density of X,Y with respect to p x v. Then,
the following hold true:

i) (Marginal Density of X)
Defining fx : E — [0,4+00] as

fx(2)= /FfX,Y(fCay)dU(y)
for any x € E, fx is the marginal density of X with respect to p.
ii) (Conditional Density of Y given X = x)

Defining fyx : £ x F' — [0, +00] as

Lo if 0 < fx(z) < +00

frix(ylz)=

for any (z,y) € Ex F, fy|x is the conditional density of Y given X with respect to v and

satisfies

Ixy(z,y) = fyix(y|z)fx(x)

for any y € F and Px-a.e. z € E.

iii) (Conditional Distribution of YV given X = )
Defining Ky |y : Ex F —[0,1] as

KY|X(9C7A) = /FfY|X(y | z)dv(y)

for any (z,A) € E x F, Ky|x(x,A) is the conditional probability of Y € A given X = .

In light of theorem 5.11, the last point shows us that there exists a regular version of the con-

ditional distribution of Y given X.

Proof) This is just a re-statement of the results of theorem 2.12.

Q.E.D.
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2.2.4 Bayes’ Rule

One of the most useful applications of the results of theorem 2.12 in probability theory is Bayes’
rule. Note the symmetry of the preceding statement; given the distribution 7 of X and Y, we
chose to first obtain the marginal density of X, and then use it to construct the conditional den-
sity of Y given X. However, we could have instead first obtained the marignal density of Y, and
used that to construct the conditional density of X given Y. In either case, the joint density of
X and Y can be represented as the product of the conditional density and the marginal density
for almost every point on F and F'. The ensuing equality is precisely the content of Bayes’ rule;

the formal statement is given below:

Theorem 2.13 (Bayes’ Rule)
Let X and Y be random variables taking values in, and p and v o-finite measures on, the
measurable spaces (F,£) and (F,F). Denote the joint distribution of X and Y by 7, and the
marginal distributions of X and Y by Px and Py. Suppose that 7 is absolutely continuous with
respect to the product measure p x v, and that fxy is the joint density of X,Y with respect to
X .

Then, there exist marginal densities fx and fy of X and Y with respect to u and v, as well
as conditional densities fyy of X given Y with respect to 1 and fy|x of Y given X with respect
to v, such that

frix(ylz) = fX'Y(inJ(?(Ji;fY(y)

for Px-a.e. z € ¥ and Py-a.e. y € F.

Proof) As in theorem 2.12, define fx : E — [0,4+00] and fy : F — [0,400] as

fx@= [ fxr@ydety) and )= [ Fer(ey)da)

for any (x,y) € E x F. We saw above that fy and fy are marginal densities of X and
Y with respect to p and v.

Similarly, we can define fy|x : £ x F'— [0,+00] and fxy : Ex F' — [0,+00] as

fx,v(zy) :
e if 0 < fx(z) <400
frix(yla)=4q X ‘
Je fxy(z,y)du(x) if fx(z) =0 or + o0
and
ij:((;),y) if 0< fy(y) < +oo
fxiy(z|y) =

Jr fxy (@y)dv(y) if fy(y) =0or +o0
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for any (x,y) € E'x F'. Theorem 2.12 tells us that fy|x and fx|y are conditional densities
of Y given X and X given Y with respect to v and u, that is,

IP’(YEB|X)=/BfY\X('|X)dU
P(XeA\Y)zfAfm(-lY)du

for any A€ & and B € F.

In theorem 2.12, we also saw that

fxy (@y) = fyix(y | z)fx(z)

for any y € F and Px-a.e. x € E. By symmetry,

fxy ()= fxy @y fr(y)

for any x € F and Py-a.e. y € F. Therefore, for Px-a.e. x € ¥ and Py-a.e. y € F', we
have the equality

fxy(z,y)= fY\X(y |2) fx(x) = fX|Y(37 ly) fy (y).
Furthermore, {fx =0} U{fx = +oo} is a set of measure zero under Py, so that

Frix(y|z)= fX'Y(”})L?(Jg fr(y)

also holds and is well-defined for Px-a.e. x € E and Py-a.e. y € F.

Q.E.D.
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2.3 Construction of Sequences of Random Variables

In this section we consider the generalized version of the problem addressed in section 1.8.2.
There, we wondered whether there existed a probability space (£2,H,P) on which a sequence
{Xn}nen, of independent random variables with the desired distributions could be supported.
The proof that such a probability space existed relied on the decomposition of the joint distri-
bution of independent random variables into the product of their respective distributions.

What we studied above is how to decompose joint distribution of arbitrary, not necessarily
independent, random variables can be decomposed into the product of a probabiliy measure and
a transition probability kernel. Thus, we can now apply this new machinery to show that there
exists a probability space (€2,H,P) that can support a sequence {X,},en, of random variables
with any dependence structure.

We work with the following setting. Consider a sequence of measurable spaces {(E, &) }en,

and let p be a probability measure on (E,E). For any n € N, define
n
(Fp, Fn) = QB &),
t=0

and let K, .1 be a transition probability kernel from (F?, F2) into (E,41,En41). In the context
of repeated trials, we can think of u as the distribution of the initial trial, and each K, as the
conditional distribution of the n+ 1th trial given the results of all the trials that precede it. Our
objective is to find a probability space (2,H,P) and a sequence {X;}:cn of random variables
such that each X; takes values in (E;,&;), X has distribution pu, and K41 is the conditional
distribution of X, given Xy = xg, -, X, = x,. This can be formally stated as the following

theorem:

Theorem 2.14 (Ionescu-Tulcea’s Theorem)
Let {(E+, &) ben be a sequence of measurable spaces, p a probability measure on (E,€£), and
K11 a transition probability kernel from @y q(E, &) into (Ept1,En+1) for any n e N.

Then, there exists a probability space (2, H,P) and a sequence {X;};en of random variables
where each X; takes values in (Fy, &) such that

i) The distribution of Xy is u, and

ii) The conditional probability of X1 € A given Xy, -+, Xy is
KtJrl("A) © (X07 tt 7Xt)

for any A € £41 and t € N.

Below we prove the theorem in steps, starting from the definition of the measurable space (2,H)

and concluding with the construction of the desired P from a pre-measure.
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2.3.1 Constructing (2,H) and the Sequence {X,,},en

To prove the theorem above, we can think of the same construction as in the case of independent

sequences of random variables. Namely, we define

(Q,H) = Q(E, &),

teN

and for any t € N, we define
Xi(w) = we

for any w = (wy)ten € Q. This makes { X} }1en a sequence of random variables such that each X;

takes values in (Fy,&;). To see this, choose any A € & and note that

E, ifst
XA = [[An A=17 TF een
seN A ifs=t

In other words, X, 1(A) is a measurable rectangle on €2, making it an element of #; this tells us
that X; is measurable relative to H and &;.

We also define the sequence {Y;}ien as
}/t - (X07"' aXt)

for any t € N; clearly, each Y; is a random variable taking values in (F?, F). Let F; = oY¥; be
the o-algebra generated by Y;. Sets in F; are called cylinders, since, for any H € F;, there exists
an A € F such that

H=YYA) = AxE; 1 xErjox--.
We denote A = By(H), and call it the base of the set H € F;. Define

HO = Fn.

HO is useful because it is an algebra on € that generates H. We can directly verify the first of

these statements:

« () is obviously contained in H° (take the inverse image of the empty set for any Y;).

e For any H € HO, letting H € F,, for some n € N,

H® = (Bn(H)x( I1 Et)> :Bn(H)Cx< 11 Et>,
t>n+1 t>n+1

where B,,(H) € F0 and thus B,,(H)¢ € F2 as well. This shows us that H® € F,, C HC.

« For any finite collection { Hy,---, Hy} C H°, there must exist some n € N such that {Hy,---, Hy} C
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Fn. For each 1 <1 <k, we can write H; as
Hi=B,(H)x | [] E|.
t>n+1
so we can see that

OHi_ (OBn(HZ-)> X ( 11 Et),

t>n+1
where U¥_, B,,(H;) € F0. Therefore, JF_, H; € F,, € HO.

It is also easy to see that the algebra H° generates H. Clearly, the o-algebra generated by H°
is contained in H because H° is itself contained in . To see the reverse inclusion, consider a

measurable rectangle [[;cn A¢ on €. Since at most finitely many A; are not equal to Ej, let
n=max{t e N| A # E;} €N.
It follows that

[[A: e 7 cH con®,
teN

and because the collection of all measurable rectangles generates #, it follows that H C oHY,

which shows that H? generates H.

2.3.2 Applying the Hahn-Kolmogorov Extension Theorem

Now define the sequence {m; };cn of probability measures, where each 7; is defined on (F?, FY),

iteratively as my = p and
=" X Ky

for any t € N,. Suppose that m is the distribution of Y; for any ¢ € N. In this case, for any
t € N, because Y1 = (Y;, X¢+1), the joint distribution of Y; and X4 is equal to w4, which
can be decomposed into the product m; x K;y1. In light of theorem 2.11, K; 1 then becomes the
conditional distribution of X;11 given Y; =y, which is exactly the desired result. Therefore, our
problem reduces to finding a probability measure P on (€2,#) such that the distribution of each
Y; is equal to ;. Specifying the distribution of each Y; in this manner is referred to as specifying
the probability law of the sequence {X;}en.
To this end, define the function P’ : H° — [0,1] as

P/(H) = my(By(H))
for any H € F; for some t € N. We must first verify that this function is well-defined by showing
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that it assigns the same value to a cylinder set H € H regardless of how we specify its base.

Suppose that H € F,, N F,, for n,m € N, and that n < m without loss of generality. Then,
Bn(H)=Bp(H) X Epiq X+ X Ep;
because my = 1 X Ky for any t € Ny, we have
T (B (H)) = Ty (Bp(H) X Epy1 X -+ X Epy)

= K(z,Ep)dr,—1(x)
Bn(H)XEn+1 ><~~~><Em_1

= Wmfl(Bn(H) X Epqq X oo X Emfl)

by repeated applications of the definition of the product measure m;_1 X K.

P’ clearly assigns value 0 to the empty set, since the empty set in H is the inverse image of
the empty set with respect to any Y;, and is thus a cylinder set with an empty base. In addition,
for any finite collection { Hy,---, Hx} C HY of disjoint sets, their union is contained in the algebra
HO, and letting {Hy,---, Hy} C F;, for some n € N,

k k
P (U H) = Tp <U Bn(H,-)> :

Since By (H1),---, Bp(Hy) are disjoint sets contained in F,, (they are disjont because Hy,---, Hy

are not disjoint otherwise), by the finite additivity of 7, we can now see that

k k k
P/ (U H) = 7 (Bu(Hi) =Y _P'(Hy).
=1 =1 =1

In other words, P’ is a pre-measure on the algebra H°.
Our construction is now almost complete. Suppose we show that P’ is also o-additive, that

P (U Hn> = i]P”(Hn)
n n=1

for any disjoint collection {H, }nen, C H® whose union is also contained in H°. Then, since P’
is a o-additive pre-measure on H’, by the Hahn-Kolmogorov extension theorem there exists a
o-algebra M on Q and a measure P” on (2, M) such that H° C M and

P'(H) =P'(H)
for any H € H. Since

P(Q) = mo(Ep) =1 =P"(Q),
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P” is a probability measure on (2, M). Finally, since H° generates H, H C M, and we define P
as the restriction of P” to H. Now it follows that

(Poy;™) (4) = P(¥; 7} (4)) = P'(4) = m(A)

for any ¢t € N and A € F}, so that the distribution of each Y; under P is exactly ;. This shows us
that (Q,H,P) and {X;}:cn are exactly the probability space and sequence of random variables

with the desired (conditional) distributions.

2.3.3 The o-additivity of the Pre-Measure

The fact that P’ is a o-additive pre-measure on H° can be seen as follows. First, for any H € F,,
we define the sequence {Q, (-, H) }men of measurable functions Qy, (-, H) : FY, — [0,1] inductively

as follows. For any m > n, we define

Qm((w()f o ,I’m>,H) = IBn(H)(w()f o ,fL’n)

for any (29, ,Zm) € F2. Qm(-, H) is an indicator function for the F2,-measurable set B, (H) x
Epi1 X -+ X Ep, so it follows that it is FC-measurable. Now, suppose that for some 0 < m < n,
we have shown that Q,,(-, H) is an F2-measurable function taking values in [0,1]. Then, we
define Q,,—1(-, H): F2_; —[0,1] as

Quer (20, 1), H) =/E (20, o) H) K (0, 1), dm)

for any (xg, -+ ,Zm—1) € FO_;. Then, integral on the right hand side is well-defined because
Qm(H): F_| X Ep — [0,1] is F9 = F2 | @ Em-measurable. Furthermore, in light of lemma

2.9, we can write

Qm—l(‘vH) = TKQO('7H)7

FO ) into (E,,Ey), and as such

since K, is a transition probability kernel from (F° _,,

Qm—1(-, H) is a non-negative F9,_;-measurable function. In addition, since Q,, (-, H) is bounded

above by 1 and K, is a transition probability kernel, Q,,—1(-, H) is also bounded above by 1.
Having constructed this sequence {Q, (-, H) }men of measurable functions mapping into [0, 1],

we can now express P’(H) in terms of the function Qq(-, H). This follows by noting that

P'(H) = (B (H))

=/ / oo [ Ip (@0, ) Knl(@0,+ n1), ) -+ Ky (20, 21), dr )dpazo)
FEo JEq En
Qn((x07"'71'n)7H)

Q?’L*l((wof" 7$n*17H)
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- / / o[ Quarl@or - s znr) H) Kt (20, )y dan1) - K1 ((z0,21), da1)dp(o)
FEo JEq FEn_1

Qn—2((z0,,xn—2),H)

_ :/ Q1 ((z0,21), H) K1 ((z0,21), dz1) dps(z0)
FEo JEq

Qo(zo,H)

Ey

We can also see that, for any Hy, Hy € H° such that Hy C Ha, we have Q (-, H1) < Qu (-, Ha)
for any m € N. This can again be seen inductively. Letting Hi, Hy € F,, for some n € N, since
B, (H1) C By(Hz), for any m > n we have

Qm((‘ro’”' 7l‘m)aHl) = IBn(Hl)($07"' aJITL) < IBn(HQ)(':EOV" 71‘%) = Qm((:EOa ,Ilfm),HQ).

for any (xg,--+,7m) € Fo. Now suppose that Q. (-, H1) < Qu (-, Ha) for some 0 < m < n. Then,

Qm—1(,H1) =Tk,,Qm(-, H1) <Tk,,Qm(-,H2) = Qm-1(-, H2)

by the monotonicity of the operator Tk,, : (Fo,_; QEm),,— (.7:9”_1)+ "
We now return to the original problem of showing the o-additivity of . Choose any sequence

{H}ren such that Hy \, (. Let us show that {P’(Hg)}ren decreases to 0. For the sake of

contradiction, suppose
lim P'(H}) = inf P'(H 0.
klm (Hy) ég (Hy) >

Then, because {Qo(+, Hy) }ken is a decreasing sequence of bounded &)-measurable functions (and

thus has a pointwise limit equal to its infimum) and p is a finite measure, by the BCT we have

0< lim P/(Hy) = lim QO(-,Hk)du:/ (inf Qo(-,Hk)) du.
k—o0 k—o0 J E, Ey \keN

If infreny Qo(xo, Hi) = 0 for every xg € Ey, then the integral on the right will be equal to 0, a

contradiction. It follows that there must exist some x() € Eg such that

inf £ ) > 0.
égNQo(wo, k) >

*

Suppose that we have found (z,---,z},) € F, such that

rrm

}}:IEINQM(('xO? 7$m)7 k)>

for some m > 0. Then, since the sequence of mappings zm+1 — Qm+1 (25, Thy, Tm+1), Hi) 1s
a bounded and decreasing sequence, and the measure K, 41 ((z§, -+ ,2},),-) is finite, by the BCT
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again we have

0< ]ilellf\}@m((xoa 7xm)7Hk) = kILH;OQm((mW 7$m)7Hk)

= lim Qm+1((x8a T 7x:<mxm+1)ka)Km+1((x6’ I ax;kn)’dmerl)
k—o0 Emi1

= / (lnf Qm—H((l’Sa T 7x;kn7xm+1)7 Hk)) Km+1((m8’ T 7$;k71)7dwm+1)'
Epmi1 \kEN
Thus, by the same reasoning as above, there must exist an 7,y € Fj,11 such that

inf Qi1 (g, Ty, Tpyy1), Hi) > 0.
keN
We have inductively constructed a point z* = (2f)ien € Q =[], £t such that

]iIelIf\.IQm((x(), )xm)aHk) >0

for any m € N. For any k € N, let Hy € Fy,; then,
Qu((x5,+,23), Hi) = I, (a,) (x5, 27) = In, (27) > 0,
so it follows that
¥ e Hy,.
This holds for any k € Ny, so

z* e mHk
k

However, this is a contradiction because { H }ren, decreases to the empty set; therefore, it must
be the case that limy_, P'(Hy) = 0.
Let {Ax}ren, be a collection of disjoint sets in HO such that A =J, Aj, € HO. Define

Hk:A\@A,.)

for any k € N,. Then, each Hj, is in H°, since H°, being an algebra of sets, is closed under finite
unions, intersections and complements, and {H}}ren, decreases to the empty set. By what we

showed above,
lim P'(Hy) =0.

k—00

By the finite additivity of P/, we can see that

i=1 i=1
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Then, taking k£ — oo on both sides yields
P'(A) =) P'(Ay),
k=1

which shows us that P’ is o-additive. This completes the proof of Ionescu-Tulcea’s theorem.
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Chapter 3
Convergence of Random Variables

In this chapter we will be discusisng three main ways in which random variables taking values
in some metric space can converge. The first, almost sure convergence, is essentially an almost
everywhere version of the pointwise convergence of measurable functions, and is the strongest
form of convergence we will study. Convergence in probability and in LP, which will be discussed
next, are slightly weaker versions of convergence, but are often used due to their tractability and
ubiquity (for instance, compare the difficulty of proving the WLLN against that of the SLLN).

3.1 Random Variables in Metric Spaces

From now on, we will mostly concern ourselves with random variables taking values in a metric
space, instead of an abstract measurable space. This is because the introduction of a metric
allows us to explicitly measure the distance between random variables and thus formulate limit
theorems in much more easily than, say, if we assume the random variables of interest take
values in a Hausdorff space, in which convergence is defined in an abstract manner.

Our formal framework for analysis is given as follows. Let (2, 7,P) be the underlying probability
space, (E,d) a metric space, 7 the metric topology on F induced by the metric d, and £ the
Borel o-algebra on E generated by 7. The following are the two most important properties of

metric spaces:

e« Completeness
(E,d) is said to be complete if any Cauchy sequence {z,}nen, in E is also convergent,
that is,

m}%rgood(z:n,xm) =0 implies nlglgod(xn,x) =0

for some x € E.

e Separability
(E,d) is said to be a separable metric space if the induced topological space (F,7) is sepa-

rable; recall that (E,7) is separable if there exists a countable subset Ey of F that is dense
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in F, that is, By = E.

Recall also that (£, 7) is said to be second countable if there exists a countable base B C 7
on F that generates the topology 7. We proved in the measure theory text that an arbi-
trary topological space is separable if it is second countable, while the converse also holds
if it is also metrizable (as in the case of (E,7)). Since we are dealing exclusively with
metric spaces, for our purposes the properties of second countability and separability are
equivalent.

Note that any euclidean space is separable. Specifically, the euclidean k-space RF is the
closure of the countable subset QF, which is the collection of all points in R¥ with rational

coordinates.

Below we study in detail some important implications of separability for metric spaces. First,

we define and study the product of metrics and how they relate to product topologies.

3.1.1 Product Metrics

It is also sometimes necessary to talk of the product of two metrics. Let (E,d) and (F, p) be two
metric spaces, and let their metric topologies be 7 and s, respectively. The product metric d X p
on F x F'is defined as

(dx p)(z,y) = max(d(z1,y1), p(¥2,Y2))

for any z,y € F x F. In our measure theory text, we saw that the product of k metrics on R gen-
erates the same topology as the euclidean metric on R¥, which is exactly the product topology
on R¥. That d x p defines an actual metric on E x F' is evident from the individual properties of

d and p:

d x p takes values in [0,400) because d and p do.
e For any x,y € F x F, because of the symmetry of d and p, we have

(dx p)(z,y) = max(d(z1,y1),p(x2,Y2))
= max(d(y1¢x1)¢p(y27'x2)) = (d X p)(y,ar)

o For any z,y € ExF, (d X p)(x,y) =0 implies that d(x1,y1) = p(x2,y2) =0, so that x = y.
Conversely, if x =y, then clearly (d x p)(z,y) = 0. Thus, (d x p)(x,y) = 0 if and only if
T =1y.

o For any z,y,z € E x F, suppose without loss of generality that (d x p)(z,y) = d(z1,y1).
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Then,

(dx p)(z,y) = d(x1,91) < d(21,21) +d(21,91)
< (dxp)(z,2)+(d % p)(z,y)

by the triangle inequality of d; the same applies when the maximum is p(x2,y2) rather
than d(z1,y1).

The important part is that the product metric d x p metrizes the product topology 7 x s. This
means that any function on E x F' that is continuous with respect to the product metric d x p
can also be considered a continuous function on the topological space (E x F, 7 x s). This greatly
simplifies proofs that require us to show that some function on E x F' is continuous; indeed, this

property is used to show the measurability result for separable metric spaces stated above.

Lemma 3.1 Let (F,d) and (F,p) be metric spaces with metric topologies 7 and s. Then, the

product metric d X p metrizes the product topology 7 X s.

Proof) Let B be the collection of all open rectangles on E X F'; by definition, B is a base on
E x F that generates the product topology 7 x s. On the other hand, let D be the

collection of all sets on E x F' of the form
Baxp(z,e) ={y € ExF|(dx p)(z,y) <€}
for any z € E X F' and € > 0. Our goal is to show that D generates the product topology
7 X s. We proceed in steps:
Step 1: D is a collection of open sets in 7 X s
Choose any x € £ x F, € >0, and a point y in By ,(x,€). Then,
d(w1,y1), p(2,92) < (d X p)(z,y) <,
so that, defining 6; = e —d(z1,y1) > 0 and d2 = € — p(x2,y2) > 0,
y € Bq(y1,61) X By(y2,02) C Baxp(x,€).

The first inclusion is clear, while the second inclusion follows from the observation

that, if z € Bg(y1,01) X B,(y2,92), then d(z1,y1) < 61 and p(z2,y2) < d2, so that
d(w1,21) < d(w1,y1) +d(y1,21) <d(x1,91) +61=¢
and likewise, p(x2,22) < €, which together imply that
(dx p)(x,2) = max(d(z1,21), p(22,22)) <€,
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or that z € Bgx,(z,€).
This holds for any y € Bgx,(x,€), so labeling Ay = B4(y1,01) x B,(y2,d2) € B,

Baxp(x,€) = U Ay.
yEBpr(CE,E)

Each A, is open with respect to 7 x s, and the arbitrary union of open sets is

open, so By ,(x,€) is open with respect to 7 x s.

Step 2: D is a base on E x I’ that generates 7 x s

D clearly covers E x F: fixing any x € E x F', for any y € E x F, since (d x p)(z,y) =
M < 400, it follows that

Y € Baxp(x,M+1) C U A.
AeD

Choose any A € 7 x s and an x € A. Since B generates 7 X s, there exists an open
rectangle By x By € B such that

x € By x By C A.

Since B; and By are open sets in the metric spaces (E,d) and (F,p), there also
exist € > 0, > 0 such that

xr1 € Bd(xl,e) CB; and z9€ Bp(x2,5) C Bs.
Letting 7 = min(e,d) > 0, it follows that

X G Bpr($777) C Bd(£176) X B,D(x275)
C B1 x By C A.

This holds for any open set A € 7 X s and an element x € A, so by definition D
is a base on F x F' (this can be shown by choosing A as the intersection of two

elements of D) that generates 7 X s.

Q.E.D.
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3.1.2 Separable Metric Spaces

In the context of the convergence of random variables, separability plays an important role be-
cause it ensures that, for any two random variables X, Y taking values in (E,d), the composition
do(X,Y) is a non-negative real valued random variable, the measurability of which proves in-

tegral to the definition of convergence in probability.

Theorem 3.2 Let (F,d) be a separable metric space with Borel o-algebra £ generated by
the metric topology induced by d, and X,Y random variables that take values in (E,£). Then,

d(X,Y) is a non-negative real valued random variable.

Proof) Since (E,d) is a separable metric space, the induced topological space (F,7) is second
countable. It was shown in the measure theory text that, in this case, the Borel o-
algebra generated by the product topology 72 is equivalent to the product of two Borel
o-algebras &;

B(E?, %) =B(E,7)* = &2

We first show that the metric d: E? — [0, +00) is continuous on E? with respect to the

product metric d x d. To see this, note that, for any (z,y), (z,w) € E?, we have

|d(2,y) —d(z,w)| < |d(z,y) —d(z,y)| +|d(z,y) — d(z,w)]
<d(z,2) +d(y,w) <2-max(d(z, 2),d(y,w)) = 2- (d x d)((x,y),(z,w)),

where the second inequality follows from the triangle inequality. Therefore, d is uni-
formly continuous on E? under the metric d x d. Since the product topology 72 is
metrizable by d x d, it follows that d—(A) € 72 for any Borel set A C R, and that d is
thus measurable relative to B(E?,72) = £? and B(R).

Next, we must show that the mapping w — (X (w),Y (w)) is measurable relative to H
and £2. However, this follows immediately, since X and Y are random variables taking

values in £2. Therefore, by the preservation of measurability across compositions,
d(X,Y)=do(X,Y)

must be measurable relative to % and B(R). By definition, d(X,Y") is now a real ran-
dom variable.

Q.E.D.

The following theorem is an application of the above result. Specifically, it furnishes sufficient

conditions for pointwise convergence to be uniform.
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Theorem 3.3 (Egorov’s Theorem)

Let (E,d) be a separable metric space, 7 the metric topology induced by d and £ the Borel
o-algebra on E generated by 7. Suppose { X, }nen, is a sequence of random variables on (E,&)
that converges almost surely to the random variable X.

Then, for any € > 0 there exists a measurable set Qg € H such that P(Qg) < € and {X, }nen,

converges to X uniformly on Q\ Q.

Proof) Let X,, — X pointwise on a set H € H such that P(H) = 1. Choose any € > 0. For any
n,k € N4, we define the sets

3

Each A, is H-measurable because the separability of the metric space (E,d) implies

=

A= U {d(Xm,X)Z

m>n

that d(X,,,X) is a random variable for any m € N.

Note that A, 415 C A, k, and that, if w € H, then w ¢ (), A, 1 because the fact that
Xm(w) = X(w) as m — oo means that the distance between X,,(w) and X (w) will
eventually become smaller than % for large m. Therefore, (,, A, x C H¢, which implies
that

P (QAH,Q =0.

Because P is a probability measure and {4, }nen, is a decreasing sequence of mea-

surable sets, by sequential continuity

lim P(4, ) =P (Q An,k> =0,

which implies that there exists an Nj € N4 such that

€
P(Ank) < Sry

for any n > Ny.

Now define Qo = |J, An, ; in effect, {2y collects all the outcomes such that the distance
between X,, and X does not decrease below some small positive threshold for any large
n € Ny. It stands to reason that the sequence {X,},en, converges uniformly to X
outside of €y, which is exactly what will be shown below.

For any § > 0, let k € Ny satisfy % < 0. Then, for any n > k,

(X (@), X () < % <5

for any w € Q\ Qp, since w € A,  in this case. This holds for any ¢ > 0, so by definition
{X}nen, converges to X uniformly on £\ Q.
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Finally, note that

s €
P(Q0) <Y P(An, i) < 5 <6
P

which completes the proof.
Q.E.D.

3.1.3 The Distance Function and Urysohn’s Lemma

We can also think of a generalization of a metric that yields the distance from a point to a set,
which is called the distance function. Let (E,d) be a metric space and A a nonempty subset of

E. Then, the distance from a point z € E to A is defined as
d(w, A) = inf{d(z,y) | y € A}.

The infimum on the right exists by the least upper bound property of the real line and the fact
that the set {d(z,y) | y € A} is bounded below at 0. The properties of the distance function,
as well as the strong version of Urysohn’s lemma that makes use of the distance function, were

studied in the measure theory text. Here we present only the important results:

Lemma 3.3 Let (F,d) be a metric space and A a non-empty subset of E. Then, the following
hold true:

i) d(z,A) =0 if and only if z € A.

ii) The distance function d(-, A) is continuous on E.

Theorem 3.4 (Urysohn’s Lemma for Metric Spaces)
Let (E,d) be a metric space. For any closed set F' and open set V such that F' C V| therre exists

a continuous function f: F — R such that

{0} ifzx¢V
f(x)eq0,1] ifzeV\F
{1} ifzeF

for any = € F.
In addition, if the distance between F' and V¢ is bounded below by a non-zero value, that
is, if there exists a ¢ > 0 such that d(z,y) > ¢ for any = € F and y € V¢, then we can choose f

to be Lipschitz continuous.

145



3.1.4 Compactness

The relationship between various forms of compactness will often prove relevant when dealing

with metric spaces. Let (E,7) be a topological space and A a subset of E. A is

e Limit Point Compact

If any infinite set in A has a limit point in A

e Countably Compact

If any countable open cover of A has a finite subcover

e Sequentially Compact

If any sequence in A has a convergent subsequence with limit in A

¢ Relatively Compact

If the closure A of A is compact.

Clearly, a compact subset of a Hausdorff space is relatively compact (because it is closed and
thus is equivalent to its closure) and any compact set is countably compact.

A related concept is that of a Lindelof Space. A topological space (F,7) is Lindelof if any
open cover of F has a countable subcover. Note how any compact space is also Lindel6f. We

state below some relevant results, which are proven in the measure theory text.

Theorem 3.5 The following hold true:
i) Compact sets are limit point compact.
ii) Limit point compact sets in a metric space are sequentially compact.
iii) Metrizable sequentially compact spaces are second countable.
iv) Second countable topological spaces are Lindelof.
v) Sequentially compact sets are countably compact.

vi) A subset of a metric space is compact if and only if it is sequentially compact.

Corollary to Theorem 3.5 (The Bolzano-Weierstrass Theorem)
Let FF =R" or C. Then, any bounded sequence {z,}nen, in F' contains a convergent subse-

quence.

Theorem 3.6 Let (E,d) be a metric space, and A a subset of E. Then, A is relatively compact

if and only if any sequence in A has a convergent subsequence.
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3.2 Almost Sure Convergence

Let (E,d) be a separable metric space, T the topology induced by the metric d, and £ = B(7) the
Borel o-algebra on E generated by 7. For any sequence {X,},en, of random variables taking
values in F, we say that {X,},en, converges almost surely to some random variable X taking
values in F if there exists a set €y € H such that P(Qg) =1 and

lim d(X,(w),X(w))=0

n—oo

for any w € p. We denote this mode of convergence succinctly as
X, 3 X.

Because almost sure convergence is basically pointwise convergence, it is one of the most powerful
forms of convergence that we deal with in probability theory. Being so strong, however, it only
holds in rare cases. Nevertheless, there are some relevant results converning the almost sure
convergence of random variables.

From the definition, we can obtain the following are useful characterizations of almost sure

convergence:

Theorem 3.7 Let (E,d) be a separable metric space, and define the Borel o-algebra £ as
above. For any sequence {X,,},en, of random variables and a random variable X taking values

in F, the following are equivalent:
i) {Xn}nen, converges almost surely to X.
ii) limsup,, ,o d(Xp,X) =0 almost surely.
iii) For any € > 0,
o0
> Tdx, x)>¢ < +09
n=1

almost surely.

Proof) Note that the set

Qo = {limsupd(X,,X) =0}
n—oo
is H-measurable because {d(X,,X)},en, is a sequence of real valued random variables
(due to the separability of the underlying metric space) and the limit superior of a se-
quence of real H-measurable functions d(X,, X) is also H-measurable. The equivalence

of i) and ii) follows because {d(Xn,X)}nen, is bounded below by 0 for any outcome.

147



To see the equivalence of i) and iii), for any € > 0 let Q be the set of outcomes for

which
D La(x, x)>e < +00;
n=1

again, the set {2 is H-measurable because

> Laxn )b = O e roo) 0 d(Xn, X)

n=1 n=1
is the limit of the sum of H-measurable non-negative functions.

Suppose that X, “¥ X . Then, there exists an almost sure set £y € A such that X, (W) —
X (w) in the metric d for any w € 4. Choose any w € )y and € > 0. By definition, there
exists an N € N such that

d(Xp(w), X (w)) <€

for any n > N, so that

o
Z Iiax (), x (@) >e) < N < +o0.
n=1
This holds for any w € €2, so it follows that
Qo C Q.

and thus P(€¢) = 1. This in turn holds for any € > 0, so we have proven that i) -; iii).

Conversely, suppose that P(€.) =1 for any € > 0. Define
Qo = ﬂ Ql/n €H;

since each {1y, is of probability 1,

P (€2) =P<Uﬁi/n> < i@( Sn) =0
n n=1

and €)g is also an almost sure set. For any w € )y and € > 0, choose k € Ny such that

% < €. Since w € )y, we can see that

Y Hd(Xn () X (@) 51k} < 00

n=1

This tells us that there exists an N € N such that
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for any n > N, since otherwise, the above series would be the sum of an infinite number
of 1s and thus diverge to +o0o. This holds for any € > 0, so the sequence {X,,(w)}nen,
converges in the metric d to X (w). This in turn holds for any w in the almost sure set
0o, so X,, ¥ X.

Q.E.D.

Closely related to almost sure convergence is the Borel-Cantelli lemma, which deals with the
probability for events to occur infinitely often. Given a sequence of events {Hy}nen, C H, we
say that an outcome w € € occurs infinitely often in the sequence {H,} if it is contained in the

set

o0
h7rzli>sol<l>pHn = ﬂ U Hi eH.

n k:n

Heuristically, an outcome in the set limsup,,_,. H, appears in the sequence {H,} no matter
how many of the events Hi, Hs,--- have already come to pass; this is the intuition behind the
term “infinitely often”. We also write {H,, i.0.} for limsup,,_, . Hpy.

Below is the Borel-Cantelli lemma, which relates the sum of the probabilities of a sequence

of events to the probability of infinitely many of them occuring.

Lemma 3.8 (Borel-Cantelli Lemma)

For any sequence {Hp,}nen, C H of events, if
oo
Z P(H,) < 400,
n=1
then
o
Z Iy, <+oo

n=1

almost surely and

P (limsupHn) =0.

n—oo

Proof) Define the non-negative real random variable X as

X=> Iy,
n=1
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Then, by the MCT for series,
o (o9}
E[X]=)Y E[lg,]=> P(H,) < +oo.
n=1 n=1
The finiteness property for non-negative functions now implies that
P(X <+4o00) =1,

that is, X is almost surely finite.

Choose any

o
w € limsup H,, = ﬂ U Hy.

n—oo
n k;:n

We can immediately see that there exists an n; € Ny such that w € Hy,,. Suppose that

we have found n; < --- < ny for some k € N;. Then, because
[e.e]
wE U H,,,
m=ni+1

there exists an ng41 > ng such that w € Hy, Constructing the subsequence { Hy,, }keN+

k+1°
in this manner, we can see that w is contained in every single one of the sets in H,,;

therefore,
o0
+o0 = ZIan(w) < X(w)
k=1

and w € {X = +o0}. Therefore,
limsup H,, C {X = 400}
n—oo

and the monotonicity of measures now shows us that

P <limsup Hn> =0.

n—0o0

Q.E.D.

The Borel-Cantelli lemma can be used to furnish sufficient conditions for almost sure con-

vergence in terms of probabilities:
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Theorem 3.9 Let (E,d) be a separable metric space, and define the Borel o-algebra £ as
above. For any sequence { X, },en, of random variables and a random variable X taking values

in E, the following hold true:

i) If, for any € > 0,
ZIP (X0, X) > €) < +o0,

then X, “3 X.

ii) If there exists a sequence {€,},en, of positive scalars converging to 0 such that

o0

Z d(Xpn, X) > €,) < +00,

then X,, “3 X.

iii) If there exists a sequence {€,}nen, of positive scalars such that
Zen < +oo and Z]P’ (Xn, X) > €,) < 400,

then X,, 3 X.

Proof) Suppose that

[e.e]

Z d(Xn, X) > €) < +o0,

for any € > 0. The Borel-Cantelli lemma tells us that this implies
D Ta(xn, X)) < +00
n=1

almost surely for any € > 0. The characterization in theorem 3.7 now allows us to con-
clude that X, % X.

Now suppose that
ZIP’ (Xn, X) > €,) < 400,

for some sequence {e, }nen, of positive scalars converging to 0. Again, by the Borel-
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Cantelli lemma,

D (X0 X)>en} < 00

n=1

almost surely. Letting 2o € H be this almost sure set, for any w € )y, we have

o0
2 Ta(Xa (@) X @) >en} < 00,
n=1

so that there exists an N € N such that

d(Xn(w), X (w)) < €n

for any n > N. Taking n — oo on both sides now implies that d(X,(w),X (w)) — 0, so
that X,, 3 X.

Finally, suppose that
(e.)
D P(d(Xn, X) > €5) < 400,
n=1

for some sequence {€, }nen, of positive scalars such that > 77 | €, < +oo. By the nth
term test for the convergence of series, the fact that ) ¢, converges indicates that

€n — 0 as n — 00, and as such X, “¥ X follows from ii).

Q.E.D.
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3.3 Convergence in Probability

Let (E,d) be a separable metric space, and define the Borel o-algebra £ as in the previous section.
For any sequence {X,},en, of random variables taking values in E, we say that {X,},en,

converges in probability to some random variable X in F if, for any § > 0,

lim P (d(X,,X)>6)=0.

n—o0

We denote this mode of convergence succinctly as
X, 5 X.

This form of convergence is the one that we encounter most often in probability, statistics and
econometrics. Its popularity is due to its relative strength and ubiquity; it is stronger than weak
convergence (as we will see in a later section) but weaker than almost sure convergence.

One fact that is immediately noticable is that the probability limit of a sequence of random
variables is unique up to almost sure equivalence. To see this, let X and X’ be probability limits

of some sequence { X, },en, of random variables taking values in E. Then,
d(X, X" <d(X,X,)+d(X', X,,)
for any n € N4, so that, for any k € N,

P(d(X,X’)>]1€> SIP’(d(Xn,X)>21]€>+P<d(XmX,)>21k>

for any n € N,. The terms on the right hand side go to 0 as n — oo, so it follows that
, 1
P({d(X,X') > z =0.
This holds for any k € N, and denoting Hy = {d(X,X’) > +}, since

H={d(X,X') >0} = Hx,
k

by countable subadditivity we have P (d(X,X’) > 0) =0. Thus, d(X,X’) =0 and therefore X =
X' almost surely.

From the definition of convergence of probability we can see that there must be a close
connection between almost sure convergence and convergence in probability, since the term
P(d(Xp,,X) > 0) also appears in the infinite sums in theorem 3.9. We confirm below that this is

indeed the case:
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Theorem 3.10 Let (F,d) be a separable metric space, and define the Borel o-algebra £ as
above. For any sequence { X, },en, of random variables and a random variable X taking values

in E, the following hold true:
i) If X, %% X, then X, 5 X.
i) If X, P X, then there exists a subsequence { Xy, }ren, such that X, 22 X as k — .

iii) If every subsequence of {X,},cn, has a further subsequence that converges to X almost

surely, then X, 5 x.

Proof) Suppose that X, “3 X. Then, for any § > 0, the characterization theorem for almost

sure convergence tells us that

D (., x)>6) < 00
n=1

almost surely. Letting this almost sure set be )y € H, this implies by the nth root test
that

lim Iyg(x,, (w),X (w)>6) =0

n—oo

for any w € Q. Therefore, defining Y;, = I14x, x)>s} for any n € Ny, {Yp}nen, is a
sequence of non-negative real valued random variables such that ¥;, “3 0. Since Y, <1
for any n € N4, by the almost sure version of the bounded convergence theorem we can
see that

lim E[Y,] =E| lim ¥,] =0.
Here, E[Y,,] =P (d(X,,X) > ) for any n € N4, so we have

Tim P (d(X,, X) > 6) =0.

This holds for any § > 0, so X,, > X by definition.

Now suppose that X, 2> X. Then, there exists an n; € N, such that
P(d(Xy,,,X)>1) <27,

since limy, oo P (d(Xy, X) > 1) =0 by definition. Assuming that we have chosen n; <

--- < ny for some k € Ny, we can choose ng1 > ny so that

X)

P (d(Xan ) < 2—(k+1)’

>7
kE+1
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since we again have lim,,_,, P (d(Xn, X) > k%rl) = 0. The subsequence { Xy, }ren, con-

structed in this manner satisfies
1 —k
P(d(Xn,, X)> 1) <2

for any K € N4, so that

o0 1 o
P (d(Xnk,X) > ) <> 27 F=1<+o0.
k
k=1 k=1
{1/Ek}ren, is a sequence of positive scalars converging to 0, so by the second Borel-

Cantelli condition for almost sure convergence, we can see that X,, “3 X as k — oo.

Finally, suppose that every subsequence of {X,},ecn, has a further subsequence that
converges almost surely to X. For any § > 0, we want to show that {P (d(X,,X) > §)}nen,
converges to 0. To this end, we can make use of the selection theorem for subsequences
and try to show that every subsequence of {P(d(X,,X) > 0)}nen, has a further sub-

sequence converging to 0.

Choose some subsequence {P(d(Xp,,X) > 0)}ren, of {P(d(Xpn,X)>0)}nen, . By as-
sumption, {X,, }ren, has a further subsequence { Xy, }men, that converges almost
surely to X. Since almost sure convergence implies convergence in probability, this
means that { X, }men, converges in probability to X, so that, by definition,

{P (d(Xnkm,X) > (5) }men, converges to 0. This shows us that {P(d(Xy,,X) > d)}ren,
has a subsequence that converges to 0. By the selection theorem, we can conclude that
{P(d(Xn,X) > 0)}nen, itself converges to 0 and therefore that X, % X.

Q.E.D.
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3.3.1 The Continuous Mapping Theorem

Convergence in probability proves useful in so many applications because, unlike convergence in
distribution, convergence in probability is preserved under arithmetic operations such as addi-
tion and multiplication. Generally speaking, convergence in probability is preserved under any
continuous transformation. This impressive result is referred to as the continuous mapping the-

orem, and we state it below:

Theorem 3.11 (Continuous Mapping Theorem)

Let (E,d), (F,p) and (G,dg) be separable metric spaces, and define the Borel o-algebra £ as
above, and F similarly using p. Let {X,}nen, be a sequence of random variables and X a
random variable taking values in E. Likewise, let {Y, },cn, be a sequence of random variables
and Y a random variable taking values in F. Letting =Po X! be the distribution of X, the
following hold true:

a.s.

i) If X, “% X, then for any function f: E — F that is continuous j-a.e., we have fo X, %3
foX.

i) If X, LN X, then for any function f:FE — F that is continuous p-a.e., we have fo X, 2
foX.

iii) If X, 2 X and Y, & Y, then sequence {(Xn,Yn) tnen, taking values in the product space
(E x F,EQF) converges in probability to (X,Y") in the product metric d X p.

iv) If X, 2 X and Y, & Y, then for any function f: E x F — G that is continuous with
respect to the product metric d x p and dg, f(Xn,Yy) LN fX,Y).

Proof) i) Suppose that X, 3 X and let f: E — F be a function that is continuous pu-
a.e. Denote by D € £ the discontinuity points of f; by assumption, p(D¢) =
P(X (D)) =1.
Letting Qg € H be the almost sure set on which pointwise convergence occurs, the
set QoN X ~1(D¢) also occurs with probability equal to 1. For any w € QN X ~1(D¢)
and € > 0, since X (w) is a continuity point of f by design, there exists a ¢ > 0 such
that

p(f(2), f(X(w))) <e

for any x € E such that d(z, X (w)) < 4. Since X,,(w) — X (w) in the metric d, there
exists an N € N such that
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for any n > N. This holds for any € >0, so f(X,(w)) — f(X(w)) in the metric p.
This in turn holds for any outcome w in the almost sure set N X ~1(D¢), so we
can see that foX, 3 foX.

ii) Suppose that X, P X and let f: E — F be a function that is continuous p-a.e. We
make use of results ii) and iii) in the preceding theorem. Choose any subsequence
{foXu, tren, of {foXn}tnen, . Since { X, }ren, converges in probability to X, it
has a subsequence {X,, }men, that converges almost surely. By the continuous

mapping theorem for almost sure convergence,
foXy,, “¥foX.

In other words, {fo X, }ren, has a further subsequence that converges almost
surely to foX. By implication, every subsequence of {f o X, },en, has a further

subsequence that converges almost surely to fo X, and therefore fo X, 2 foX.

iii) Let 7 and s be the topologies on E and F induced by d and p, respectively.
The separability of (E,d) and (F,p) implies that the product topology 7 x s is
metrized by the product metric d x p. Furthermore, the second countability of
(E,d) and (F,p), implied by their separability, shows us that the product o-algebra
EQF =B(E, 7)QB(F,s) is equivalent to the Borel o-algebra generated by the
product topology, B(E x F,7 x s).

Now consider the sequence of random vectors {(X,,Y,)}nen, and the random vec-
tor (X,Y) taking values in the product space (E x F,E @ F). In light of the connec-
tion between £ @ F and the product metric d x p, {(d x p)((Xn,Yn),(X,Y))}nen,
is a sequence of measurable real-valued random variables. For any § > 0 and

n € N4, by the definition of the product metric,
(dx p)((Xn, Yn),(X,Y)) = max [d(Xp, X), p(Yn, Y],
so that
{(dx p)((Xn, Yn), (X,Y)) > 0} = {d(Xn, X) > 0} U{p(Yn,Y) > 0}.
Therefore,

P((dx p)((Xn,Yn),(X,Y)) > 0) <P (d(Xn,X) >06) +P(p(Yn,Y) > 0).

I This result is one of the first proven in the chapter on product spaces in the measure theory text.
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It follows that, if X, B X andy, > Y, both quantities on the right converge to

0 as n — oo, so that
P((dxp)(Xpn,Yn),(X,Y))>d) =0

as n — oo as well. This holds for any § > 0, so (X,,Y;) & (X,Y) in the product

metric in this case.

iv) Suppose X, % X and Y, B Y, and let f:EXF — G be a function that is con-
tinuous relative to the metrics d x p and dg. The preceding result shows us that
(X0, Yn) EN (X,Y) in the product metric d X p, so the continuous mapping theorem

for convergence in probability implies that
F(Xn, Ya) 5 f(X,Y)

in the metric dg.

Q.E.D.

The last result, in particular, is of great practical use. Consider the case where {X }nen,
and {Y}, }nen . are sequences of real random variables, and let d denote the euclidean metric
on R. Then, since the box metric and euclidean metric induce the same topology in euclidean
spaces, the mappings (z,y) — x+y and (z,y) — xy are continuous with respect to the product
metric d x d and the metric d. Applying result iii) now shows that, if X, P X and Y, BY for

some real random variables X and Y, we have
X, +Y, 5 X4+Y and X,Y, 5 XY.

Meanwhile, if each X,, and X are non-zero, the operation z — % is continuous p-a.e. on R, where
1 is the distribution of X. In this case, by the continuous mapping theorem, Xin TN %, and the

above result applies so that we may conclude

Yoy ¥
Xn X
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3.3.2 Big and Little O Notation in Probability

Convergence in probability is so important that mathematicians have developed a separate
notation to indicate the speed of convergence in probability. We first introduce the big and little
O notations for deterministic functions. Consider a complex-valued function f: R — C and a

positive-valued function g: R — (0,+00). We say that

f(z)=0(g()) as © — 0o if limsup ‘gg))‘

< 400

Heuristically, f(z) is O(g(x)) if f(z) and g(x) grow (decrease) at around the same speed as

x — o0o. The little O notation is reserved for a more acute case; for any a € [0,+00], we say that

f(x)=o(g(z)) as x —a if lim @)l

=0,
r—a g(:z:)

that is, f(z) is o(g(x)) if f(x) decreases to 0 (grows to oo) faster (slower) than g(x) as x — a.
Note that f(x) is O(g(z)) as z — oo if it is o(g(x)) as z — oo.

Big and little O notations appear in many areas of analysis. For instance, consider a smooth
function f : [a,b] — C, that is, a function that is infinitely differentiable on the interval (a,b).
Then, for any n € N4 and x,x+h € (a,b), the nth-order Taylor expansion of f(x+ h) around x

is given as
SWARIC))
k=0
where
. |rn(h)] _
A

This shows us that
rn(h) = o(|h|") as h — 0,

and as such we can rewrite the Taylor expansion as

n £ (k) (g
f(x—l—h):zf k'( )hk+o(|h]").
k=0 ’

We can also use the big and little O notations to discuss the speed of convergence of a
complex valued sequence. Let {a, }ren, be a complex-valued sequence that converges to 0; note
that this sequence is simply a complex-valued function with domain equal to the set of all natural
numbers N. Consider some positive-valued function g : Ny — (0,400) such that g(n) — 0 as

n — oo; usually, we put g(n) = # for some 0 < p < +o00. We say that

{an}nen, =0O(g(n)) as n — oo if limsup |an| < 400
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{an}tnen, =o0(g(n)) asn — oo if lim || —0.

w3 g(n)

In other words, {an}nen, is O(g(n)) if it converges to 0 at around the same speed as g(n), while

it is o(g(n)) if it converges to 0 faster than g(n).

Big and little O notation in probability is defined in a similar manner to big and little O
notation for deterministic functions and sequences. A sequence {X,},en, of complex random
variables is said to be bounded in probability if, for any ¢ > 0, there exist an M >0 and N € N,
such that

P(| Xy > M) <e

for any n > N. We show below that we can take N =1 if each X, is integrable:

Lemma 3.12 Let {X, },en, be a sequence of integrable complex random variables. Then,
{X}nen, is bounded in probability if and only if, for any € > 0, there exists an M > 0 such
that

sup P(| Xy > M) <e.

neEN4

Proof) Sufficiency follows immediately. As such, we turn our attention to necessity. Suppose
that {X, }nen, is bounded in probability, so that, for any € > 0, there exist an M >0
and N € N, such that

P(|Xn| >M)<e

for any n > N. Since each X, is integrable, by the characterization of integrability

studied above,
lim B [|X,] - Iy, 53] = 0.
Therefore, for each 1 <n < N there exists an M,, € N such that
E [|Xn\ 'I{\Xn\>Mn}] <,
and as such
P(|Xn| > My) < My P(1X0| > M) B [[ X [x, 500 | <€
Define

M* =max (M, M,---,My) > 0.
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We can now easily see that
P(| X, >M") <e

for any n € Ny.

Q.E.D.

Given a sequence {X,},en, of complex or non-negative random variables and a sequence

{an}nen, of positive real numbers, we say that
Xn =0p(an) as n— oo if {X,/an}nen, is bounded in probability.

In other words, X, is Op(ay) if {Xn}tnen, and {a,}nen, converge or diverge at around the
same speed as n — 00.
On the other hand, we say that

Xn=o0p(an) asn—oo if a—”ﬁo.
n

Heuristically, X, is op(ay,) if {X;,}nen, converges to 0 faster than {an}nen, -

Below we present some important results concerning big and little O notation in probability:
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Theorem 3.13 (Properties of Big and Little O Notation in Probability)
The following results hold true:
i) An o,(1) sequence is also O,(1).
ii) Op(1)0p(1) = O,(1); if X;, = Op(1) and Y, = Op(1), then X,,Y;, = O,(1).
iii) 0p(1)Op(1) = 0p(1); if X, = 0,(1) and Y, = O,(1), then XY, = 0,(1).
iv) Op(1)+0p(1) = Op(1); if X;, = Op(1) and Y, = Op(1), then X, +Y,, = Op(1).
v) Op(1)+0,(1) = Op(1); if X;, = Op(1) and Y, = 0p(1), then X, +Y, = Opy(1).
vi) If {an}nen, and {b,}nen, are positive real-valued sequences such that ‘g—z — 0, then

Op(an) +Op(by) = Op(by) and  Op(an)Op(by) = Op(anby).

vii) If {an}nen, is a positive real-valued sequence such that a, ,* 400, then any O,(1) se-

quence is also op(an).

viii) Any L'-bounded sequence of complex random variables is O, (1).

ix) Any uniformly integrable sequence of complex random variables is Op(1).

x) Let {X, }nen, be a sequence of complex random variables and {a,}n,en, a sequence of
positive real numbers. If {a, }nen . 1s convergent in R and | X»| < ay, for any n € Ny, then
X, = 0p(1).

xi) Let {Xn}nen, beasequence of complex random variables and {Y;, },en, asequence of non-
negative random variables. If Y, = O, (1) and | X,,| <Y}, for any n € N, then X,, = Op(1).

Proof) i) Suppose that {X,, }nen, is 0p(1), so that X, 2 0. Since

lim P(|X,|>1)=0
n—oo
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ii)

iii

by definition, it follows that, for any € > 0, there exists an N € N, such that
P(|Xn| >1) <e

for any n > N. Thus, X, = Oy(1) with M =1 for any € > 0.

Let X,, = 0p(1) and Y;, = Op(1). Then, for any € > 0 there exist My, My >0 and
Nx,Ny € Ny such that

P(|X,| > Mx) < <, and P(;Yn\>My)<§

€
27
for any n > N = max(Nx, Ny). Defining M = Mx My > 0, note that

{Xn| < Mx }0{|Ya] < My} C{| X, Yo < M};
therefore, for any n > IV,

P(| XY > M) <P(|Xn| > Mx)+P(|Y,] > My) <e.

Such an M >0 and N € N exist for any € > 0, so by definition X,,Y;, = O,(1).

Let X, = 0,(1) and Y,, = Op(1). Choose any ¢ > 0. For any e > 0 there exist M >
and N; € Ny such that

P(|Y,| > M) < %
for any n > N;. By definition of convergence in probability,
lim P{ | X, ) = 0
A P Xl > 7 ) =0,
so there exists an N > N7 such that
0 €
P(|X — —
(I n| > M) <3
for any n > N. Since

o
{Xal < 730 {IYn] = M} C{[Xn Y| < 0},
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we can see that, for any n > N,

5
P(| X, Y| > 6) gp(\xn\ > M) FP(Y,| > M) <e.

This holds for any € > 0, so it follows that
lim P(|X,Y,|>d)=0.
n—oo

This in turn holds for any § > 0, so by definition XY, 2 0 and thus X,,Y,, = op(1).

iv) The proof is very similar to that of ii). We state it here for the sake of completeness.
Let X,, = O0p(1) and Y;, = Op(1). Then, for any € > 0 there exist My, My >0 and
Nx,Ny € Ny such that

P(|X,| > My) < <, and IP’(|Yn|>My)<§

€

2’

for any n > N = max(Nx, Ny). Defining M = Mx + My > 0, note that
{|Xn| < Mx}0{|Yn| < My} C{[ X5+ Yo| < M},

since

X0 () + Y ()] < X @)+ |V ()] < My + My = M

if the outcome w is contained in the intersection on the left hand side. Therefore,

for any n> N,
P(| X, +Y,| > M) <P(|X,|>Mx)+P(|Ys]| > My) <e.

Such an M >0 and N € Ny exist for any € > 0, so by definition X,, +Y,, = Op(1).

v) If X;, =0p(1) and Y, = 0,(1), then Y;, = Op(1) by i). This implies that X,, +Y,, =
O,(1) by the preceding result.

vi) Suppose {an}nen, and {b,}nen, are positive real-valued sequences such that
o = 0. Let X, = Op(an) and Y;, = O, (by,). Defining
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for any n € Ny, {Z,}nen, is a sequence of (degenerate) real random variables
that converges almost surely and thus in probability to 0 as n — co. Therefore,
Zn = 0p(1).

Note that, by definition,

It follows that

KXot KXo Yo 1)0,(1) +0,(1) = 0,(1) +0,(1) = 0,(1)

by, by an by
by combining the preceding results. By definition, we can see that X, +Y, =
Op(bn).
Similarly,

so that XY, = Op(anby,).

vii) Suppose that {a,}nen, is a positive real valued sequence such that a, / +oo,
and let X;,, = Op(1). Choose any ¢ > 0. For any € > 0, there exists an M > 0 and
N; € N4 such that

P(| X, > M) <e

for any n > Ni. Since {a,}nen, increases to +oo, there exists an N > N; such
that a, > % for any n > N. It then follows that

P(‘Xn
a

n

> 5) CP(X| > 5-an) <P(|Xn| > M) <

for any n > N. This holds for any € > 0, so it follows that

Xn

an,

lim P < > 5) =0.
n—oo

This in turn holds for any § > 0, so by definition, f—: 20 and thus X, = 0p(ay).

vili) Let {X,}nen, be an L'-bounded sequence, that is,

K := sup E|X,| < +oo.
TLEN+
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For any € > 0, by Markov’s inequality
K €
P (an| > 6) < CE|X|<e

for any n € N,. Therefore, X,, = Op(1), or bounded in probability, with M = %
and N =1 for each € > 0.

ix) If {X,}nen, is uniformly integrable, then it is also L'-bounded, so that X,, = O,(1)
by the preceding result.

x) Let {X,}nen, be a sequence of complex random variables and {a,}nen, a se-
quence of positive real numbers. Suppose that a, — a for some a € R in the
euclidean metric on R, and that |X,| < a, for any n € Ny. Then, {a,}nen, is
a bounded sequence, so that there exists an M > 0 such that 0 < a,, < M for
any n € Ny. By implication, |X,| < M for any n € N, so that {X,}nen, is
L'-bounded:

sup E|X,| <M < 4o0.
neN4

Therefore, X,, = Op(1).

xi) Let {X,}nen, be a sequence of complex random variables and {Y} }nen, a se-
quence of non-negative random variables such that Y,, = O,(1) and |X,| <Y, for

any n € N;. For any € > 0, there exists an M > 0 and N € N, such that
P(Y,>M)<e
for any n > N. Since | X,,| > M implies Y, > M, we have
P(|Xn| >M)<P(Y,>M)<e

for any n > N. This holds for any € > 0, so by definition X,, = O,(1).

Q.E.D.
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3.3.3 Metric for Convergence in Probability

It is convenient to establish a metric for convergence in probability. In other words, given a
separable metric space (F,d) with corresponding Borel o-algebra £, we want to find a metric
dprop 01 the space H/E of random variables taking values in E such that, for any { X, }nen, and
X in H/E,

Xy, — X in the metric dpop

if and only if X, 5 x. dprop is useful because it allows us to apply results that hold for the
convergence of sequences in metric spaces to convergence in probability, although we did not
define the latter in terms of any metric on H/E.

One way to define dp,.p, in terms of the metric d of the underlying space E is
dprob(X,Y) = E[min(d(X,Y),1)]

for any random variables X, Y taking values in E. dy,q(X,Y) is well-defined and bounded above
by 1 because the separability of (E,d) implies that min(d(X,Y),1) is a non-negative random
variable bounded above by 1. We can also see that dp.q, is a metric on H/E, given that we

identify almost surely equivalent random variables:

o dpob(X,Y) =0 if and only if X =Y almost surely
Suppose that dy.o(X,Y) =0 for some X,Y € H/E. Then,

E [min(d(X,Y),1)] =0,

and by the vanishing property of non-negative functions, min(d(X,Y),1) =d(X,Y) =0

almost surely. By implication, X =Y almost surely.

Conversely, if X =Y almost surely, then min(d(X,Y’),1) =0 almost surely and therefore
dprop = E[min(d(X,Y),1)] = 0.

e Symmetry
For any X,Y e H/E, d(X,Y) =d(Y,X) and as such

dprop(X,Y) = E[min(d(X,Y),1)] = E [min(d(Y, X),1)] = dpyop(Y, X).

o Triangle Inequality
For any XY, Z € H/E,

d(X,Y) < d(X,Z)+d(Z,Y)
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because d satisfies the triangle inequality, which tells us that

min(d(X,Y),1) <min(d(X,Z)+d(Z,Y),1)

< min(d(X, Z),1) + min(d(Z,Y), 1).

By the monotonicity and linearity of the integration of non-negative functions, we now

have

dprop(X,Y) = E[min(d(X,Y),1)]
< E[min(d(X,2),1)] +E[min(d(Z,Y),1)] = dprop(X, Z) + dprop(Z,Y).

The next result shows us that convergence of probability is equivalent to convergence in the

metric space (H /€, dprop):

Theorem 3.14 Let (E,d) be a metric space and £ the corresponding Borel o-algebra. A
sequence { X, nen . of random variables taking values in E converges to some random variable

X taking values in E if and only if { X, },en, converges to X in the metric dpy.op.

Proof) Suppose that X, P, X . Choose any 0 < § < 1. Then, for any n € Ny,

dprob(Xn, X) = E[min(d(X,,X),1)]
=B [d(Xon, X) Ijax, x)<8y| +E [min(d(Xn, X),1) La(x,, )55
< 6-P(d(X, X) < 6) + P(d(X, X) > 0)
<I+P(d(X,, X) >0).
By the definition of convergence in probability,
Jgrgop(d(Xn,X) >9)=0,
so taking n — oo on both sides shows us that
limsup dpyop(Xn, X) < 6.
n—oo
This holds for any 0 < d <1, so it follows that

nh—>ngo dprob(Xna X) = 07

and as such that X,, — X in the metric dp,qp.

Conversely, suppose that X;,, — X in the metric d,;,,;. Choose any 0 < < 1. Then,
because d(X,,X) > is equivalent to min(d(X,,X),1) > ¢ due to the fact that 6 < 1,
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we can see that

P(d(Xp, X) > 6) = P (min(d(Xn, X),1) > 6)

=P
1 . 1
< SE[min(d(Xy, X), 1] = Sdprop(Xn, X)

for any n € Ny by Markov’s inequality. Taking n — oo on both sides shows us that

lim P(d(X,,,X)>6)=0.

n—oo

If § > 1, then

P(d(X, X) > 6) <P (d(Xn,X) > ;)

for any n € Ny, and since we just showed that the term on the right hand side goes to
0 as n — 0o, we again have

lim P(d(X,,,X)>6)=0.

n—oo

This holds for any § > 0, so by definition X, 2> X.

Q.E.D.
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3.4 Convergence in L?

We now focus on a useful form of convergence for complex valued random variables. For 1 <
p <400, let {X,,},en, be a sequence of complex variables in the vector space LP(H,P) over the

complex field, that is,
E|X, [P — /Q X, PdP < 400
for each n € Ny. Let [|-[|, be the LP norm on LP(H,PP) defined as
1X1, = (EIX )

for any X € LP(H,PP). We say that {X,},en, converges in LP to some random variable X €
LP(H,P) if
lim [[X,, — X]|, =0.
This mode of convergence is denoted X, B x. Denoting dy, : LP(H,P)? — [0,+00) the metric
induced by the L? norm, X, VX s essentially saying that X, — X in the metric d,. Recall
that the Riesz-Fischer theorem, one of the most important results in LP theory, states that the
metric space (LP(H,P),d,) is a complete metric space.
Convegence in LP has a useful characterization in terms of convergence in probability and
uniform integrability. Indeed, it is not an understatement to say that this result is the rmain

eason for studying uniform integrability.

Theorem 3.15 (Characterization fo Convergence in LP)
Let {X, }nen, be a sequence of complex random variables in LP(H,P) for 1 < p < +o00. Then,

the following statements are equivalent:

i) There exists an X € LP(#H,P) such that X, B x.

ii) {Xn}nen, is Cauchy in dp, that is,

lim || X, — Xoll, = 0.

n,Mm—00

iii) {|Xn|"}nen, is uniformly integrable and X,, 2 X for some complex random variable X.

Proof) The equivalence of i) and ii) follows from the Riesz-Fischer theorem. As such, we focus

on proving that i) and iii) are equivalent.
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Suppose that X, L X for some X € LP(H,P). We first show that X,, 2 X. By Markov’s

inequality,

1 1
P (X = X| > 6) < 5B X — XP = || X, — X}

for any § > 0. Since X, LK X, the expression on the right hand side goes to 0 as n — oo,
so that

lim P(|X, — X| > 8)=0.
n—o0

This holds for any & > 0, so by definition X,, 2 X.

We now show that {|X,["},en, must be uniformly integrable using the ¢ —¢ charac-

terization of uniform integrability. We will make extensive use of the inequality
e +y” <207 (2 + [yl?)
for any z,y € C. Choose any € > 0 Then, for any n € N; and H € H,

E(|Xnl? - I] < 2P M E[| X — X|P- I ] + E[| X|P - In])
< 7YX, - X|[E+E[|X]" - In).

The singleton {|X|"} is uniformly integrable because | X [P is integrable; therefore, there

exists a &g > 0 such that

E[IX]7-Iy] <

N ™

for any H € H such that P(H) < dg. That X, B x implies that there exist a N € N
such that

1
1 €\p
[ Xn— X, < o1 (2>
for any n > N. As such, we can see that, for any H € H such that P(H) < o,

sup E[| X, |- Iy] <e.
n>N

Since the collection {|X1|",---,|Xn|"} is uniformly integrable, there exists a §; > 0 such
that

sup B[ X, Iy] <e
1<i<N

for any H € H such that P(H) < ;. Defining § = min(dp,d1) > 0, it follows that, for
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any H € H such that P(H) < §, we have

sup E[|X,|P-Iy] <e.
neEN4

This holds for any € > 0, and thus {|X,|"},ecn, is uniformly integrable.

Conversely, suppose that {|X,["},en, is uniformly integrable and that X, 2 X for
some complex random variable X. We must show that X, X By the characterization
of convergence in probability, there exists a subsequence {Xp, }ren, such that X, =

X; by the continuous mapping theorem, | X, [V “3 | X|P. It follows from the almost sure

il

version of Fatou’s lemma that

E|X]P=E {hminf \Xnklp} <lminfE[X,,[” < sup E|X,[" < +oc,
k—o0 n—o0 neNy

where the last inequality follows because {|X,["}nen, , being uniformly integrable, is
L'-bounded. Therefore, X € LP(H,P). It follows that {|X,|"}nen, U{|X [P} is uniformly

integrable.

For any € > 0, by uniform integrability there exists a § > 0 such that

sup E[|X,|P-Ig) <e, E[X|P-Ig]<e
TZEN+

for any H € H such that P(H) < §. The fact that X,, 2 X implies that | X, — X|? 5 0

by the continuous mapping theorem, and as such there exists an NV € N such that
P(|X,—X|P>¢€)<d
for any n > N. Then, for any n > N,

sup | [!Xn\p'f{\xn—x%e}} <e, E[!X!p'f{\xn_xwx}} <e,
TLEN+

and we have
E|X, X" <E||Xn— X" Lx, —xpsg) +E [1Xn = X Ix, -xped]
<E[|1X0 = XP Ix, - xpsq] +e

<2 B[IXal Ix,—xisa ] FE[IXP Tyx,—xpsa) | +e

<(2P+1)e.
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This holds for any € > 0, so
lim E|X,—X[P=0
n—oo

and X, I x by definition.

Q.E.D.
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Chapter 4
Convergence of Measures

So far we have introduced various forms in which random variables can converge. Sometimes,
however, we wish to study the convergence, not of the random variables themselves, but of their
distributions. In particular, we focus on a type of convergence referred to as weak convergence,
or convergence in distribution. One particular advantage this approach has over the previous
ones is that we do not necessarily need to define a probability space beforehand, since the con-
vergence is of the distributions instead of the variables. This leads to a variety of interesting
results, including one that demonstrates that suitably choosing the probability space leads to

the equivalence of weak convergence and almost sure convergence.

Let (E,7) be a topological space and £ the Borel o-algebra generated by 7. We say that a
sequence {fin}nen, of probability measures on (K,£) converges weakly to another probability
meausre p on (E,E) if, for any bounded and continuous real function f on E,

tin [ fdp, = [ fan.
E FE

n—0o0

and we write this relationship u,, — p weakly. The set of all such functions is often denoted by
Cy(E,R).

Suppose that there exists a sequence {X,},en, of random variables in (E,E) such that the dis-
tribution of each X, is jin, and suppose X is another random variable in (£, ) with distribution
. In this case, if p, — p weakly, then we say that X,, converges to X in distribution, and write
X, % X. The defining property of weak convergence can then be formulated as

lim E[foX,]=E[foX]

n—oo

for any bounded and continuous real valued function f on F.

4.1 The Portmanteau Theorem

The definition of weak convergence is often very difficult to work with, since the space of all

bounded and continuous real valued functions on F is large and abstract. We thus rely on the
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following characterization:

Theorem 4.1 (The Portmanteau Theorem)
Let (E,d) be a metric space, 7 the metric topology induced by d, and £ the Borel o-algebra on
E generated by 7. Let {j, }nen, be a sequence of probability measures on (E,€) and p another

probability measure on (E,E). Then, the following are equivalent:
i) pn — p weakly.

ii) For any Lipschitz continuous and bounded real-valued function f on F,

1‘m/ dn:/ dp.
n;mEfu Efu

iii) For any closed subset F' of E,

limsup pin (F) < pu(F).

n—oo

iv) For any open subset V of E,

liminf y, (V) > p(V).

n—00 -

v) For any Borel subset A of E such that u(0A) =0 (we call these sets p-continuity sets),

lim 10 (A) = p(A).

n—o0

vi) (If E =R and 7 = 1r) Letting F), be the distribution function corresponding to each iy,
and F' that of u, for any x € R at which F' is continuous,

lim F,(x) = F(z).

n—oo

Proof) i) — ii)
This follows by definition, since any Lipschitz continuous bounded real valued

function on F is also a continuous bounded real valued function on FE.

i) — iii)
Suppose that ii) holds. Choose any closed set F' C E. The distance function x —
d(z,F) is continuous on £, which implies that the sequence {V},},en, of subsets

of E defined as
Vo= {oeBldaF) <} =@ P ((~o0 )
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for any n € N, is a sequence of open sets (each (—00,1/n) is an open set in R).

Furthermore, {V,,},en, is a sequence of open sets that decreases to F'; clearly,
Vot1 CV, for any n € Ny, and F C (), V,,. Conversely, for any z € (N, Vy, if e ¢ F
then d(z,F) > 0, which implies that = ¢ V,, for some n € N, a contradiction.
Thus, N, Vn, C F and thus F' = (), V;,. By sequential continuity and the finiteness
of 1, we can see that

lim p(Vi) = pu(F).

n—00

By implication, for any € > 0, there exists an N € N such that
(VN \F) = u(V) — u(F) <e,

where the first equality follows because ' C V. Denote V = V.

Finally, we can also see that, for any z € V¢ and y € F,

1

d >d(x, F) > —,
(0.9) > d(a, F) >
which tells us that the distance between V¢ and F' is bounded below by a non-
zero value. V is an open set that contains the closed set F', so together with the
boundedness condition above, Urysohn’s lemma for metric spaces tells us that

there exists a Lipschitz continuous function f: E — R such that

0 ifx gV
fl@)eqo,1] ifzeV\F
1 ifreF

for any x € E. This function satisfies I'p < f < Iy on F, so it follows that

pn(F) < /Efdﬂn < (V)

for any n € Ny. Because f is a bounded Lipschitz continuous function, by assump-

tion

lim/ dn:/ dp,
HOOEfu Efu

so we have the inequality

limsup,un(F)g/ fdu.
E

n—oo
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Since f < Iy on FE, by monotonicity we have

/Efdﬂ < (V) <e+p(F);
putting together all these inequalities yields

limsup pun, (F) < e+ p(F).

n—oo
This holds for any € > 0, so it follows that
limsup pun (F) < p(F),
n—oo

as desired.

iii) — iv)

Suppose iii) holds. Then, for any open set V C F,
1= pin(E) = pin (V) + pin (V)
for any n € N4, so that pu,(V)=1—pu,(V°). Since V¢ is closed, by ii) we have
limsup i (V<) < p(VE) = 1= (V).
It follows that

1—liminf i, (V) <1—p(V),

and as such iv) holds.

iv) — v)
Now suppose iv) holds. Then, by the same process as above, we can show that iii)

holds as well.
Choose any A € & such that p(0A) =0. Since

0A= A\ A°,
where A and A° are the closure and interior of A, repsectively, we can see that
(1(A) = p(A%) = p(A\ A%) = p(9A) = 0.
A° C A C A, so this result implies that p(A°) = u(A) = u(A).

177



iii) and iv) show us that

limsup pin (A) < p(A)

n—oo
liminf i, (A%) = p(A?),
and because p(A) = u(A%) = u(A),
limsup g, (A) < limsup p, (A) (ACA)
n—oo

n—oo

< p(A) <liminf i, (A%)
< l%ggfun(Ao). (A°C A)
By implication,

limsup g, (A) = liminf i, (4) = p(A),

n—oo

and thus v) holds.

v) — i)
Suppose that v) holds. Let f be a bounded non-negative continuous function.

Then, letting f(x) < M for any = € E and some M > 0,

[;fdﬂnZLAI[o,f(z))(t)dtdﬂn(x)
= [ [ T @) dtdpaa)

= /OOO pn({f >t})dt (Fubini’s Theorem)
:/OMun({f>t})dt {f>t}=0fort>M)

for any n € N4, and likewise for p.

We now want to show that the set
D={teR|uo{f>t}) >0}

is at most countable. It is here that the continuity of f is critical. To illustrate this,
suppose that £ =R, and consider the discontinuous function g = %I 0,1/21 tL(1/2,1)-
In this case, 0{g >t} ={1/2} for any ¢t € (1/2,1); if u({1/2}) > 0, then u(0{g >
t}) >0 for any ¢t € (1/2,1), or in other words, for uncountably many ¢. Fortunately,

the continuity of f precludes such a case.
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By the continuity of f, {f >t} = f~1((t,+00)) is open for any ¢ € R. On the other
hand, since [t,+00) =R\ (—00,t), where (—o0,t) is an open set, [t,+00) is closed,
and therefore f~1([t,+00)) = {f >t} is closed as well by continuity. Thus, {f >t}
is a closed set containing the open set {f > t}, which implies that the closure of
{f >t} is contained in {f > t}. Together, these imply that

oHf >ty ={f>\{f >t}°
={f>t\{f >t} ({f >t} is open)
C{f2ti\{f >t} ={f=t}.

Since p is a finite measure, there can be at most countably many ¢ € R such that
u({f =t}) > 0 (this follows from a similar reasoning as that in lemma 1.9).

Let D" be the set of all real numbers ¢ such that u({f =t¢}) > 0. Since o{f >
t} C {f =t} for any t € R, we have (D")¢ C D¢, that is, if u({f =t}) =0, then
wu(0{f >t}) =0 as well. This implies that D C D’, and because D’ is countable,

sois D.

It follows that D has measure 0 under the Lebesgue measure (since it is countable),

and by result v),

i i ({f >1}) = u({f > 1})

n—oo

for any ¢ € [0, M]\ D. Therefore,

[ stin= [ (> )

= Mn({fn > t})dt
[0,M]\D

for any n € N and likewise for p, and because p, ({ fn, >t}) € [0,1] for any n € N
and [0, M]\ D has finite Lebesgue measure, by the BCT we have

lim [ fdu, = lim pn({f >t})dt
E

n—oo n—o0 [O,M}\D

- w({(s > that = [ s

[0,M]\D

Now let f be an arbitrary bounded and continuous real valued function. By the

above result,

lim / Frdun = / fEdy,
n—oo E E

so by the linearity of integration,
. _ . + o . —
dy [ o = Jin [ 7l = Y [
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:[Ef+du—/]5f_dM:/Efdu.

By definition, p, — p weakly.

We have thus shown that i) to v) are equivalent.
Now consider the case where (E,€) = (R,B(R)). Suppose that p, — p weakly. Then,
v) holds, so that

lim 1 (4) = p(A)

n—oo

for any A € € such that pu(0A) =0.

Choose any = € R such that F'is continuous at x. This means that

p({e}) = F(z) - F(z—) =0,
and because 0(—o0,x] = {z}, we have p(d(—o0,z]) = 0. By the result above, then,

lim F,(x) = lim p,((—o0,z])

n—oo n—o0

— u((—00,2]) = F(x).

Therefore, F;,, converges to I’ at all continuity points of F.

Conversely, suppose that F,, converges to F at all continuity points of F. As before, note
that, for any bounded and non-negative continuous function f on R bounded above by
M >0,

M M
[ = [ > e = [ (1= Fu(e)de
E 0 0
for any n € Ny, and likewise,

/Efdu: /OM(l—F(t))dt.

Since F' has at most countably many discontinuities, letting the collection of all discon-
tinuity points of F' be D, and noting that F),(t) — F(t) for any t ¢ D, by the BCT
lim / fdpn = lim (1= Fy(t))dt

E

n—oo

The case for general bounded and continuous real-valued function f on R follows easily,
and by definition u, — p weakly.
Q.E.D.
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4.1.1 Application: Uniqueness of Weak Limits

The portmanteau theorem has a variety of implications, including the fact that any sequence of
probability measures on a complete metric space converges to at most one weak limit. This can

be easily derived as a consequence of the following, more fundamental result:

Lemma 4.2 Let (E,d) be a metric space, 7 the metric topology induced by d, and £ the
Borel o-algebra on E generated by 7. Let p and v be two probability measures on (E,E) such

that
[ fdu= | gav

for any bounded and continuous real-valued function f on E. Then, y=wv on £.

Proof) For any n € N, define p,, = p for any n € N1. Then, for any bounded and continuous
real-valued function f on E, because [ fdu, = [5 fdu for any n e Ny,

o e T

and thus p, — v weakly. By the portmanteau theorem, for any open set A,

liminf u, (A) > v(A),

n—oo

but because p, = p for any n € N4, we have

p(A) =liminf p, (A) > v(A).

n—o0

This holds when the roles of p and v are replaced as well, so u(A) = v(A) for any
open set A € 7. Becauase p and v are both probability measures and 7 is a m-system

generating &, it follows that 4 =wv on €.
Q.E.D.

The above result tells us that a probability measure p on a metric space is determined by
its values on the set Cp(E,R) (that is, the integrals of any bounded and continuous real-valued
function with respect to ). The uniqueness of weak limits following immediately from this result:
letting {/i, Jnen, be a sequence of probability measures on the metric space (E,d) converging

weakly to both p and v, since

[ fu=tim [ fdu, = [ pav

for any f € Cy(E,R), it follows that u=v.
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4.1.2 Application: Convergence in Probability and in Distribution

The Portmanteau theorem also helps shed light on the relationship between convergence in
probability and distribution. It shows that convergence in probability implies convergence in

distribution, and that the converse holds only when the limit distribution is degenerate.

Theorem 4.3 Let (E,d) be a separable metric space, 7 the metric topology induced by d, and
& the Borel o-algebra on E generated by 7. Let {X,},cn, be a sequence of random variables
in (F,£), and X a random variable in (E,£). The following hold true:

i) If X, & X, then X,, % X.

i) If X, i> X and X is a degenerate random variable, then X, B x.

Proof) Suppose X, % X . Then, for any bounded and continuous real valued function f that
is bounded above by M € (0,400), the sequence {|foXn\2}n€]\hr is bounded above by

M?; as such,

sup E {\foXnﬂ < M? < +oo.
neEN4

By implication, {|f o Xy|}nen, is L?-bounded and therefore uniformly integrable. The
continuous mapping theorem also tells us that fo X, TN foX, so together with uniform

integrability, we have fo X, L—1> foX. Forany ne€ Ny,
[E[foXn] —E[fo X]| <E[fo X, — foX],
where the right hand side goes to 0 as n — oo, so
nlLI%oE[foXn]:E[foX].

This holds for any f € Cy(E,R), so by definition X, 4 x.

Now suppose X, 4 x , where X is a degenerate random variable, that is, X = k almost

surely on () for some k € E. Define h: F — R as
h(z) = d(z,k)

for any xz € E. Then, h is continuous on E, so that h € £/B(R); for any 6 > 0 and
nec N+,

P(d(Xp,X)>9) =P(d(Xn, k) > 0) (X =k almost surely)
< P(d(Xn,k) 2 8) = p (7' ([6.40))
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where j1,, is the distribution of X,,. Since h=1([6,+00)) is a closed set ([, +0o0) is closed

and h is continuous), taking n — oo on both sides yields, by the Portmanteau theorem,

limsupP (d(X,,, X) > §) < limsup p, (h_l([é,—l-oo))) <pu (h_l([5,+oo))> ,

n—o0 n—o0

where p is the distribution of X. Taking a look at the quantity on the right hand side,
i (b1 ([6,4+00))) = P(d(X,k) > 8) <P(X #k),

where the last inequality follows because d(z,k) > ¢ > 0 implies x # k for any = € E.
Since X = k almost surely, P(X # k) = 0 and we thus have

0 <limsupP(d(X,,X) > ) <0,

n—oo
which implies
lim P(d(X,,X)>d)=0.

n—oo

This holds for any § > 0, so

Q.E.D.

The above result can be used to show, among other results, that any sequence of complex

random variables that converges in distribution is bounded in probability and thus Op(1):

Theorem 4.4 Let {X,},en, be a sequence of complex random variables that converges in

distribution to some complex random variable X. Then, X,, = O,(1).

Proof) Let {pn}nen, and p be probability measures on (C,B(C)) such that each p, is the
distribution of X,, and p the distribution of X. It follows by definition from X, 4 x
that u, — p weakly.

Choose any € > 0. Note first that the sequence {By}ren, defined as
B ={|X|>k}eH

for any k € Ny is decreasing with intersection B =, By, = {|X| = +o0} = 0. It follows

from sequential continuity and the finiteness of P that

lim P(|X| > k) = lim P(B;) =P (B)=0.
k—o0 k—o0
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Therefore, there exists an M € Ny such that
P(|X|>M)<e.
Define the set Z C C as
Z={z€C||z| > M}.

Z, being the complement of the open set {z € C||z| < M}, is a closed set in Z. By the
definition of u, and p,

in(Z) =P(1Xa| = M) and p(2)=P(|X| = M)
for any n € N4, so by the portmanteau theorem,

limsupP (| X,,| > M) <P(|X|> M) <e.

n—oo

Since

limsupP (| X,,| > M) = inf supP(|X%| > M),

n—o00 neEN4 k>n

we can see from the definition of the infimum that there exists an N € N, such that

sup P (| Xyn| > M) <e,
n>N
and as such

P(|X,| > M)<e

for any n > N. We can find such an M >0 and N € N, for any € > 0, so it follows that
Xn = Op(1), that is, { X, }nen, is bounded in probability.

Q.E.D.
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4.2 Skorokhod’s Representation Theorem

Note that no mention of an underlying probability space or random variables were made dur-
ing the proof of the Portmanteau theorem. This indicates that we may be able to derive, from
the weak convergence of probability measures, results concerning the convergence of the corre-
sponding random variables. This is precisely the content of the next theorem, which allows us
to construct an underlying probability space such that weak convergence of the distributions
translates into the almost sure convergence of the associated random variables.

We first prove a preliminary result:

Lemma 4.5 Let (F,d) be a separable metric space, 7 the metric topology induced by d, and
& the Borel o-algebra on E generated by 7. Suppose p is a probability measure on (E,&).
Then, for any n > 0 there exists a countable base B’ of open balls with radius less than 7 gen-
erating 7 such that u(0A) =0 for any A € B'.

Proof) Choose n > 0.
Let B be the collection of all open balls on E, that is, sets of the form Bgy(x,e) for
some x € F and € > 0. We first show that there are only countably many of these balls

around some z € E whose boundary has positive measure under p.

For any = € E, consider two open balls By(z,€) and By(z,0) for €,0 > 0 such that € # 4.
Assuming without loss of generality that € > J, there exists a rational number ¢ € Q

such that § < ¢ < €; since the closed ball By(z,q) is a closed set such that
By(z,6) C By(z,q) C By(x,e),

we can see that
By(x,6) C By(x,q) C Ba(x,¢),

which implies that 9Bg4(x,d), being a subset of the closure of By(z,d), is also contained
in By(z,€). Finally,

0Bgy(z,€) = By(z,¢€) \ By(z,€)
tells us that 0By(z,0) and 0Bg(x,€) are disjoint. In other words, the set

{0By(z,€) | e >0}

is a collection of disjoint measurable sets. Therefore, by the finiteness of u, there can
exist at most countably many elements of the above set that have positive measure

under .

This allows us to define the countable collection Dy = {By n}ne ~, of open balls as
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follows: for any n € Ny, if u(0Bg(x,n-27")) =0, then we put By, = B4(z,n-27"). On
the other hand, if u(8By(z,n-27")) > 0, then choose n-27""! < ¢, <7-27" so that
1(0By(x,€,)) = 0; such a choice is possible because the open interval (n-27""1 n.277)
is uncountable and there are at most countably many € > 0 such that p(9Bg(z,€)) > 0.
We then let B, = Bg(x,€p).

The D, thus constructed is a collection of open balls with measure 0 boundaries and

radii less than n that is strictly decreasing with respect to n.

By the separability of (E,d), there exists a countable set Fy C E sucht that Fy = E,
and define

B = ] D,.
€ Fy

It can be shown that B’ is a countable base on F that generates the topology 7.

Clearly, B’ is a countable collection of open sets on E, since each D, is made up of
countably many open balls, and Ej is countable. Furthermore, B’ covers E; to see this,
note that, for any y € E, by the denseness of Fy on F, there exists an x € gy such that
d(z,y) < 7. By the construction of D, there exists a ball B centered around z in D,
such that By(z,n/4) C B C By(x,n/2); therefore,

ye Bd($a7l/4) CB.

Since B is an element of B’, B’ covers E.

Now choose any A € 7 and y € A. Because 7 is the metric topology induced by d,
there exists an € € (0,n) such that y € By(y,e) C A. Let N € N4 be chosen so that
n-27N < 5. Since Ej is dense in F, there exists an z € Eq such that d(z,y) < n-2~ N1,
and there then exists a 7-27V~1 <§ < 7.2V such that By(x,5) € D,. It now follows
that y € Bg(z,n-27N"1) C By(x,9), and for any z € By(z,9),

A7) < d(a.2) +d(,y) <o +n-2 V< S oe

€
2
so that Bg(x,0) C Bg(y,€). Therefore,

ye Bd(xad) - Bd(yae) C A,

and because By(x,d) € B/, we can see that B’ is a base on F (let A be the non-empty

intersection of two elements of B'), and that B’ generates 7.

Q.E.D.

The representation theorem is stated below:
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Theorem 4.6 (Skorokhod’s Reprsentation Theorem)

Let (E,d) be a separable metric space, 7 the metric topology induced by d, and £ the Borel
o-algebra on E generated by 7. Let {j,}nen, be a sequence of probability measures on (E,&)
weakly converging to a probability measure p on (E,E).

There exists a probability space and random variables { X, },cn, and X taking values in (E,&)

defined on that probability space such that
i) X, has distribution p, for any n € Ny and X has distribution .

ii) X,, converges almost surely to X.

Proof) The proof is long and technical, but the main idea is simple. Namely, the idea is to
partition the space E into smaller and smaller sets on which p is concentrated (which
is possible due to the separability of (E,d)), and define X,, in a manner so that it takes
values on the same small set as X. This ensures that X,, converges to X on each of
these sets, and thus almost surely.

The proof therefore proceeds by first constructing these small sets, and then construct-

ing { X, }nen . so that each X, almost surely lies in the same small set as X.

Step 1: Existence and Construction of Small Sets

We first construct, for any € > 0, a finite measurable partition {By, Bi,---,By} of E
such that:

n(Bo) <€
wu(B;) >0 for 1<i<k
uw(0B;) =0 for0<:<k

diam(B;) <e for1<i<k,

where we define diamA = sup,, ,¢ 4 d(z,y) for any set A C E. Note that the diameter of
an open ball is equal to 2 times its radius. It is in the sense that the diameter of each

B is smaller than e that {By,---, By} is a partition of E of "small sets”.

By lemma 4.5, the separability of (E,d) implies that, for any e > 0, there exists a
countable base B’ = {A; }nen, of open balls with radii less than § that generates 7
such that u(0A,) =0 for any n € N,. Since B’ covers E (by the definition of a base),
Uis, 4; N E, and by sequential continuity

Jim_ p (Lnj Ai) =u(E) =1

i=1
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Define By = A7 and

- (U)

for any n > 2. Then, {B, }necn, is a disjoint sequence of measurable sets on E such that

v Bi C Ui, A; for any n € N4, so we have

i (,UIBZ) =l g (UAz‘) -

i=1

For any € > 0, there exists an N € N, such that

N
1_,U<U Bz> < €.
=1

Let Bi,---, By, be the subcollection of {By,---,Bn} of sets of positive y-measure, and
let By be the union of (Uf\;1 Bi)c and the sets in {Bj,---, By} of measure 0 under u.
Then, {By, B}, , By} satisfies the desired properties:

— Because the sets in {By, BY,---, B} are all disjoint and has union FE, it is a finite

measurable partition of F.

— Since the sets of measure 0 in {By, -+, By} and (Uf\il BZ-)C are disjoint,
N ¢ N
wu(Boy) = 1 (UBZ> :1—,u<UBi><e.
i=1 i=1

— By design, p(B;) >0 for 1 <i<k.

— For any 1 <i <k, because B; C A for some A € B, where p(0A) =0 and A has

radius less than §, it follows that p(0B;) = 0 and B; has diameter less than or

equal to e.

— Finally, each Bf has boundary of measure 0 under x (since 0B; = B; N Bf = 0B¢),
so that u(0Bp) =0 as well.

The preceding result now implies that, for any m € N4, there exists a finite measurable
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partition {Bg",---, By } of E such that

u(B) <27

u(B™) >0 for 1 <i<ky,
p(0B™) =0 for 0<i <k, '
diam(B]") <27 for 1 <i <k,

Since p, — p weakly as n — oo, and the boundary of each B]" has measure 0 under g,

by the Portmanteau theorem we can see that

lim i, (B]") = n(BJ").

n—00
Thus, if ©(Bj") > 0, then there exists an Ny, ; € N4 such that
[(B{") = pn(Bi")| <27 - p(B}")
for any n > Ny, ;, and in particular,
pn(B") > (1=27")u(B]")
for any n > Ny, ;. If u(B]") =0, then
pin(Bi") 2 0= (1-27")u(B;")

for any n € Ny, so we can take N,,; as any natural number in this case. Defining
Ny =max(Np1,-++, Ny k) € Ny, it follows that

pn(Bi") = (1=27")u(B;")

for any n > N,, and 0 < i < k,,. Finally, we can choose the sequence {N,,}men, to be

a subsequence of N.

For each 0 <i <k, and n € N, define the probability measure py’; on (E,E) as
Nn(AmB;m) : m

pn( ) = ey (B >0

in(A) i (B =0

for any A € £. It is easy to show that j"; is indeed a probability measure on (E,£).

Step 2: Constructing the Sequence {X,}ncn,

Now we are ready to construct the random variables corresponding to {s }nen, and

L
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By Ionescu-Tulcea’s theorem for independent random variables, there exists a probabil-
ity space (€', H',P') such that the random variables X,(,{Y, }nen. s {Yni}n,ien, { Zn fnen,

are mutually independent and have the following distributions:

— X has distribution pu.

¢ is uniformly distributed on [0, 1].
— For any n € N, Y, has distribution pu,.
— If N, <n < Nyjpy1, then for any 0 < <k, Yy; has distribution ,u%.

— For any n € N, if N, <n < Np,41, then

km

P (Zn € A) =27 pui(A) [un(B") = (1= 27")u(B")]
=0

for any A€ €.
Letting the distribution of Z,, be denoted vy, it is clear that v, is a probability

measure on (F,&) because it is the linear combination of measures ji;g, -, .
with non-negative coefficients, and
km
Un(B)=2") [pn(B") = (1 =27")u(B")] = 2" pn(B) =27 (1 - 27")u(E) = 1
i=0

by finite additivity (Bg",---, B}’ are disjoint and have union E).
Define the sequence { X, },en, as follows:

i) n < Ny
In this case, let X,, =Y,,. Clearly, X,, has distribution .

ii) Ny <n < Np41 for some m e Ny

In this case, we let

Y if¢<1-2""and X € B]"
Z, if¢>1—2m '

X, =

Then, for any A € £,
{X,eA}= (][j {Ynie A}n{X e B"}n{¢ < 1—27"}}) U({¢>1-2""}n{Z, € A})

i=1
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so by finite additivity and the independence of all these random variables,

km

P(Xp€eA)=(1-2"") P (Y€ AP (X € B)+2 ™ P (Z, € A)

1=0
km

=3 (-2 ™ (A)(BI) + s (A) [ (BY) — (127 ™)u(BI] )

=0

_Z:U’nz :U’n Bm)

For any m € N4 and 0 <i < k,;,, we can consider two cases: if u,(B]") =0, then

fi(A)pin (Bi") = 0 = pn (AN B"),
while if i, (B]™) > 0, then by definition
fii (A) pin (Bi") = pn (AN BY).

Therefore,

o
(X, € A) Zum n(B") =Y pn(ANB") = pn(A)

=0

by finite additivity and the fact that F = Uf;”o B". It follows that each X,, has

distribution p,.

Step 3: Showing that X,, Converges to X

It remains to show that {X,},cn, converges almost surely to X. To this end, first

note that, for any n > N,, and 1 <i < k,,, the fact that u,(B}") >

wu(B™) > 0 implies that p,(B™) > 0. Thus,

pn(BP")
P (Y,; € B™) = t 2 —1,
( mi & S ) Mn(Bzm)
It follows that the set
Nmt1—1kp,

m n=N,, =1

has measure 1 under P'.

Define

Am=1{X ¢ BMn{¢<1-2""1nQy.
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for any m € Ny, and let
A=liminf A, = J ( N Am) :
k \m>k

For any n € N, such that N, <n < Np,41, then for any w € A,,, X(w) € B" for some
1 <i <k, and because ¢ <1—27" it follows that X, (w) = Yy;(w). Since w € Qy, it

follows that Y;,;(w) € B". Each B has diameter less than or equal to 27, so we have

d(X(w),X,(w)) < sup d(z,y) =diamB;" <27™.
z,yeB™

For any w € A, there exists a k € N such that w € (,,>;, Am. For any € > 0, choosing
M € N, such that M >k and 2= < ¢, since w € A,, for any m > M, we can see that

d(Xp(w), X (w)) <e

for any n > Njs. This holds for any w € A and € > 0, so X, converges to X pointwise
on A.

It remains to be seen that A is a set of measure 1 under P. This can be accomplished

by noting that
P(AS) <P (X € Bf)+P' (¢ >1-2"™)+ P/ (Q5) =2~

Since

w-n(ys)

it follows that, for any k € N4,

'(A°) <IP’(U AC> < iP’(Afn): irm“
m=k m=k

m>k

by countable subadditivity. Therefore,
P (A°) = lim P/ (A°) < lim Z 2—mtl =,

n—00 k—>oo

Q.E.D.
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4.2.1 Application: The Continuous Mapping Theorem

Skorokhod’s representation theorem is powerful because it shows us that, for a suitable choice of
probability space, weak convergence is as strong as almost sure convergence. We illustrate this

power in the next result, which is the continuous mapping theorem for weak convergence:

Theorem 4.7 (Continuous Mapping Theorem)
Let (E,d) be a separable metric space, with corresponding Borel o-algebra &£. Let { X, }nen,
be a sequence of random variables taking values in (E,£) that converge in distribution to some
random variable X taking values in (E,E).

Let (F,p) be another separable metric space with corresponding Borel o-algebra F. If f:

E — Fis a Borel measurable function on E that is continuous p-a.e., then

foXnifoX.

Proof) We show the result by relying on the continuous mapping theorem for almost surely
convergent sequences of random variables. First, let u, be the distribution of each X,

and p that of X. By assumption, {{n}nen, converges weakly to .

By Skorokhod’s representation theorem, there exists a probability space (', H',P'), a
sequence {Y,}nen, of random variables defined on ' taking values in (E,£), and a

random variable Y defined on ' taking values in (E,&) such that

— Y, has the distribution pu,, for any n € N4,
— Y has the distribution u, and
- Y, 3Y.

Denote the set of discontinuity points of f by D; by assumption, u(D)=0. Let Qp € H’

be an almost sure set on which Y,, — Y pointwise, and define
Q=Y YD) eH,
where the inclusion holds because D € £. Because p(D) =0, it follows that
P () =P/ (Y € D) = u(D°) =1,

and as such, P’ (QpN ;) =1. Since f is continuous at all points on D¢, it follows that,
for any w € Q1N Qp,

lim f(Y,(w))=f(Y(w)),

n—oo

since Y (w) € D¢. By definition, foY, 2% foY, and because almost sure convergence

implies convergence in probabilty, which in turn implies convergence in distribution
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(due to the completeness and separability of (F,p)), it follows that
foYy S foY.

The distribution of each foY,, is the pushforward measure y, o f~!, and likewise, the

distribution of foY is pro f~1; we have seen that
pnoft = poft

weakly. Because the distribution of each fo X, is pno f~' and that of fo X is po f1,
this implies that

foX,% foX.

Q.E.D.
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4.3 Slutsky’s Theorem

This section concerns another important connection between convergence in probability and
distribution. In a sense, it shows that convergence in distribution dominates convergence in
probability; if two variables converge, one in distribution and one in probabilty, then any con-
tinuous function of the two variables converges in distribution.

We first state the first variant of the theorem:

Theorem 4.8 (Slutsky’s Thereom I)
Let (E,d) be a separable metric space, with corresponding Borel o-algebra £. Let {X,}nen,,
{Ya}nen, be sequences of random variables taking values in (E,&).

Suppose that {X,},en, converges in distribution to some random variable X taking values
in (E,£), and that

d(Xn,Y) 2 0.

Then, {Y;, }nen, also converges in distribution to X.

Proof) Choose any f € Cy(E,R) that is Lipschitz continuous with Lipschitz constant equal to
L >0, that is,

[f (@) = f(y)| < L-d(x,y)

for any x,y € F, and suppose that f is bounded above by M € (0,+00). For any € > 0,
by Lipschitz continuity

[f (@) = fy)l <e

for any x,y € E such that d(x,y) < £ = 4.

For any n € N, we now have

Elfo Xy ~E[foY,]| <E[fo X, — foY,|
<E[|foXn—foYul- lax, v +E [IF 0 Xn— foYul Lax, v, 58
< P (d(Xp,Yy) <68)+2M -P(d(X,,Yy) > 0)
<e+2M-P(d(X,,Yy,) > 0).

Therefore,

E[foY,]|—E[foX]| < |E[foX,]—E[foX]|+e+2M-P(d(X,,Y,) > d).
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By definition,
nlLIgoP(d(Xn,Yn) >4§)=0,
and because X, A X,
7}1_)H§O|E[foXn] —E[foX]|=0.
Taking n — co on both sides thus yields

limsup|E[foY,]| —E[foX]| <e.

n—oo

This holds for any € > 0, so

lim E[foY,] =E[foX].

n—o0

This in turn holds for any Lipschitz continuous f € Cy(E,R), so by the Portmanteau

theorem,

Q.E.D.

The next result applies the previous theorem to make a claim about a pair of random variables.

Theorem 4.9 (Slutsky’s Thereom IT)
Let (E,d) and (F,p) be separable metric spaces with corresponding Borel o-algebras £ and
F. Let {X, }nen, and {Y,},en, be sequences of random variables taking values in (E,€) and
(F,F), respectively.

Suppose that {X,, },en, converges in distribution to some random variable X in (E,£), and
that {Y}, }nen, converges in distribution to some random variable Y in (F,F).

If Y is a degenerate random variable, then the sequence {(X,,Y,)}nen, of random variables
in (Ex F,EQJF) satisfies

d
(X, Y,) = (X,Y).
Moreover, for any continuous function g on F X F,

9(Xn,Yn) % g(X,Y).

Proof) Because (E,d) and (F,p) are separable, letting 7 and s be their metric topologies in-
duced by d and p, the product topology 7 X s generates the product g-algebra £ F.
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Furthermore, we also showed that the product metric d x p metrizes 7 X s, so that
EQF is precisely the Borel o-algebra associated with the metric space (E x F,d x p).
Because the individual metric spaces (E,d) and (F,p) are separable, so is (E x F,d X p);
this means that the theorems concerning convergence in distribution we have studied so

far also apply to sequences of probability measures on the product space (E x F,EQ F).

Note first that, for any n € Ny,
(d ) (X Y), (X, V)] = max(d( X, Xn), p(Ye, Y)) = max(0, p(¥,,Y)) = p(Y, ),
and because
p(Yn,Y) 50
by the assumption that Y, LN Y, it follows that
(dx ) [(Xn,Y), (X0, Y)] 20

as well.

Because Y is a degenerate random variable, Y = k almost surely for some k € F. It
then follows that, for any f € Cy(E x F\R),

E[fo (XnaY)] :]E[fo(Xnak)}

for any n € N,. Defining the function h: E — R as h(z) = f(x,k) for any x € E, h
is continuous because the sections of continuous functions are continuous, and it is

bounded because f is. Therefore, by the definition of convergence in distribution,

lim E[fo(X,,Y)] = HIEEOE [f o (Xn, k)]

n—oo

= lim E[hoXy]| =E[ho X]=E[fo (X,k)] =E[fo (X,Y)].
This holds for any f € Cy(E x F,R), so by definition

(X, Y) 5 (X,Y).
Finally, by the first version of Slutsky’s theorem, we can now see that

(X, Vo) % (X,Y).

Finally, letting g be a function on E x F' that is continuous with respect to d x p, by

the continuous mapping theorem we have

9(Xn,Y) S (X,Y).
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Q.E.D.

4.3.1 Application: Convergence of Random Vectors and Matrices

The following are some applications of Slutsky’s theorem to random vectors on euclidean spaces.
Let {X, }nen,, {Bn}nen, be sequences of k-dimensional random vectors, and {4, },en, a se-
quence of m x k random matrices. Suppose that X, % X for some k-dimensional random vector
X, and that 4, 5 A, B, 2 B for some non-random A € R™**¥ and B € RF.

Convergence of Sums and Products
Denoting by dj, the euclidean metric on R¥ and p,,xj the metric induced by the trace norm
on R™** define the functions f : R* x R¥ — R¥ and g : R™** x RF — R¥ as

flz,y)=x+y and g(M,z)= Mz

for any z,y € R¥ and M € R™**. Both these functions are continuous with respect to the product

metrics on their respective domains: starting with f, for any z,y, z,w € R¥,

[f(z,y) = fzw) =lr+y—(z+w)| <|e—z[+]y—w]
< 2-max(|z — 2|, [y —wl) = 2- (d x d)((,9), (2,0)),

so that f is actually Lipschitz continuous with Lipschitz constant equal to 2. Similarly, for any
M,S € R™** and x,y € R¥,

lg(M,x) —g(S,y)| = |[Mxz — Sy| = |Mx — My + My — Sy|
< ||M|||z —y|+[|M -S| - |y].

For any € > 0, define
0 = min (WH‘:WHJ) > 0.
For any (S,y) € R™** x R¥ such that
(Pmxck % die) (M, ), (S,y)) = max([|M = S][, |z —y]) <,
we can see that
lyl <z —yl+]e] <14z
and

9(M; ) = g(S,9)| < |M ||z —y[+[[M = S| - ly| < S| M]| + [z +1] <e.
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This holds for any € > 0, so ¢ is continuous at (M, z), and indeed on R"™** x R
In light of the continuity results above, by Slutsky’s theorem,

A, X, +B, % AX +B.

Convergence of Quadratic Forms
Another popular application concerns quadratic forms. Suppose m = k, and note that the
mapping h : R¥*F x R¥ — R defined as

h(M,z)=2'Mz

for any M € R¥** and = € R* is continuous with respect to the product metric Prxk X di. To see
this, choose any M € R¥** and z € R¥. For any € > 0, define

€

Ix!HM!H!w\(!w\+1)+(HMH+1)(!93\+1)’1> -0

0 = min (
Then, for any S € R¥** and y € R* such that
(Prxk X di) (M, x),(S,y)) = max([|M = S|, |z —y[) <,
we can see that

Yyl <lz—y|+|z] < 1+|z]
IS <||M =S|+ ||IM]|| < 14| M]|

and

|h(M,z) — h(S,y)| = |2'Mz —y'Sy| = |2’ Mz — 2’ My + 2’ My — 2’/ Sy + 2’ Sy — y' Sy|
< |zl[[ M|z —y| + [z[[|M = Sll[y| + |z = yl[[S]l]y|
< ([ M|+ 2|z + 1) + ([M][+ 1) (Jz[ + 1] <,

where the last inequality follows by design. This holds for any e > 0, so by definition A is

continuous at (M,z) and indeed on R¥** x R¥. By Slutsky’s theorem, we can now see that

X! Ap X, 5 X'AX.
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4.4 Tightness and Prohorov’s Theorem

In this section we state and prove a theorem that allows us to determine whether a given sequence
or collection of probability measures converges weakly. This theorem forms the cornerstone in
both the usual central limit theorem (via the continuity theorem, proved below) and the func-

tional central limit theorem.

A central concept is the relative compactness of probability measures. Let (E,d) be an arbi-
trary metric space and £ the associated Borel o-algebra. A collection II of probability measures
on (K,£) is said to be relatively compact if, for any sequence {fin}nen, in II there exists a
subsequence {fin, }xen, Of {fin}nen, that converges weakly to some probability measure 1 on
(E,E), not necessarily in II. This is similar to the characterization of relative compactness in a
metric space, in which a set is relatively compact if and only if any sequence in that set has a
convergent subsequence. However, the relative compactness of measures is not quite the same
as the topological concept of the same name, since we have not defined any metric or topology
on the space of probability measures.

Relative compactness comes in handy because of the following result:

Lemma 4.10 Let (F,d) be a metric space with associated Borel o-algebra £. Suppose
{tn}nen, is a relatively compact sequence of probability measures on (E,£). In addition, as-
sume that every weakly convergent subsequence of {fin}nen, is has the same weak limit pu.

Then, {1y }nen, itself converges weakly to p.

Proof) Suppose that {ji,}nen, does not converge weakly to p. Then, there exists a bounded
and continuous real valued function f such that { [y fdju, }nen, does not converge to
[ fdp. By definition, there exists an € > 0 such that, for any n € N, there exists an
N > n such that

[ g = [ san] = e

As usual, we can construct a subsequence { [ fdpn, tren, of {[g fdin}nen, such that

[ sdun ~ [ su| =

for any k € Ny. Since {jin, }ren, is a sequence in the set II = {y,, | n € N}, which is
relatively compact, by definition there exists a subsequence {fin, }tmen, of {in, }ren,
that is weakly convergent. {{in, }tmen, is itself a subsequence of {i}nen,, so by
assumption, it converges weakly to u. As such,

lim [ fdup, :/ fdp.
E E

m—ro0
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However, the fact that

[ Fdia, [ sdu| =

for any m € N, contradicts the above convergence result. It follows that {uy}nen,

should converge weakly to p.

Q.ED.

Therefore, if we can establish the two results above, we can easily show that a given sequence
of probability measures converges weakly. It is for this reason that we wish to find sufficient
conditions that ensure relative compactness. The main concern here is finding, for any sequence
in a collection II of probability measures, a subsequence that converges weakly to a probability
measure. In order to ensure that the weak limit is a probability measure, we require a condition
that precludes any mass from escaping the probability measures in the limit. This condition is

called tightness, and the formal definition is given below.

A collection of probability measures II on (F,€) is said to be tight if, for any € > 0, there exists
a compact set K in E such that

n(K) <e

for any p € II. In other words, there exists a compact set such that the mass of each measure
in IT on the set can be made arbitrarily close to 1. This is the sense in which mass is precluded
from escaping in the limit.

An easy result that follows from the definition is that a probability measure on a metric
space that is both complete and separable is itself tight. We can further extend this so that any
relatively compact collection of probability measures on a complete and separable metric space

is tight; it turns out that this is the necessity part of Prohorov’s theorem.

Theorem 3.10 (Prohorov’s Theorem: Necessity)

Let (E,d) be a complete and separable metric space, 7 the topology induced by d and £ the
Borel o-algebra generated by 7. For any collection of probability measures IT on (E,&), II is
tight if it is relatively compact.

Proof) The three properties of relative compactness, separability and completeness come into

play one by one, and the proof can be divided into steps in which each property is used.

Step 1: Relative Compactness

Let {G}nen, be a sequence of open sets increasing to E. The relative compactness of
IT implies that, for any € > 0, there exists an N € Ny such that u(Gy) > 1 — ¢ for any
well
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To see this, suppose that, for any n € N, there exists a yu,, € IT such that u,(G,) <1—e.
Then, {jn}nen, is a sequence in II and, by relative compactness, it has a weakly
convergent subsequence {fin, }ren, . Letting v be the weak limit of this subsequence,

by the Portmanteau theorem we have

v(Gp) <liminf u,, (Gy,)

k—o00

for any n € Ny. For m € N4 such that n,, > n, we have

lu’nm (Gn) S /’Ln’m (Gnm,)

because G,, C G,,, so that
inf < inf
Jnf, i (Gn) < f gy, (G )

for any k € N4 and thus

- o [ i |
iy (Gr) = g (1 e (Gu)) < iy ()

Finally, pin, (Gpn,) <1—¢ for any k€ N, so

v(Gy) < liminf p,, (G,,) <1—e.

k—

This holds for any n € N4, so by sequential continuity

1=v(E)= lim v(G,) <1—g¢,

n—oo

which is a contradiction. Therefore, there must exist an N € N, such that
w(Gn)>1—e€ for any pell.
Indeed, because {G,}nen, is an increasing sequence of open sets,

w(Gp)>1—¢€ forany n> N and p €11

Step 2: Separability

Now we will construct a sequence {G }nen, of open sets increasing to £ using the

separability of (E,d). Throughout, we fix € > 0.

Since (E,d) is separable, there exists a countable set EC that is dense in E. For any

k€ N, letting By, = {Agn}nen, be the collection of all open balls centered at some
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point in E° with radius %, By covers E. To see this, let x € £ and note that, by the

denseness of E° in E, there exists some y € E° such that d(z,y) < %, which implies that
x € By(y,1/k), where By(y,1/k) € By.

Defining
Gn = U Aki
i=1

for any n € Ny, {G, }nen, is now a sequence of open sets in E that increases to £. By

the preceding result, there exists an N € N such that
N .
2 U Ak‘l >1- 277
i=1

or equivalently,

Ny .
pl (A% | < o
=1

for any p € II.
Now define
N
By = ﬂ Aj; forany ke Ny and B= UBk'
i=1 k

Then, we can see that
oo
p(B) <D pu(By) <e
k=1
by countable subadditivity.
Finally, defining K = B¢, because K¢ C B, we have u(K¢) < e. It will now follow that

IT is tight if we can show that K is compact. To do so, we show that B¢ is relatively
compact (in the topological sense); by definition, this means that K, the closure of B¢,

is a compact set.

Step 3: Completeness

Recall that B¢ is relatively compact (in the topological sense) if any sequence in B¢

has convergent subsequence. Let {z,}nen . be a sequence in

Ny
B = Ak

k i=1
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Put {z,0}nen, = {Zn}nen,, and suppose that we have constructed a subsequence
{nx—1}tnen, of {Tn}tnen, for some k > 1. Then, since {z, r—1}nen, lies in the set
U?Q“l Ay;, there must exist an 1 <i < N, such that Ay; contains infinitely many elements
of {xy k—1}nen,. Let {2, 1 }nen, collect these elements of {zy x—1}tnen,; {Znktnen,
is a subsequence of {&,, x—1}nen, and by extension {x,}nen, . Moreover, because each
Tk € Agi and Ay, has radius smaller than %, we have

1
d n,ks4tm '
(Tp k2 ,k:)<k

for any n,m € N..

Now consider the sequence {xj i ren . of elements of . We can immediately tell this
is a subsequence of {z, }nen, , since, for any k € Ny, {&, x+1}nen, is a subsequence of
{@nktnen, and thus xpiq 41 is at least as far along {z, }nen, as Tp41k, wheih tells
us that xj41 x4 is further along {zy, }nen, than xy .

In addition, for any k,m € N4, we saw above that

1

d(Th o, Tm,m) < m

Thus, as k,m — oo, the quantity on the left hand side converges to 0.
We have seen that {zyx}ren, is a subsequence of {x,}nen, that is Cauchy with re-
spect to the metric d. By the completeness of (F,d), it converges to some = € F, which

completes our proof.

Q.E.D.

Note that the above theorem holds when IT = {u} for some probability measure p on (E,€&)
becauase 11 is trivially relatively compact in this case. Therefore, the theorem shows that every

singleton is tight if the underlying metric space is complete and separable.

Prohorov’s theorem furnishes sufficient and necessary conditions for a collection of probability
measures to be relatively compact, and it is the main result of this section; we proved the ne-
cessity part above. The surprising result is that tightness by itself is sufficient and (under some
additional conditions) necessary for relative compactness. First, we present a preliminary result

concerning the convergence of functions defined on a countable space.

Lemma 4.12 Let E be a countable set and { fn}n€N+ a sequence of real vector or com-
plex valued pointwise bounded functions on E. Then, there exists a subsequence { fy, }ren, of

{fu}tnen, that converges pointwise.

Proof) Let F =R"™ or C.
Let {2y, }nen, be the elements of the countable set E arranged into a sequence. Because

{fa(x1)}nen, is a bounded sequence, by the Bolzano-Weierstrass theorem there exists
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a subsequence { fy,1}nen, of {fn}nen, such that {f,1(21)}nen, converges pointwise
to some f;, € F.

Suppose, for some k > 1, that we have found a subsequence { f;, 1 }nen, of { fn}nen, such
that { fx (i) }nen, converges to some f,, € F for 1 <i <k. Again, {f,r(Tr+1) nen,
is a bounded sequence, so there exists a subsequence { fy, x+1}nen, Of {fnr}tnen, and

by extension { f,}nen, such that

fn,k+1 ($k+1> — fl‘k+1

as n — oo for some f;, € F.
Note that, for any k € Ny and 1 <: <k,

li Oofm,k(wl) = fa,

m—

and { fi k() }men, is a subsequence of { fi, j(2;) }men, for any 1 <j <k.
Now consider the sequence {fyx}ren, of functions. {frr}ren, is a subsequence of

{fu}tnen, because, for any k € N, {fnr+1}nen, is a subsequence of {fy 1 }nen, and
thus fri1,x+1 is at least as far along { fn}nen, as fr41,k, Which implies that fr i1 41 is

further along { f, }nen, than fi .

It remains to see whether { fi i }ren, converges pointwise. For any € >0 and i € N,

so there exists an N € N4 such that N >+¢ and

|fm,z($z) - f:rl| <€

for any m > N.

Choose any k > N. Because { fy, 1 (i) }men, is a subsequence of { f, ;(«;) }men, , there
exists an m € N, such that fi 1(z;) = fin,i(:). frx(2:) is the kth element of { f,, 1. (2:) fmen, »
so m > k > N, which implies that

|fk,k(l'1) _f:m| = ‘fm,z(l'z) _f:pl| <e€

by the above result.
This holds for any € > 0, so by definition the sequence { fy 1 (2:)}xen, converges to fa,.
Define f: E — F as

for any i € N,. Then, the above result shows that {fix}ren, is a subsequence of

{fa}nen, that converges pointwise to f.
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Q.E.D.

We now state and prove the sufficiency part of Prohorov’s theorem below:

Theorem 4.13 (Prohorov’s Theorem: Sufficiency)

Let (E,d) be a metric space, 7 the metric topology induced by d, and £ the Borel o-algebra on
E generated by 7. Let II be a collection of probability measures on (F,€&).

If IT is tight, then it is relatively compact.

Proof) Interestingly, the sufficiency part holds for metric spaces that are not necessarily com-
plete or separable; it is shown below that, instead of separability on the metric space,

we can make use of the separability of compact sets to obtain the desired result.

The proof proceeds roughly as follows. Choosing an arbitrary sequence in II, we first
construct a well-behaved countable collection of Borel sets F and find a subsequence of
that sequence that converges pointwise on that countable collection. Using the point-
wise limit above, we construct an outer measure on FE in a similar manner to the Riesz
representation theorem. It can then be shown that £ is exactly the collection of all outer
measurable sets, and as such, by Caratheodory’s restriction theorem, the restriction of
that outer measure to £ defines a measure p on (E,£). Finally, the choice of F allows us
to conclude that the pointwise convergent subsequence found above converges weakly

to p, and that p is a probability measure.

We now detail each of the above procedures. Initially, let {1, }nen, be a sequence in

the tight collection II of probability measures on (E,&).

Step 1: Constructing F

By the tightness of II, for any n € Ny there exists a compact set K,, such that

1
FK}(n)>’1__ﬁ

for any p € II; without loss of generality, we can choose K, so that {K,}ncn, is an
increasing sequence of compact subsets of E. Define K =J,, K,, C E. We show that K

is covered by a countable collection of open balls.

For any g € Q and n € N, note that the collection {By(x,q)}.ck, is an open cover of
K,; by the compactness of K,,, there exists a finite collection E, , of points in K, such
that

K, C U Bi(z,q).

z€En 4
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This holds for any n € Ny, so defining £, =U,, By 4,

K=|JKn,c |J Balz,q).

n zckEy

Defining

-’4 == {Bd(x7Q) ’ q S Qum S Eq}
A is a countable collection of open sets in E such that

Kc |J A
AeA

Furthermore, for any open G and x € K NG, because G is open there exists an € > 0 such
that x € By(z,e) C G. Choosing any ¢ € Q such that ¢ < §, because K C Uyer, B(y,q)
and x € K, there exists a y € E, such that x € By(y,¢). It is also the case that B4(y,q)
is contained in G; to see this, note that, for any z € By(y,q),

d(z,2) < d(z,y) +d(y,2) <20 < 3,

which implies that
Ba(y,q) C Ba(x,¢/2).
Denoting A = By(y,q), by construction A € A and
Ac{zeE|d(z,2)<e/2} C By(z,e) CG,
so that
reACACG.

Summarizing our construction so far, we have found a countable collection A of open
balls in F such that:

— A covers K =J,, K\,

— For any open set G and x € KNG, there exists an A € Asuchthat rt€ AC ACG.
This suggests that A is actually a countable base for the subspace topology 7% on K
induced by 7. Despite the fact that we have not assumed the separability (and thus

second countability) of (E,7), the second countability of (K, 7x) follows from the fact

that K is the countable union of compact sets.

From A, we can construct the countable collection of interest. Define F as the collection

of all subset of E that can be expressed as the finite union of sets of the form AN K,,
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where A € A and n € N ; formally,

F= { U (@A;NKy,) | J is finite, Vj € J,Aj € A and n; € N+}U{@}.
jeJ

Step 2: The Properties of F

We list below some properties of F:

— F is a countable collection of subsets of F
This is clear because F consists of finite unions of sets from a countable collection
of subsets of E.

— Any H € F is compact and contained in some K,,
Let H € F be nonempty. Then, there exist Ay,---, A, € Aand an mq,---,my, € Ny
such that

H:ZL:Jl (AnKn,).

Because H is the union of closed sets, it is itself closed. Furthermore, it is con-
tained in the compact set |Ji—; Ky, = K, where m = max(mq,---,my), so H is
itself compact.

If H is the empty set, then it is trivially compact.

By implication, H is Borel measurable and F C £.

— Each K, is contained in F

Because F), 4 is finite for each n € N and ¢ € Q, we have

K, = U (Bd(x,q)ﬂKn)E]:,

:EGEn,q

since By(x,q) € A for any x € E,, .

— F is closed under finite unions
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This is obvious, since JF consists of finite unions of sets in the countable collection

along with the empty set.

Heuristically, F consists of compact sets that separate closed and open sets. Doing so
allows us to formulate results on open sets in terms of approximating sets from below
that belong in F.

The formal result can be stated as follows:

Let F and G be closed and open sets in E such that F C G, and suppose that F
is contained in some H € F. Then, there exists an Hy € F such that F C Hy C G.

To prove the above statement, let F', G be closed and open sets such taht F' C G and
F C H for some H € F.

If H=0, then = () and thus we can take Hy = (.

Suppose now that H is nonempty. Choose any z € F'; because H is a compact set
contained in K, x € K. Furthermore, x € F' C GG, which implies that = € G and thus
x € KNG. There then exists an A, € A such that

reA, C A, CQG.

{A;}zeF is thus an open cover of F' whose union is contained in G, and because F,
being a closed subset of a compact set H, is itself compact, there exists a finite collection

1, ,Ty € F such that

n
Fc|J4,,.
i=1
Lastly, because H is contained in K,, for some m € N, F C H C K,;, and defining

Hy= L:JI (AenKy) € F,

we thus have

FcHyc |4, cG.
i—1
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We can also show, as an application of the last result, the following:

Let G1,G9 be open sets such that H C G1UG2 for some H € F. Then, there exist
Hy,Hy € F such that Hi C Gy, Hy C G9 and H C H; U H>.

To prove this, choose any open sets GG1,Go and let H C G1UG> for some H € F. Define
Fy={z€H|d(z,Gf) >d(z,GS)} and Fr={x€ H |d(z,G]) <d(z,G5)}.

Since G§ and G§ are closed, the function h = d(-,G§) — d(-,G$) is continuous on F; we

can write
Fi=h71([0,400))NH and Fy=h"'((—00,0))NH,

which tells us that F; and F, are closed sets (H is closed, and the inverse images of h
are as well by the closedness of [0,+00), (—00,0] and the continuity of h). Furthermore,
for any x € Fy, suppose x ¢ G1; then, since x € H C G1 UGa, this means that x € G.

However, this means that
d(z,G5) > 0=d(z,GY),

which contradicts = € Fy. Therefore, x € G4, so that F; C G;. Likewise, F» C Gs.
We have thus seen that Fi,F5 are closed sets contained in G1,G9 and also in the set
H € F; therefore, by the previous result, there exist Hy, Ho € F such that

F,Cc H;CG;

for i =1,2.
Finally, since H = F1 U Fy, it follows that

H C HHUH,.
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Step 3: Choosing a Pointwise Convergent Subsequence

The chosen sequence {y, }nen, can be viewed as a sequence of functions on the count-
able collection F of subsets of F that are pointwise bounded (in fact, they are uniformly
bounded since they, being probability meausres, all take values in [0,1]). By lemma 4.12,
then, there exists a subsequence { (i, }ren, Of {fin}nen, and a function a : F — R such
that

lim gy, (H) = a(H)
k—ro0

for any H € F. Because each fi,, takes values in [0,1], so does a.

The function « possesses the following properties:

— «a(0) = 0 trivially, since p,, () =0 for any k € N,.

— For any disjoint Hy, Hs € F,
fny, (H1 U Ho) = pig, (H1) + piny, (H2)
for any k € N4 by finite additivity, so
a(HyUHy) = a(Hy) 4+ a(Hs?)

as well; « is finitely additive.

— For any Hi, Hs € F that are not necessarily disjoint,

Oé(Hl UHQ) = Oé(Hl \HQ) +05(H2)
Oé(Hl) — Oé(Hl ﬂHQ) +04(H2) < a(Hl) —‘rO{(HQ)

by finite additivity, so that « is finitely subadditive.

— For any Hy,Hy € F such that Hy C Ho,
Oé(HQ) = a(Hl) —|—C¥(H2\H1) > Oz(H1>

by finite additivity, since H; N Ho = Hy. Thus, « is monotonic.
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Suppose p is a probability measure on (E,E) such that
w(G) =sup{a(H) |H € F,H C G}.
for any open set GG. Then, for any k € N, and H € F such that H C G,
tiny (G) > finy, (H)

holds, and taking £ — oo on both sides yields

likrggéf,unk (G) > a(H).
Finally, this holds for any H € F such that H C G, so

likn_1>i£funk(G) >sup{a(H) | H € F,H C G}. = u(G),

and by the Portmanteau theorem, p,, — 1 weakly.

Therefore, our goal is now to construct some probability measure p on (F,&) such that
w(G) =sup{a(H) | H € F,H C G}.

It is during this process that Caratheodory’s restriction theorem comes into play. Specif-
ically, we first construct an outer measure on E that satisfies the above property for

any subset of F, and then show that its restriction to £ is a probability measure.
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Step 4: Constructing an Outer Measure on F

As in the Riesz representation theorem, define the function g : 7 — [0,1] as
B(G) =sup{a(H) | H € F,H C G}

for any G € 7. Note that the set {«(H) | H € F,H C G} is nonempty; this is because,
forany Ge 7,0 C G and () € F. so that a(()) =0 is contained in the above set. It follows
that § is well-defined because the set {«(H) | H € F,H C G} is nonempty and a subset
of [0,1], so that the least upper bound property of the real line ensures (3 takes values

in [0,1] as well.

It is easy to show that 8 possesses the following properties:

— B(0) =0 because 0 is the only set in F contained in (.

— For any G1,Gs € 7 such that G; C G,
{a(H)|He F,HCG1}C{a(H)|H e F,HC Ga},

it follows that 8(G1) < S(G2). Thus, § is monotonic on 7.

We can show that 5 is countably subadditive on the collection of open sets. We first

show that f is finitely subadditive, and then move onto countable subadditivity.

— Finite Subadditivty
Choose any open G1,Go with union G. Then, for any H € F such that H C G,
there exist Hi,Hs € F such that H C HHUH and H; C G; and Hy C Gs. By

implication,

a(Hy)+a(Hs) (Monotonicity and Subadditivity of «)
< B(G1)+B(G2) (Definition of j3)

This holds for any H € F such that H C G, so

B(G) < B(G1) +B(Ga),

which shows that § is finitely subadditive on 7.

— Countable Subadditivity

Now let {Gy,}nen, be a sequence of open sets with union G (that is also open).
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Choose any H € F such that H C G. This makes {Gn}ngg\/+ an open cover of the
compact set H, and as such there exists an N € N such that

Now we define the function u* : 28 — [0,1] as
w'(A)=inf{B(G) | ACG,GerT}

for any A C E. Again, {8(G) | A C G,G € 7} is nonempty (each A C E is contained
in the open set E) and a subset of [0,1] (5 takes values in [0,1]), so that p*(A) is
well-defined and takes values in [0,1] for any A C E.

It is also the case that p* and 8 agree on the collection of all open sets. To see this,

choose any G € 7; since G is itself an open set containing G,
1 (G) < B(G).

On the other hand, for any € > 0, by the definition of the infimum there exists an open
set V € 7 such that G C V and

p(G) <BV) <p'(G) +e
By the monotonicity of 3, it follows that
p(G) < B(V) <™ (G) +e,

and since this holds for any € > 0, we have 5(G) < p*(G) and thus p*(G) = 5(G).

We can now show that p* is an outer measure on F/, similarly to the Riesz representation

theorem. We verify each property one by one.
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1) Because () is an open set and p* and § agree on T,

2) For any Aj, Ay € 2F such that A; C Ag, because
{B(G)| A Cc G,GeT}C{B(G)| A CG,GeT},
it follows that

1 (A1) < p*(Ag).

3) It remains to verify that u* is countably subadditive. Choose any sequence { A, }nen,
of subsets of E with union A. By the definition of the infimum, for any ¢ > 0 and
n € N4, there exists an open set G, such that A, C G,, and

1 (An) < B(Gr) < 1" (An) + 55

Then, G =J,, Gy, is an open set that contains A; by definition and the countable
subadditivity of 3,

which shows that u* is countably subadditive.

Thereofre, ©* is an outer measure on F; define the set of all p*-measurable sets as M,

and recall that
M={ACE|p"(B)=p"(BNA)+u"(BNA°) for all BC E}.

We will now show that M contains £.
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Step 5: M contains &£

Because M is a g-algebra on F, it suffices to show that M contains every closed set;
then, because M is closed under complements, it contains every open set, and thus
contains £ because the latter is by definition the smallest o-algebra on E' containing

every open set.

Let F be a closed set. Then,
p(B) S p*(BOF)+p"(BNF*)

by the suabdditivity of p*, so it remains to see that the reverse inequality holds.

Let G be an open set. Because F°NG is an open set, by the definition of the supremum

there exists for any € > 0 an H; C F°NG such that
B(FNG)—e<a(H) <B(FNG).

Since H; is again compact and thus closed, H{ NG is open, and by the same line of

reasoning as above, there exists an Ho C Hf NG such that
BH{NG)—e< a(H2) <B(HING).
Because H; and Hs are disjoint, by the finite additivity of a we have

a(HlLJHz) = a(Hl)—l—a(HQ) > /B(FCHG)—F,B(HfﬂG) —2¢
=p (FNG)+p* (HING) — 2,

where the last equality follows becausae u* and 3 agree on the open sets.

Furthermore, because H; C F¢, we have F' C HY{ and
a(HiUH) > p" (FNG)+p* (FNG) —2¢

by the monotonicity of p*.

Finally, since Hy U Ho C G, by the definition of 5 we have
p(G)=B(G) > a(HHUHy) > pu* (F°NG)+ " (FNG) — 2e.
This holds for any € > 0, so

p(G) = B(G) = p (FNG) + p* (FNG).
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Now let B C E arbitrarily. For any open G such that B C G,
B(G) Z p (FNG) +p (FNG) 2w (FNB)+p* (FNB),
where the last inequality follows by the monotonicity of u*. Therefore,

p*(B) =inf{B(G) |G eT,BCG}
> (F°NB)+p* (FNB).

By definition, F' € M, and thus M C €.
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Step 6: Constructing the Probability Measure u

By Caratheodory’s restriction theorem, letting pg be the restriction of p* to M,

(E,M,up) is a complete measure space such that

for any open set G. Furthermore, since p* takes values in [0, 1], so does py.

As such, letting p: € — [0,1] be defined as

p(A) = po(A)

for any A € €, so that p is the restriction of ug to &£, the triple (E,&, 1) forms a measure

space. In particular, for any open set G,
w(G) = po(G) = B(G) =sup{a(H) | H € F,H C G}

By the remark at the end of step 3, the proof is complete if we can show that u is a

probability measure on (E,€&).

To see this, note that, for any m € N,
k—o0
where the second inequality follows because K,, € F, E is open and K, C E. By how

we chose K.,

1

for any k € Ny, which tells us that

1> w(B) > a(Ky) > 1— ~.

- m

This holds for any m € Ny, so taking m — oo on both sides yields

w(E)=1.

Therefore, p is a probability measure on (E,€), and the proof is complete.

Q.E.D.
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4.4.1 Application: Lévy’s Continuity Theorem

Prohorov’s theorem can be used to prove, among other things, Lévy’s continuity theorem, which
shows the equivalence of the convergence in distribution of sequences of real valued random
vectors and the pointwise convergence of the corresponding characteristic functions.

The formal statement and proof are stated below:

Theorem 4.14 (Lévy’s Continuity Theorem)
Let { X, }nen, be a sequence of k-dimensional random vectors with corresponding characteristic
functions {¢y, }nen,. For any k-dimensional random vector X with characteristic function ¢,
Xn 4 X if and only if

lim o (1) = (1)

n—oo

for any t € R”.

Proof) Let {pn}nen, be the distributions of { X, }nen, and p that of X.

Necessity follows easily. Suppose X, % X. For any non-zero t € R¥, becuase the sine

and cosine functions are bounded, real valued and continuous functions on R¥,

lim [ cos(t'z)dpn(z) :/kcos(t’x)du(x) and

n—oo JRk R
lim [ sin(t'z)dp,(z) :/ sin(t'z)dp(z)
n—0 JRk RE

by the definition of weak convergence. Therefore,

lim ¢, (t) = lim kexp(it'm)dun(x)

BRT / ;. . . /
= lim_ - cos(t'x) dpy (z) +1 (Jl_)ﬂgo /Rk sin(t'x) dpr, (:z:))

= / cos(t'z)dp(z) +i </ sin(t/z)du(:c)) = / exp(it'z)dp = ¢(t).
Rk Rk Rk
©n(0) =1=p(0) for any n € Ny, so it follows that
Pn =@

pointwise on R¥.

Moving onto sufficiency, suppose that ¢, — ¢ pointwise on R¥. Then, if {pun, }ken L s

a subsequence of {1, }nen, that converges weakly to some probability measure v on
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(RF, B(R¥)), then v = u. To see this, note that, for any t € R¥,

/ exp(it'z)dv(x) = lim [ exp(it'z)dpy, (z) (pin,, — v weakly)
Rk n—oo Jrk

= e (1)

= (). (By assumption)

Therefore, v and p have the same characteristic functions; as such, v = on B(RF),

and fip, — p weakly.

As such, in light of lemma 4.10, we can show that p, — p weakly if IT = {ji, }nen,
is relatively compact. Going one step further, it is sufficient, in light of Prohorov’s
theorem, to show that II is tight to conclude that II is relatively compact. This is

precisely what we set out to prove below.

We want to prove that, for any € > 0, there exists a compact set K such that
pn(K)>1—¢

for any n € Ny.
The proof proceeds roughly as follows.

Since @, being a characteristic function, is continuous at 0, for sufficiently small m > 0
it holds that the integral

is also sufficiently small (note that ¢(0) = 1). Furthermore, because ¢,, — ¢ pointwise,

for large enough n the above tells us that

(27;)k /[m m]k (1 - w”(t))dt

is also small. It can be shown that the integral above is bounded below by the measure
of the complement of [—m~!,m~!¥ under j,. As such, for large enough n, the value of
Wn outside some compact k-cell can be made arbitrarily small. We can also find such
compact k-cells for p, with small n, since there are only finitely many g, with small
n, so taking the (finite) union of these compact k-cells yields the desired K.

The details of the above proof are given below:
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Step 1: A Positive Lower Bound for ( @y J—mml k(1 —p(t))dt

For any n € N1 and m > 0, the following holds:

1 1 .,
(2m)F /[_m’m]k (1—en(t))dt =1- @m)F /_m i /Rk exp (it'z) dpy, (z)dt

/ <2mH/ exp ztjxj)dtj) dpip, ()

(Fubini’s theorem)

1 m

— itz )dts | dpy(z).
( m] 1 exp(z iT5) J) pin ()

(1, is a probability measure)

For any 1 < j <k, assuming that x; # 0,

%/_mexp(ztjxj)dtj = %/_mCOS(tjl'j)dtj +i- (zm/_msm(tjxj)dtj)

1 m 1 .
= —/ cos(tjxj)dt; = 781n(mx])'
m Jo ma;
On the other hand, if x; = 0, then
sin(ma;)

Qm/ exp(itjxj)dt; =1= lim

zj—=0 M,

Thus,

Jj=1

ko '
(2;)]6 /[—m m]k(l_@n(t))dt:‘/ﬂ{k (]__ H SIDTE:Z;TJ)) dﬂn(-r)’

sin(mx;)

where the value of at z; = 0 is taken to be its limit 1.

sin(x)

For any = € R such that |z| > 7, we have
1<j <k, then

, s0 if |ma;| > T for any

Therefore,
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Step 2: A Small Upper Bound for W]{_m’m}k(l — pn(t))dt

Recall that ¢, being a characteristic function, is uniformly continuous, and in particular,

continuous at 0. Therefore, for any € > 0, there exists a § > 0 such that

1-p)] < 5

for any ¢t € R¥ such that ¢ € [-4,6]*. Therefore,

g RO

for any m < ¢. In addition, because ¢, — ¢ pointwise and |p,| <1 for any n € N4, by
the BCT we have

1 c-€
< - _ g
< Gt /[m?m]ku e(t)ldt < <

o1 __1 N
Jim s /[_576]k<1—gon<t>>dt— o /[_M]k(l ()t

which implies that there exists an N € N, such that

1 1
‘W /[_5’5],9(1 —¢pn(t))dt — 2o /{_W(l —o(t))dt

for any n > N, where N depends only on 6 and thus only on e.

<C‘6
2

Step 3: Constructing K

From the preceding results, we can see that, for any n > N,

(26)k /[_575},@(1 —pu(t))dt <

which implies that

L 1 1
1_Mn<{25’26] >§0(25)k /[_575]k(1_('0"(t))dt<6'

In other words,

for any n > N.
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Finally, since, for any 1 <i< N,
. o Ey
im i ([=m,m]") =1
by sequential continuity, there exists an M € N, such that
([~ M, M) > 1— ¢
for any 1 <i < N. Defining
7r 77
K=|— M, — M, —
s 15
K is a compact subset of E such that
pn(K)>1—¢

for any n € Ny.

It follows by definition that II is a tight collection of probability measures, so by Pro-
horov’s theorem, {1, }nen, is relatively compact. Then, by lemma 4.10, we can conclude

that u, — p weakly, or in other words, X, 4 X,

Q.E.D.

223



4.4.2 Application: Returning to the Cramer-Wold Device

Like how the continuity theorem above extended the inversion formula so that characteristic
functions characterized not only the distribution of a random vector but also the weak con-
vergence of a sequence of random vectors, we can generalize the Cramer-Wold device studied
earlier to account for weak convergence as well. Specifically, we can show that a given sequence
{X}nen, of random vectors converges in distribution to some random vector X if and only
if {r' X, }nen,, converges in distribution to 7'X for any nonrandom vector r. This allows us to
reduce multidimensional problems to univariate problems, and as such is very useful in prov-
ing multidimensional analogues of the central limit theorem. The result is important enough to

warrant its own section.

Theorem 4.15 (Cramer-Wold Device II)
Let {X, }nen, be a sequence of k-dimensional random vectors and X a k-dimensional random

vector. Then, X, 4 X if and only if 7' X, L X for any nonzero r € R¥,

Proof) Let {¢n}tnen, and {pn}nen, be the characteristic functions and distributions corre-
sponding to the sequence { X }nen, , and ¢, p the characteristic function and distribu-
tion of X.

Suppose that X, <4 x. Then, for any non-zero r € R, the function f: R¥ — R defined

as
fla)=r'z
for any x € R* is continuous on R*. By the continuous mapping theorem,

r' X, = foXn$ foX=r'X.

Conversely, suppose that ' X, L X for any non-zero r € R¥. Choose any r € R¥ and
define f as above. Let ¢, be the characteristic functions of ' X,, and ¢ that of ' X.
The distribution of each r'X, is the pushforward measure po f~!, and likewise, the
distribution of X is po f~'. Defining h: R — C as

h(x) = exp(iz)
for any z € R, by lemma 1.1

pn(r) = [ explir'a)dyin(a) = [ (o f)du,
= [ hdno ™) = [ explio)d(une f)(@) = (D)
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and likewise,
olr) = [ explia)d(uo f~)(@) = c(1).

Because p, 0 f~1 — po f~! weakly as n — oo, by the continuity theorem the character-
istic functions {¢p nen . converge pointwise to c. Therefore,
lim ¢, (r) = p(r).

n—o0

This holds for any non-zero r € R¥, and it is trivial when r = 0, so by the continuity
theorem, X,, LY'd

Q.E.D.
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4.5 Metric for Weak Convergence: The Prohorov Metric

We develop here a metric for weak convergence, similarly to how we developed a metric for
convergence in probability. There, given an underlying metric space (F,d), we defined the met-
ric dprop On the space of all random variables taking values in E so that convergence in dpyqp
is equivalent to convergence in probability. Likewise, our goal in this section is to develop a
metric 7 on the space of all probability measures, so that convergence in 7 is equivalent to weak
convergence. This metric, called the Prohorov metric, is useful because it allows us to easily
work with functions of probability measures, for instance by letting us to verify continuity via
results concerning weak convergence such as the Portmanteau theorem. We formally develop the

Prohorov metric and derive relevant proprties below.

Let (E,d) be a metric space, 7 the metric topology induced by d, and £ = B(F,7) the Borel
o-algebra generated by 7. For any A C E and € > 0, the e-neighborhood A€ of A is defined as

the union of all open balls that are centered in A and have radius ¢; formally,

Af = U Bd(a:,e).

T€EA

Clearly, A€ contains A. Furthermore, being the union of open sets, A€ is open and thus always
Borel-measurable.

The following are properties of e-neighborhoods:

Lemma 4.16 Let (E,d) be a metric space, 7 the metric topology induced by d, and € = B(E, 1)
the Borel o-algebra generated by 7. The following hold true:

i) For any closed set I, and a sequence {€,},en, of positive real numbers that decrease to

0, {F“" }nen, is a decreasing sequence of open sets such that
F=(\F".
n

ii) For any €j,e9 >0 and A C F,

(A61)62 C A61+62_

Proof) i) It is clear that {F“"},cn, is a decreasing sequence of sets, since

Fent1 — U By(x,€p41) C U By(z,€,) = F™
xeF zeF

for any n € N,. Because F' C F** for any n € N4, we have

Fc(F.
n
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Conversely, for any x € (,, F'", there exists for any n € N, a point x,, € F' such
that « € By(xn,€,). Therefore, {z,},en, is a sequence in F' converging to z, and
because F' is closed, x € F. This implies that the reverse inclusion holds, and as

such
F=(F",
n

that is, {F“"},,en, is a sequence in B(E,T) decreasing to F'.

ii) Choose any x € (A% ). Then, because

T e U Bd(ya62)v
yeAl

there exists a y € A°! such that x € By(y,€2). Similarly, because

ye U Bd(zvel)a
z€A

there exists a z € A such that y € By(z,€1). It now follows that x € By(z,€1 + €2),

since
d((L‘,Z) < d(x,y) +d<yvz) < €1+ €.
Therefore,

x € U Bd(z,q +€2) = A61+62,
z€A

and because this holds for any = € (A )2, we have the inequality

(Aq)Ez C Aq—&-ez.

Q.E.D.

Denote by M,(€) the collection of all probability measures on (£,£). Define the function
7 My(E)? — [0,4+00) as

m(p,v) =inf{e > 0| u(A) <v(A%)+e VA€ B(E,7)}

for any p,v € Mp(€). Note that 7(u,v) is well-defined and takes values in [0,4+00) because the
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set
O,,={e>0]|pu(A) <v(A)+e VAcB(E,7)}

is non-empty (the inequality is satisfied for any A € B(E,7) for e = 1) and bounded below by 0.
We first establish the following important property:

Lemma 4.17 Let (E,d) be a metric space, 7 the metric topology induced by d, and € = B(E, 1)
the Borel o-algebra generated by 7. For any p,v € M,(€) and € > 0, if

n(A) < v(A9) +e,
for any A € B(E,7), then

v(A) < p(A°)+e
for any A € B(E,T) as well.

Proof) Let A, B C E, and choose any € > 0. Then, A C (B€)¢ if and only if B C (A)°. To show
this, suppose that A C (B€)¢. Then, AN B¢ = (. Assume, for the sake of contradiction,
that x € BN A¢. By definition, x € B and there exists a y € A such that z € By(y,e€).
The last inclusion can be written as y € By(z,¢€), and since x € B, we have y € B¢. In

other words, y € AN B¢, a contradiction. It follows that BN A€ = (). The converse holds

by a symmetric argument.

Suppose, for any pu,v € M,(€) and € > 0, that
pu(A) <wv(A9)+e.
for any A € B(E,7). Choose any A € B(E,7) and define
B = (A%)".

Then, by definition B C (A€)¢, so the preceding result tells us that A C (B€)¢, and by

the monotonicity of measures,
o(4) < p((BY)°) = 1 - u(BY).

Because (A€)¢ € B(E, 1) as well, we have
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by assumption. Therefore,

v(A) < 1—u(B°) < p(A%) +e.

Q.E.D.

The above result tells us that, for any u,v € M, (€), we can re-express II,, ,, as
Oy ={e>0]|u(A) <v(A°)+eand v(A) < u(A°)+e VAeB(E, 1)}

We now show that the function 7 defined above is a metric on the space M, (€):

Theorem 4.18 Let (E,d) be a metric space, 7 the metric topology induced by d, and &£ =
B(E,7) the Borel o-algebra generated by 7. Then, 7 : M,(£)? — [0,+00) defined as

m(p,v) =inf{e > 0| u(A) <v(A)+e VAeB(E,T)}
for any pu,v € Mp(€) is a metric on M, (€).
Proof) By lemma 4.17, we immediately have the reflexivity property
7(11,0) = (0,12

for any p,v € My(€).

Suppose that

(p,v) =0

for some p,v € My(E). Then, for any closed F'C E and n € N, there exists an 0 <

€, < min (%, en_1> (where we define €y = 1) such that
wF)<v(F")4e, and o(F)<p(F")+ep.

By lemma 4.16, the sequence {F'" },cn, is a sequence of open sets decreasing to F, so

by sequential continuity, taking n — co on both sides yields

This holds for any closed F', and thus p and v agree for every open set. Since they are
probability measures and 7 is a m-system generating B(E,7), we can see that = v on
B(E,T).
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On the other hand, for any p € M,(£), it is clear that

m(p,p) = 0.

It remains to establish the triangle inequality. For any p,w,v € M,(£), note that, for
any € €II,,, and €3 € I, ,,, we have €; + €3 € I, ,,. This can be seen with the help of
lemma 4.16: for any A € B(E, 1),

p(A) <w(Av) 46 and w(AY) <v((AD)?)+ e,
and because
(41) C At
we have
(A) < v((AN)2) + 61+ e <v(ATT2) 46 +ea.
Therefore,
m(p,v) =infll, , <€ +eg,
and since this holds for any €; € II, , and ez € I, 4,

m(p,v) <infll,  +inf 1L, = 7(p, w) + 7 (w,v).

Q.E.D.

The metric 7 is called the Prohorov metric on M,,(E).
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4.5.1 Convergence in the Prohorov Metric

We now show the most important property of the metric 7, namely that a sequence {jt, fnen,
in M,,(€) converges in the metric 7 if and only if it converges weakly, given that the underlying

space (F,d) is separable.

Theorem 4.19 (Convergence in Prohorov Metric is Weak Convergence)

Let (E,d) be a metric space, 7 the metric topology induced by d, and £ = B(E,7) the Borel
o-algebra generated by 7. Let m be the Prohorov metric on My (&), and {1 }nen, , 4 measures
belonging to M,,(€). The following hold true:

i) If m(pn, n) — 0 as n — oo, then p, — p weakly.

ii) If (E,d) is separable and pu,, — p weakly, then 7(gn, ) — 0 as n — oo.

Proof) Sufficiency

Suppose that 7(p,, 1) — 0 as n — oo. Then, for any n € N define

. 1
€ = min (7t 1)+ senmt )

where €9 = 1; {€,}ne N, is a sequence of positive reals that decreases to 0 such that
7 (i, pt) < €, for any n € Ny. Choose any closed subset F' of E; by lemma 4.16, we
immediately know that {F"},cn, is a sequence of open sets that sdecreases to F', and
that

lim pu(F) = u(F)

n—oo

by sequential continuity.

For any n € N4, because 7(un, 1) < €y, there exist a § > 0 such that 6 < ¢, and
pn(F) < p(F°) +6.
It follows that
pin(F) < ju(F<") + €,
and since this holds for any n € N4,
limsup p, (F) < limsup (u(F) +€,) = p(F).

n—o0 n—oo

This in turn holds for any closed set F', so by the Portmanteau theorem, p,, — u weakly.
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Necessity

Suppose now that (F,d) is separable, and that u, — p weakly. By the separability of
E, there exists a countable subset Ey = {z}}ren, of E that is dense in E. For any
¢ > 0, this means that the collection {Bj}ren, C B(E,T) defined as

By, = By(zy,€/2)

for any k € N covers E, that is, E' = J, Bi. By design, each By has a diameter of e.
Now define A; = By and

k—1
A = Bp\ (U BZ»>

i=1

for any k > 2. {Ap}ren, is now a disjoint sequence of sets such whose union is E =
Uk Bk, and the diameter of each Ay is less than or equal to € because each Ay is con-

tained in By, which has a diameter of e.

By sequential continuity,

k
lim p (U Ai) =uE) =1,
=1

k—o0

so there exists an N € N, such that

1—p (QA) =u (kyNAk) <e.

We can now define the finite collection of open sets G as
g:{(Ailu---UAim)E 11<4 <---<z’m§N}u{®}.
For any A€ B(E,7),let AC{1,---,N} be defined as
A={1<i<N|A;NA#0D},
and let the open set Ay be defined as

AO = U Ai7
€A

where Ag =0 if A=0.

If Ay # 0, then by how we defined G, it can be seen that A§ € G. In this case, A C A%,
since for any = € Af, there exists a y € Ay such that x € By(y,€), and in turn, there exists
ai € Asuch that y € A;. Since A;N A # () by definition, we can choose a z € ANA;; A; has
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diameter €, and z,y € A;, so we have d(z,y) < e. Finally, we can see that = € By(z,2¢),

since
d(z,z) <d(z,y)+d(y,z) < 2e.
This holds for any z € Ag, so

Af§ C | Ba(z,2¢) = A%
zEA

If Ag =0, then the inclusion A§C A?¢ follows trivially, since A§ = 0.

Now we can see that, because G is a finite collection of open sets, u, — i weakly, and
by the Portmanteau theorem,
liminf i (G) > u(G) > p(G) —¢

n—oo

for any G € G. This means that there exists an Ny € Ny such that, for any n > Np,
i B
égn’“"“(G) > (G) — e,
and in particular,
pn(G) > pu(G) —€

for any G € G. Note that the choice of Ny depends only on G and €, and because G is

defined only on the basis of €, Ny in turn depends only on e.

It can now be seen that, for any n > Ny, because Af € G,

= (a0 () o (1n (U )
oo (Y)Y )

< u(Ap) +e

< p(Ap) +e

< pin(Aj) +2€
< i (A%) + 2.

This holds for any A € B(E, ), so by definition, for any n > Ny we have 2e €II,, ,, and
thus

(4, pin) < 2€.
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Such an Ny exists for any € > 0, so we can conclude that

lim 7(pp,p) = 0.

n—oo

Q.E.D.
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4.5.2 Separability of Spaces of Probability Measures

Another important property of the Prohorov metric is that the space of probability measures
My, (€) is separable under the Prohorov metric, with the countable dense set being a collection
of probability measures with finite support. Specifically, under the Prohorov metric w, any
probability measure ;1 on (E,£) is the 7-limit of a sequence {1, }nen, of a sequence of probability
measures with finite support, that is, a probability measure that assigns positive probability only
to a finite set.

Any probability measure v on (E,£) with finite support {xy,---,z,} C E can be written as

n
v = Zai-émi,
i=1

where ay,---,a, €[0,1] sum to 1 and 0, is the Dirac delta measure sitting at x. In light of this
formulation, the separability result can be viewed as an analogue, for the space of probability
measures, of the fact that any measurable real function can be approximated by a sequence of

simple functions.

Theorem 4.20 (Separability under the Prohorov Metric)

Let (E,d) be a separable metric space, 7 the metric topology induced by d, and £ = B(F,T) the
Borel o-algebra generated by 7. Let m be the Prohorov metric on M, (€) Then, there exists a
countable subset Ey of E such that the collection B defined as

n n
B= {Zri-dmi |71, 0 € Qg Zm: 1, z1, 2, GEO}
i=1 i=1

is a countable subset of M, (&) that is dense in M, (€).

Proof) We proceed in steps.

Step 1: Constructing a Countable Partition of F

Choose any € > 0.
Let {zp}ren, be a countable subset of E that is dense in E, which exists by the
separability of (E,d). The collection {By}ren, C B(E,7) defined as

Bj, = Bg(x,€/4)

for any k € Ny covers E, that is, E = |J;, By. Each By, has a diameter of §.
Now define A; = By and

k—1
A = Bp\ (U BZ)
i=1
for any k > 2. {Ap}ren, is now a disjoint sequence of sets such whose union is E =
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Uk Bx, and the diameter of each Aj is less than or equal to § because each Ay is
contained in By, which has a diameter of §. For any k£ € N, choose any y; € By, if By,
is non-empty, and let y; be any point in E if By is empty; define the countable subset
E. of E as

Ee:{yk‘kEN-‘r}a

and the countable set of probability measures B, as

n n
B, = {Zri-dmi |71, -, € Qg Zri: 1, x1, 2, EEE}.
i=1

=1

We will now show that within the e-ball of any probability measure in M, () lies a

probability measure v in B..

Step 2: Constructing the Measure v in B,

Choose any p € M,(€). By sequential continuity,

k
Jim g (U Ai) =puE)=1,

=1

so there exists an N € N, such that
N €
1—,u<UAi>:,u UAk <§.
i=1 k>N

Now choose 71,---,rny—1 € Q so that, for any 1 <:< N —1,

if 1(A;) > 5%, and r; = 0 otherwise. This means that r; € [0,1(4;)] and

€

(A < 5

forany 1 <i< N —1.

Defining ry =1— fi}l r; € Q, since
N N-1
)= (Ua) - (U )
i=1 i=1
N—1
= 1—M<U Az’) — ) u(4),
i=1

i>N

236



we have

N-1 N-1
ry = p(An) =1= 3 - <1M<U Az) > M<Ai>)
i=1

i=1 i>N
N-1
=p ( U Ai) + > (u(Ai) = ri) >0,
i>N i=1
so that ry > pu(Ay) and
e N—-1le € € ¢
—uwAN)|=ryn—pAN) < =+ ——=<=-+-=-.
rn —uAn)l =18 —p(AN) < g+~ <gt5=1
Therefore, r1,---,rN are non-negative rational numbers that sum to 1 and satisfy
N N-1
Dolri— (A = Y (u(Ai) —ri) + (ry — p(An))
i=1 i=1
< N1 < + < < <
N 8 4 2

By implication, for any subset A of {1,---,N},

donu(A) =) i

€A €A

N

€

<Y i — (A <Dl — (A < 3
=1

€A
so that
€
Z,u(Ai) < ZTH— 3
€A €A
Define
N
v = Z”“Syi € B.,
i=1

where y; € B; if B; is non-empty by construction.

In what follows, we will show that the distance between p and v is less than € in the

Prohorov metric.
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Step 3: The Distance between ;. and v
Choose any A € B(E, 1), and define

A={1<i<N|ANA#0},

and
Ag= ] A,
€A

where Ag =0 if A= (). Furthermore, Ay C A¢; this is trivial if Ag=0. If Ag # 0, then
for any x € Ag, there exists an 7 € A such that x € A;, and letting z € A; N A, it follows

from the fact that A; has diameter less than or equal to § that

d(z,z) < =<e

DN ™

and = € By(z,€), from which it follows that Ay C A°.

Furthermore, because

yi € Ao = U A
€A
if and only if i € A, we have
N
U(Ao) = Zri . 51/1‘ (Ao) = Z’I“i.
i=1 icA

‘We now have

i=sfan(0a))+(an (Y a)

<> u(ANA) +p < U Az’)

ieA i>N
<D (A +
ieA
€
<D ritg T
€A
=v(Ap)+e
<v(A%) +e.

| ool m

This holds for any A € B(E,T), so

m(p,v) <e.
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Step 4: The Separability of M, (&)

Now define the countable subset Ey of E as

Eo= U Ey,

’VZEN+

from which we can deduce that

B=JB

3=

We have seen that, for any p € M,(£) and n € N, there exists a probability measure
v in B1 such that 7(v,u) < % Therefore, for any € > 0, there exists a v € B such that
m(v,p) <€, and we can see that B is dense in M, (E).

Q.E.D.
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4.5.3 Continuous Functions on Spaces of Probability Measures

The fact that any probability measure in M, (&) can be approximated with a sequence of prob-
ability measures with finite support yields the following representation theorem for continuous
functions on M,,(€). This is a particularly useful result in the study of expected utility in mi-

croeconomics:

Theorem 4.21 (Representation of Continuous Functions on M, (£))
Let (E,d) be a separable metric space, 7 the metric topology induced by d, and & = B(E, ) the
Borel o-algebra generated by 7. Let 7 be the Prohorov metric on M, (£), and P a convex subset
of Mp,(€) that contains the Dirac delta measures 6, for any z € E.

Suppose U : P — R a continuous and bounded function with respect to the Prohorov metric
such that

Utu+(1—t)o) =t-U(u) +(1—1t)-U(v)

for any pu,v € P and t € [0,1], a property we refer to as linearity.

Then, there exists a continuous and bounded function u : £ — R such that

Up) = [ ud

for any p e P.

Proof) From the previous theorem, we know that there exists a countable subset Fy of E such

that the collection B of probability measures with finite support defined as
n n
E:{ZTZ'~5$Z.’T17-.-’T7IEQ+7 Z”Zl? x177xn6E0}
=1 i=1

is dense in M, ().

We first define the function v : E — R as

for any z € E, where 0, € M,(€) is the Dirac delta measure sitting at z. u is then

bounded because U is.

To see the continuity of v on E, choose any limit point 2 of E and a sequence {xy, }nen,

in E that converges to x. For any continuous and bounded function f: E — R,

[ Fdsa, = f@n) = f(a) = [ sas,

as n — oo by the continuity of f, so by the definition of weak convergence, 0., — &,
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weakly as n — oo. By the equivalence of weak convergence and convergence in the

Prohorov metric m, we can see that

lim 7(d,,,d,) =0,

n—o0

and because U is continuous on P, which includes the Dirac delta measures, this implies
that

lim u(xy,) = lim U(dy,) =U(0z) = u(z).

n—o0 n—oo

Therefore, u is continuous at =, and by extension on FE.

u is now trivially £&-measurable by continuity, and since it is bounded, it is pu-integrable

for any p € M,(€). It remains to show that

Ulp) = [ ud

for any p € P. We proceed in steps.

Step 1: Probability Measures with Finite Support
Choose any p € M, (€) with finite support; then, it has the representation
n
i=1
for some ay,---,a, € [0,1] that sum to 1, and x1,---,z, € E. The convexity of P then
tells us that u € P, and by the linearity of U, we have
n n

i=1 i=1

To evaluate the sum on the right hand side, we turn to a familiar stepwise construction:

1) Simple Functions

For any simple functions f on E with canonical form

f=bi-1a,
=1

we can see that

D ai-flxz) =D aibj- 04, (A
i=1

i=1j=1

3, (Zal o ) iju )= s
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2) Non-negative Functions
Letting {fx}xen, be a sequence of simple functions on E that increases pointwise

to the positive part u™ of u, this tells us that
n n
couT () = i i, :
Zz::laz u (xz) kgrolo |Jz:1az fk(xz)‘|

= lim / fkdu:/ utdu.
k—oo JE E

where the last equality is justified by the MCT. Likewise,

Zai-uf(xi):/ u” du.
i=1 E

3) Arbitrary Integrable Functions
By the linearity of integration,

n

Zai-um)=§ai-u+<xi>—garu—<xi>: [ = [ = [ i

=1

Therefore, we can conclude that

when p has finite support.

Step 2: Arbitrary Probability Measures in P

Now let ;2 € P in general. By the separability result, there exists a sequence {1y }nen,
in B that converges to p in 7, and, in light of the equivalence of convergence in 7 and
weak convergence, weakly as well. Since each u, has finite support, it is contained in

P, and the preceding result tells us that

Utpa) = | udpn

for any n € N4. u is a continuous and bounded function, so by the definition of weak

convergence,

lim udun:/ udp.
E E

n—oo
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Moreover, because U is continuous on P and {4, }nen, converges to u in the Prohorov

metric,

lim U (pn) = U(p)-

n—o0

Finally, the uniqueness of limits in R tells us that

U(p) = /E udp.

Q.E.D.
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Chapter 5

The Law of Large Numbers and

Central Limit Theorems

The various modes of convegence for random variables and weak convergence are primarily used
in probability theory to derive laws of large numbers (LLNs) and central limit theorems (CLTs).
The former deal with convergence almost surely and in probability, while the latter involve
convergence in distribution, or weak convergence. If the convergence is almost sure, then the
LLN is question is called a strong LLN (SLLN), while it is called a weak LLN (WLLN) if the
convergence is in probability. While a stronger result, SLLNs are relatively rare and exceedingly
difficult to prove, so here we focus only on WLLNs.

We present in this chapter various WLLNs and CLTs. We initially start with uncorrelated
and i.i.d. sequences of real random vectors, and then consider the more general case of dependent

processes.

5.1 WLLN and CLTs for I.I.D. Sequences

5.1.1 WLLN for I.I.D. Sequences

The most well-known version of the WLLN is Chebyshev’s WLLN, which holds for pairwise
uncorrelated sequences of random variables with finite second moments. On the other hand,
Khinchin’s WLLN holds for sequences of independent random variables, which is more general
in the sense that we need only assume finite first moments.

We often use Chebyshev’s WLLN because of how simple it is to prove. Below, we state and
prove Chebyshev’s WLLN for doubly infinite sequences of random variables, that is, random
variables of the form {Y;}scz, since this is the form assumed by most time series. We continue

abiding by this convention when discussing law of large numbers and central limit theorems.
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Theorem 5.1 (Chebyshev’s WLLN)
Let {Yi}tcz be a sequence of pairwise uncorrelated L?-bounded n-dimensional real random

vectors with common mean p € R™. Then,

1 X
sztgﬂ
t=1
as T — co.

Proof) Let

M =supE|Y;]|* < +oc.
teZ

For any t € Z, since

tr (Var[Yi]) = B|Y; — p* = E[(Yi — )’ (V: — )]
=E[Y)Y)]| - wEY,]-E[Y/]u+p'n
=E|Y,]* - /'y
<E[Y;|*
by the linearity of integration, we can see that
suptr (Var[Y;]) < M < 40
teEL

as well.
Since R™ is a separable metric space given the euclidean metric on R™, to show that
1z
P,
T Z Y = p
t=1
we must show that

1L 1 E
(|72 |>) =2 (r o w

>6>—>0

as T — oo for any § > 0. Choose any § >0 and T € N,. Then,

2

LT
P(‘T;(Kﬁ_ﬂ)

1 1 &
< —E|l=S (Y, -

1 T T
= a5z 2 2 E(Yi— ) (¥ — )]

t=1s=1

, I
_ WZZU(COVM’YSD

t=1s=1
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by Markov’s inequality. Since {Y;};cz is pairwise uncorrelated,

P(‘;;m-m

1 & M
< < —
> (5) < Tag2 ;tr(\/ar[Yt]) < g2

>5>:0.

and taking T'— oo on both sides shows us that

. L\
(7300w

This holds for any § > 0, so by definition

Q.E.D.

Below we state and prove a version of the WLLN that requires independence instead of
the L?-boundedness assumption. It relies heavily on the Taylor expansion of the characteristic

function, so we first state two related results below:

Lemma 5.2 (Taylor Expansion of Characteristic Function)
Let X be an n-dimensional real random vector, and ¢ : R™ — C its characteristic function. Then,

the following hold true:

i) If X has finite first moments with mean p € R™, then
o(h)=14ih'u+o(1), |h|—0

for any h € R™.

ii) If X has finite second moments with mean p € R and covariance matrix ¥ € R"*", then

1
o(h)=1+ih'p— Eh, (S+pp')h+o(|h]), |h|—0.

Proof) Suppose that X has a finite first moment with mean E[X] = u € R™. For any h € R",
the first-order Taylor expansion of the mapping x — exp(ih/x) around the zero vector

0 tells us that

exp(ih'z) =1+ exp(ir'zg) -ih'z,
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for any x € R™, where g =tz for some 0 <t < 1. It follows that
lexp(ih'z) — 1 —ih'z| = |(exp(ih'xg) — 1)ih'z| < 2-|h'z| < 2-|h||z|,

where we used the Cauchy-Schwarz inequality to justify the last inequality. This holds

for any z € R", so
lexp(ih' X) — (1 +ih' X)| <2 |h||X]|
on (2. As such,

|p(h) = (1+ih'u)| = [E [exp(ih' X) — (140 X))
< Elexp(ih'X) — (14+ih'X)| < |n| - (2E|X]).

E|X| < 400 by the assumption of finite first moments, so it follows that
p(h) =14k u+ri(h),
where

r1(h) =o(1) as |h| — 0.

Now suppose that X has a finite second moment with covariance matrix ¥ € R™*"
and mean p € R™. Then, for any h € R”, by the second order Taylor expansion of the

mapping z — exp(ih/x) around the zero vector,
1
exp(ih’'x) =1+ih'x — 3 exp(ih/zo)x'hh'z
for any z € R™, where xg = tx for some 0 <t < 1. It follows that

1
exp(ih'z) —1—ih/z + §x’hh’x

1
= ‘2 (exp(ih'zo) — 1) 'hh/z

< [o'h)* < |z’

for any = € R", so that

1
exp(ih'X) — (1+ih'X — 2X’hh’X)‘ < |X[*|n|*
on 2. Since

E[X'hi'X] =tr (hh' -E[XX']) = N'E [XX'| h = I’ (S + ') h,
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we can see that
1 1
’go(h) — (1 +ih p— ih/ (2+uu') h) ’ = ‘E {exp(ih'X) —(1 +ihk X — 2X'hh’X)} ’

<E

exp(ih' X) — (1+ih/X — ;X’hh’X)‘
< |hP-EIX[* = B tr (S+ i) -
It follows that
p(h) =1+ih'n— %h’ (Z+pp') h+ra(h),
where

ra(h) = o(|h]) as || = 0.

Q.E.D.

Theorem 5.3 (Khinchin’s WLLN)
Let {Y};}+ez be a sequence of independent and identically distributed n-dimensional real random

vectors with common mean p € R™. Then,

1 T
t=1

Proof) Since {Y;}cz is identically distributed, they share a common characteristic function
¢ : R™ — C. Defining

1 T
Xr==>» Y
r= A3,
t=1
for any 7' € N, the characteristic function of X7 can be written as

or(h) = E [exp(il' X7)] = E [exp (sz ;mnﬂ

t=1
T h/
=K expli=Y; | |.
eo(i57)

Since Y1, -+, Y7 are independent, the characterization of independence via characteristic

functions tells us that



where the last equality follows from the fact that Y7,---, Y7 are identically distributed.

Since each random vector in {Y; };ez has the same finite first moments, by the preceding

lemma we can see that

(h>—1+ih, +o(1), T— o0
Therefore,
.h, T
wT(h):<1+ZTM+o(1)) . T = oo,
so that
lim 7 (h) = li (1+ih,”)T— (il )
Tooe TV = 1S T = SXPURH).

Defining the degenerate random vector X = p, we can see that the limit on the right
hand side is precisely the characteristic function ¢ of X evaluated at h € R™. This result

can now be written as

lim ¢7(h) =4(h)

T—o0

for any h € R™, and by the continuity theorem,
XT — X.

Since convergence in distribution to a degenerate random variable implies convergence

in probability to that same random variable, this implies that

1 T
Xr==Y Y 5o
thl

Q.E.D.

249



5.1.2 The CLT for I.I.D. Random Variables

The same Taylor expansion machinery used to prove Khinchin’s WLLN to prove the central limit
theorem for i.i.d. sequences. This is the most well-known version of the central limit theorem,

and it cements the central role played by the normal distribution in probability theory.
Theorem 5.4 (Lindeberg-Levy CLT)

Let {Y};}+cz be an independent and identically distributed sequence of n-dimensional real random

vectors with common mean p € R™ and covariance matrix ¥ € R™*". Defining

for any T' € Ny,

ﬁ(?’f—u) iN[O,Z].

Proof) Define Z, =Y; — p for any t € Z. Then, {Z;},cz is an i.i.d. sequence of n-dimensional
real random vectors with mean zero and common covariance matrix . We need only

prove that
—>" 7z 4 N0,3].

To this end, let ¢ be the common characteristic function of the Z;, and 7 the charac-
teristic function of \%T 23:1 Zy. As in the proof of Khinchin’s WLLN, the i.i.d. property

r=elen( ( )
[fim )
)]

3\

Xp

==
3\

t

ITE

G

o <
)

H~

I
D‘ | —

’ﬂ

By the preceding lemma,

h
— | =1——h'% T .
<p< > 2Th h+o(1) as T — oo
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We can now see that

Yr(h) = <\/hT>T = <1 + (—;h'Zh) % +0(1))T — exp (—;h'Z‘h)

as T — oo. Letting X be an n-dimensional real random vector with distribution N [0,Y],

its characteristic function is given as

P(h) =exp (—;h'ﬁh)

for any h € R™, so we can see that

lim r(h) = ()

T—o0

for any h € R™. It follows from the continuity theorem that

1

T
>z %5 X ~N0,5).
Tt:1

3

Q.E.D.

Note that, since v'T (YT — ,u) converges in distribution as 7' — oo, it is an Op(1) sequence. In

other words, Yy is itself Op(Tfl/ 2). Heuristically, this result can be understood to mean that the

sample mean Y7 of an i.i.d. process converges to its probability limit x, the population mean,

1

at around the same speed as 7 converges to 0.
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5.2 WLLN and CLTs for Dependent Processes

The last section mainly focused on WLLN and CLTs for i.i.d. processes. In most time series
applications, however, we cannot assume that the processes of interest are independent, nor can
we realistically assume that they are identically distributed. At most, we can construct them so
that they are pairwise uncorrelated, but this is insufficient to ensure that they follow some form
of the WLLN or CLT.

Here we focus on processes whose elements are not quite independent but unrelated to on
one another in a stronger sense than pairwise uncorrelatedness. We show that these processes,
called martingale difference sequences, do satisfy the WLLN and CLT given mild additional
assumptions. The results presented below are the workhorse asymptotic results in time series

analysis.

5.2.1 Martingale Difference Arrays

An array {27 }1<i< k(T),TeN, of real random variables is said to be a martingale difference array

with respect to the filtration array {Fr}1<i<pr) ren, if

o Zry is Fry measurable and integrable for any '€ N4 and 1 <t < k(T

o Forany T'e Ny and 1 <t <k(T),
E[Zrs | Fri—1] =0,

where Fr is taken to be the trivial o-algebra.

Before presenting a CLT for martingale difference arrays, we state some preliminary results:

Lemma 5.5 The following hold true:

i) For any x € R,

< min (|1:\3, ]:U|2) .

22
exp(iz) — | 14+ix — 5

ii) For any z € C,

lexp(2) = (142)| < |z[* exp(2]).
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Proof) i) Choose any = € R, and let n € N. Since

o (Sl explis) ) = ()" explis) — 4 (o= 9)" L expis)

on R, we can see that

1

xT y x
/0 (x—s)"exp(is)ds — %_’_1 /0 (z—s)"Hexp(is)ds = mx"“,

or equivalently,

1 ] z
7137"“ + %-Fl/o (z— )" exp(is)ds.

/Ow(a: —s)"exp(is)ds = -

Putting n =1 reveals that
X
i—i-exp(ix) =z +1i- / (x —s)exp(is)ds,

0

or that
x

exp(iz) =1+ix —/ (x — s)exp(is)ds.
0
The result for n =2 now shows us that
x 2 i [
/ (x —s)exp(is)ds = — + f/ (x — s)? exp(is)ds,
0 2 2/

or that

2 g 9
exp(iz) = 14ix — ClE 5/0 (x —s)“exp(is)ds

We therefore have the upper bound

<

% /Ox(:n—s)QeXp(is)ds .

72
exp(iz) — [ 1+ix— 5

To obtain the first bound, note that, if x > 0, then

o 3
g/ (a:—s)st:JU—.
0 3

/:(a; — 5)%exp(is)ds

On the other hand, if x < 0, then

0 3
S/ (z—s)%ds = T

/Ox(ac —5)2exp(is)ds
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ii)

so that

3
< ﬁ < |x|3
6

I’Z
exp(iz) — | 1 +iz— Y

It is slightly trickier to obtain the second bound. From the relationship

x 2 ;T
/ (x —s)exp(is)ds = T4 E/ (z — s)? exp(is)ds,
0 2 2/

we can see that

2

1 xT
/ (x —s)exp(is)ds| + .
0 2

2

/O:r:($ —5)2exp(is)ds

= ‘;/Ox(x — 5)%exp(is)ds

<

If x >0, then

x T 72
§/ |x—5|ds:/ (x—s)ds = —,
0 0 2

/Ox(:n —s)exp(is)ds

while if x < 0, then

0 0 22
S/ ]ac—s]ds:/ (s—x)ds:?.

/Ow(a: —s)exp(is)ds

Therefore,

2

2

1

5 <%

<

/Ox(a: — 5)%exp(is)ds

and we have

< min(Jz[*, |z/*).

22
exp(iz) — | 14ix — 5

Choose any z € C. Then,

exp(z):Z—':1+z+Z—'
— 1! — n!
n=0 n=2
2 0 _n—2
z z
:1+z+_<z - )
n=2
so that
2 - ’Z‘n_Q 2 — |2 2
exp() — (1+2) < o [ 32 Em ) < b [ 30 B ) = JafPexp( ).
n=2 : n=0 '
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Q.E.D.

We are now ready to present a CLT for martingale difference arrays:

Theorem 5.6 (CLT for Martingale Difference Arrays)

Let {Z1,}ren, 1<t<k(r) be a square integrable (or L?) martingale difference array with respect
to the filtration array F = {Fr}1<i<i(r)ren, - Define O'%t =E {Z%t | ]:T7t,1} for any T € Ny
and 1 <t <k(T), and let

k()
Vr=2>_ ory
t=1

for any T' € Ny. Assume that:
i) Vr B 1as T — oo

ii) (The Lindeberg Condition) For any ¢ > 0,

k(T)
. 2 .
Th_{%o ; E HZT,t‘ I{‘ZT,t’>€}i| =0.
Then, we have
k(T)
> Zry % N(O0,1).
t=1

Proof) We proceed in small steps.

Part 1: Bounding V7

We first modify the array {Z7,;}ren, 1<t<k(r) so that the sum of conditional variances

Vi is bounded. Define {VT,t}TeN+,1§t§k(T) as

t
2
VT,t = ZUT,S
s=1

for any 7€ Ny, 1 <t <k(T'), so that Vy,r =V, and let {Y7:}ren, 1<i<k(r) be defined

as

Yri=2Zre- Ly, <2y

for any T'€ Ny and 1 <t < k(T'). We now establish some properties of {Y7; }ren, 1<i<k(7):

— Martingale Difference Array

It is clear that {Y7}ren L 1<t<k(T) I8 a martingale difference array with respect
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to F; for any T'e€ Ny and 1 <t < k(T), since Vp; is Frs—i-measurable, Y is
clearly F7; measurable, integrable due to the integrability of Zr;, and

EYri | Fri—1| =E[Zrs | Fri—1] Iy, <2y = 0.

Square Integrable

By the square integrability of Zr;, each Y7 is also square integrable. Furthermore,

defining
T
Pr=>"E[YZ,| Fria),
tle
since

E [ng,t | fT,t—l} =E [Z%,t | fT,t—l} Tivr <2y =010 v <2y

we can see that

T

I'r= ZU%J ) I{VT,tSQ}'
t=1

This implies that I'y <2 on €.
Analgously to V7, we define

t
2
FT7t = Z pT,S
s=1

for any T'e N4 and 1 <t < k(T).

Convergence of I'p

Moreover,

T
\Vr—Tp|=Vr—Tr= ZU%t vy >0
=1

T
< (ZU%t) Tpvpsoy = V- Ivpsa-
t=1

By assumption, Vi 21, and for any d > 0,

P(Vr Ivps) > 0) <P(Vp>2) <P(Vp—1]>1),
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so that
Jim P (V- Iyyngy > 6) =0.
This holds for any § > 0, so
j2
V- I{VT>2} —0
and we have
Lr—Vr 20

as T'— oo as well. Therefore, we can conclude that

Iy 21
— The Lindeberg Condition
For any T'€ N and € > 0,
Yr < Zry
and thus
2 2
E[YT,t‘I{\YT,t]x}] SE[ZTvt.I{’ZT,t‘>5}:|

for 1 <t < k(T), so that

k(T) k(T)

> B[R Lvy o] < S E[Z Lz oa]

The right hand side goes to 0 as T'— 00, s0 {Y7:}ren, 1<t<k(r) Satisfies the

Lindeberg condition
k(T)

lim " E[Y2, iy, 5] =0
t=1

T—o00

We have thus shown that {Y7:}7ren, 1<t<k(r) Possesses all the same properties as

{Zr1}ren, 1<t<k(r), With the added property that

XT:]E (Y2, | Froa] <2
t=1
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for any T' € N,. Furthermore, since

k(T) k(T)
t

Z 1t — Z Y1
=1

=1

k(T)
Z ZT’t ’ I{VT,t>2}
t=1

k(T)
< (Z ZT,t\) Tivp>ay,
t=1

and
k(T)
P ((Z |ZT¢]) Tpvpsay > 5) <P(Vp>2)
t=1

for any 0 > 0, we can see that
k(T) k(T)
> Zri— > Yr. B0
t=1 t=1

Therefore, if we can show that
k(T)
Z YT,t i N(07 1)7

t=1

then by Slutsky’s theorem, we can prove the claim of the theorem.

Part 2: The Characteristic Function of ZfiTl) Yr:

To show that the partial sums ng‘q) Yr; converge in distribution to the standard
normal distribution, we make use of the continuity theorem and show that their char-
acteristic functions converge to that of the desired distribution. To that end, denote by

o the characteristic function of
k(T)
St = Z Yr.
t=1
For any r € R,

2
or(r) —exp (—2>

r

= ‘E [exp(ir- St)] —exp (—;) ‘

7"211T 2
st e () )]

(ir-Sr)exp oL Yexp( 2 ) | —exp( -2
exp(ir-Sr)exp| —— Jexp| — exp| —

2 2 2
1exp<r §T> exp <r2> | + |IE [exp(ir.ST)exp<r §T> 1] .
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Because 'y & 1, by the continuous mapping theorem

2F 2
1—exp<r 2T> exp(—é) )

Furthermore, for any T'€ Ny, 0 <I'r <2 on ), so that the sequence

T‘QFT r2
o (Z2 (),
+

is LP-bounded for any p € [1,400). By implication, the sequence is uniformly integrable,

which, together with the convergence in probability result above, implies that

2F 2
1—exp<r2T exp r2 L—1>0

21‘\ 2
1—exp<T2T exp —% —0

Therefore, it remains to show that

2
‘E [exp(ir-Sﬂexp(r §T> - 1] ‘ —0

or equivalently,

E

as T — co.

as T — oo for the characteristic function of St to converge to that of the standard

normal distribution as T — oco.

Part 3: Decomposing the Second Term

We first express the term

‘IE [exp(z’r -ST)exp <T2§T> — 1]

as a telescoping sum, that is,

QFT
E [exp ir-Sr) exp< )]

k(T) 2 2
r | 7T
=) E l (ir - S;Mexp(r 2T’t> —exp(ir - Stt—1)exp <r§“>] ;

t=1
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where we define
t
St = Z Yrs
s=1

for 1 <t <Ek(T). For any 1 <t < k(T), using the law of iterated expectations, we can
see that

i) 2y,
E [eXp(ir'ST,t)exp<r 2T’t> —exp(ir-ST,t—l)exp<T;vt1>]

. T . 7"2P?Ft
=E |exp(ir-S7t—1)exp 2’ E |exp(ir-Yr:) —exp| — 2’ ’fﬂt_l .

Therefore, using the fact that I'r; is bounded above by 2 on €2, we have

‘E lexp(ir -St) exp<r2§T)] -1

k(T) 2,2
< eXP<T2) > E‘E lexp(ir-Yr,) | Fri—1] —exp (—th> ‘
=1

2

Part 4: Finding an Upper Bound for the Second Term

For any 1 <t < k(T), the previous lemma tells us that

. 7”2/’2Tt
E [eXp(ZT . YTﬂg) ’ fT,t—l] —|1- T’ 5

SE[

2y2
. . Ty
exp(ir-Yr¢) — (1 +ir-Yp, — : ) “]—"T,t_ll

<E [min(]er]?’, !TYT,t\Q) | ‘/_-.Tvt_li| :

It can now be seen that, for any € > 0,

) Tza%t
Elexp(ir-Yr) | Fri—i]—(1— 5 :

<SErYeal® Ty, jco | Fraoa | +E[IrYeal* Ty oo | Fraa
{|vr,|<e} {|Yr.i|>r

§€|T‘3'E )jg,t‘l Yo .| <e “;T,tfl 7“2'E )7%t'1 Yr 4| >e |-;T,t71
{|Yr.|<e} {|Yr,e|>e}

3
<elr*pry 17 E [YT27t'I{IYT,t|>e} |]:Tvt‘1} '
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Similarly, the second result in the previous lemma implies
oxn | — 7”2;0%“,1% (1= TQP%,t
Plm 2 2

where we used the fact that

r 2

2
20 t <T2PQT¢>
-exp 5

r 2\ 2 2
< — . T
4 eXp(T )p * (1<g?/§%’1 )p ,s) ’

<

pry <Tr <2,

By implication,

) sz%t
Elexp(ir-Yry) | Fri—1] —exp —T’

4

3 2 2 2 r 2 2 2
<er| PrytT ‘E {YT,t 'I{|YT¢|>6} |-7:T,t—1} +Z€Xp<7‘ ) PTy” <1§I;1§ak)§T)pT,S> )

and as such

‘E lexp(ir -St) exp<r2§T)1 -1

(T)
<exp (r2>6\7“]3-E [['r]+exp (7’2)1“2-% E {Yr_,%t : I{’Ym|>€}} +exp (2r2) r—4E lI‘T- max p?pvs]
t=1

4 1<s<k(T)
2 3 2\ 2 i 2 2 r 2
<20m(?) e exp () 3B [V L o] (o) B e ]
S— t=1 - =
! II IIT

Part 5: The Convergence of the Second Term

The Lindeberg condition ensures that I/ converges to 0.

As for 111, note that

2 2 2
PT,s = E {YT,S ) I{‘YT,S|§€} | ]:T,s—l} +E [YTst ‘I{]ymbe} | ]:T,s—l}

2 2
<e+E [YTvs.I{‘YT,SPE} | ]:T75,1]
k(T)

< €2+ tz_:l E [ng,t : I{|YT,t|>6} | ‘FT,tfl}
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for any 1 < s <k(T), so

k(T)

2 2 2
1§I§1§al§ET)pT’S <e+ ; E [YT,t I{’YT’JX} | fT,t—l} )

It follows that

k(T)
2 2 2
E |}<I;1<ak)%T) pTﬁ] <€t tz::l E [YT,t ’ I{|YT,t|>€}j| !

and by the Lindeberg condition,

limsupE | max p? <2
T L§ssk(T)pT’S] -

Therefore, the limit supremum of the term I71 is bounded above by exp(2r?) % €2, 50

that
2
E [exp(ir - ST)exp (r ;Tﬂ -1

Since this holds for any € > 0, it follows that

2
lim ‘E lexp(ir-Sﬂexp(T §T>] — 1‘ =0.

T—o00

limsup
T—o0

Zexp(r2) r?. e+exp<2r2) T; . 62‘| :

‘We have shown that

lim
T—o0

7,2
S

and because r € R was chosen arbitrarily, by the continuity theorem we may conclude
that

Sy % N(0,1).

Q.E.D.
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5.2.2 Martingale Difference Sequences

We now turn our attention to martingale difference sequences instead of arrays. A sequence
{Y;}1ez of n-dimensional random vectors is said to be an n-dimensional martingale difference
sequence (MDS) with respect to the filtration F = {F; |t € Z} if:

e Y; is F;-measurable and integrable for any ¢t € Z
e E[Y}]=0foranyteZ

e For any teZ,

E[Y; | Fie1] = 0.

Given an n-dimensional MDS {Y;}icz, it can easily be seen that {aY;}iez is a univariate
MDS for any « € R™. Furthermore, given an univariate MDS {y; }+c7 with respect to the filtration
F={F,|te€Z}, we can always define a martingale difference array by defining

ZT,t =y; and ]:T,t =F

for any 7€ Ny and 1 <t <T =k(T).

To obtain a workable version of the martingale difference array CLT for martingale difference

sequences, we require the following law of large numbers, adapted from Andrews (1988).

Theorem 5.7 (A Martingale WLLN)
Let {Y;}tcz be an n-dimensional martingale difference sequence with respect to the filtration
F ={Fi ez such that {|Y;|? |t € Z} is uniformly integrable for some 1 < p < 2. Then,

Proof) Choose any € > 0. By uniform integrability,
lim supE ||V Iy, ] =0,

b—o0 te7,

so there exists a B >0 such that
upE ||Y;|P- I ey
. < )
iep [! f {\Yt\f’>3}} < 1)
FOI' any t € Z, deﬁne

€t = Y% ‘I{|Yt|p§B} and

ur =Y Lyyip>py-
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Then, Y; = e; +u, and we have
E[Yi’ft_l] :0:E[et|]—}_1}+E[ut\.7-}_1].

Furthermore, the sequence {e; — E[e; | Fi_1]}iez defines an n-dimensional MDS with

respect to F, since both e; and Ele; | F;—1] are integrable random vectors and

E[et —E[et ‘ th—l] ‘ ./T'.t_ﬂ =

For any T'€ N4, we now have

1 T T
fZYt Z Elet | Fe-1])|| + = ZHUt E[ug | Fi- 1]”
=1 llp t=1
T 1 T
=3 (ee—Elec| Foal)|| + 73 (el + NE L | Fical])
t=1 P t:l

by Minkowski’s inequality. Note that, for any random vector X € LP(H,P), Jensen’s
inequality implies that

(E|X[P)? <E|X]?,

so that || X[|, <[[X]|l,. Likewise, the conditional version of Jensen’s inequality tells us

that, for any t € Z,

1

1B [ue | Fealll, = (E[E[ug | Fea][?)»
1

< (Efue|”)? =[],

It follows that

T

= (e —Ele| Fi)

t=1

1 T
72V

2 T
Pt +T2Hut||p

2 t=1

<

p

Since

u =Y Iy, P> By

by assumption we have

Elu” =E ||V Ijyips sy
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and as such

3=

€

sup ||ue]|, < ( supE ||Yi|P - Iy e < -,
S [Juell, (teZ U i Iy >B}} 1
which implies

<
p

+€
2.
2

1 T T
ES S SR E )
t=1 t=1

On the other hand, since martingale difference sequences are pairwise uncorrelated,

2

Eli(et—E[eﬂftq]) —LZ |et [6t’~7:t 1”
Tt:1 T2t:1
< = S B [(ed] + [Eler | Fi-])?]
t=1

IA
’ﬂ‘_u
™=

letlly +IEfet | Felll,)?

(Minkowski’s inequality)

—~

Conditional version of Jensen’s inequality)
By definition,
2 2 2 P 2
Ele[*=E [|Yt! 'I{\Yt\PSB}} < BrP(|Vi|" <B) < Bv,
so we have

<2BP €
_ \/7 2'

ZYt

1
Choose N € Ny so that 25% < g for any T'> N; this N depends on B and ¢, and

because our choice of B depends only on €, so does N. We can now see that, for any
T>N,

< €.

1 X
—§Y
Tt:lt

p

This holds for any € > 0, so by definition

. 1
N P I

H )
t=1

p
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Q.E.D.

We now state and prove a CLT for (possibly multivariate) martingale difference sequences:

Theorem 5.8 (CLT for Martingale Difference Sequences)
Let {Y;}tcz be an n-dimensional martingale difference sequence with respect to the filtration

F ={Fi}tez. Suppose {Y;}1cz satisfies the following properties:
i) {|Y:| |t € Z} is LP-bounded for some p > 2.

ii) There exists a positive definite matrix @ € R™*" such that
1 I
72 VY 5 Q.
t=1

Then, as T'— o0,

Proof) We make use of the Cramer-Wold device to show this result. Choose any non-zero
a € R") and define Z; = o'Y; for any ¢t € Z. As stated earlier, {Z;}+cz is a univariate
MDS with respect to F satisfying

1 & 1 &
U%:TZZf:a'<TZEE'>a£>a’Qa:UQ.
t=1 t=1

Here, 02 > 0 becausae @ is positive definite and « is non-zero. Furthermore, {Z;};cz is

LP-bounded, since
E|Z” < |af” - E[Y3|”

for any ¢ € Z by the Cauchy-Schwarz inequality.

Defining

i
oVT

for any T'€ Ny and 1 <t <T = k(T), we obtain the martingale difference array
{Zrt}ren, 1<t<k(r) With respect to the filtration array {Fr; |T € N,1 <t <k(T)}.
This martingale difference array is clearly square integrable, due to the LP-boundedness
of {Z;}1ez and the fact that p > 2. We now verify the conditions of the CLT for mar-

tingale difference arrays:

ZT,t = and fTﬂg = .Ft
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— Convergence of Sum of Variances

For any T' € N, define

Vi = ET:E 2301 Fraa| = ﬁ ET:E (22| Fia.
t=1 t=1
We saw earlier that
1T
a% = T ; Zt2 B 52

2
If we can show that Z—g —Vr LN 0, then we will obtain the desired result Vp 2.

To this end, define
_ 72 2
=2} ~E[2} | Fia

for any t € Z. {x;}1e7 defines a martingale difference sequence with respect to the

filtration F, since each z; is clearly JF;-measurable, integrable with mean 0, and
Elz; | Fi] =E[22 | Fia| —~E[27 | Fia| = 0.
We noted above that {Z;},cz was LP-bounded; because p > 2, we can see that

b
2

E|Zt\p:E‘Zt2

for any ¢ € Z, which tells us that {Z?}cz is L2-bounded, where £ > 1. By impli-
cation, it is uniformly integrable, which implies that {z;};cz is also a uniformly
integrable martingale difference sequence. By the martingale WLLN proved ear-

lier,

1

M|

T
Ll
Z.’L‘t — 0,
t=1

from which it can be inferred that

2 2 1 d 2 1 d p
o2 —o VT:TZ(Zt—E[Zt | Fia]) = > @ B0,
t=1 t=1

Therefore,

— The Lindeberg Condition
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We can also show that {Zr}ren, 1<i<k(r) satisfies the Lindeberg condition. By
the LP-boundedness of {Z;};c7, there exists an M < +o0 such that

E|ZP < M
for any t € Z, which implies that
k(T) 1 k@
E|Zrsff = ——5 Y E|Zf <o PT'7%.
t=1 oPT2 {5

Since £ > 1, taking T'— oo on both sides yields

k(T)
li E|Z7 4P =
A, 2 BlZrel” =0,

which is actually equivalent to Lyapunov’s condition.

It now remains to show that Lyapunov’s condition implies Lindeberg’s. For any
€ >0, if |Z74| > €, then

| Zra P = | Zal? | Z0alP 2 > | Zpa* - 72,

since p — 2 > 0; this means that

—2 2
N2l Iy 15y SN2l A 2y 5y < 127l

Therefore,
k(T) k(T)
2 2—
S B[220 7y, 0] < €7 D EIZnP,
t=1 t=1
so taking T'— oo on both sides yields

] (T)
. 2 -
fim, 2 E 122 Tz, 159 =0

We have thus seen that the two conditions in the CLT for martingale difference arrays

are satisfied. As per that theorem, then, we can conclude that

1 I k(T) 4
—=>_Z1=Y, Zp; = N(0,1).
oVT t=1 t=1
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By Slutsky’s theorem, this then implies that

1 & d
7ZZt _>N(0502)7
VT 3

or equivalently, for some n-dimensional normally distributed random vector Z with

variance @,

1 & 1 &y
o | —= Y| =— Zy = d Z.

Thish holds for any non-zero o« € R, so by the Cramer-Wold device,

T
\}TZYAZW[O@]-
t=1

Q.E.D.
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Chapter 6
Continuous Function Spaces

In this chapter we apply the convergence results shown in chapter 4 to the space of continuous
functions. These spaces are of great interest because, given an intuitive and tractable metric,
they become complete metric spaces. In fact, it can be shown that spaces collecting continuous
functions defined on a compact set are also separable. We eventually build up to a central limit
theorem on these spaces, from which the existence of the Wiener process and the usual central

limit theorems follow, making it a singularly powerful result.

We will work with the following basic framework.
Let (E,7) be a topological space and F'=R" or C. Then, we let B(E, F') denote the set of all
bounded functions from E to F, and C,(E,F') the set of all continuous and bounded functions
from E to F'. This notation has been encountered before; recall that the definition of the weak
convergence of the sequence {i, }nen, of probability measures on E to the probability measure

@ on E is given as

I /dn:/ d
n;ngOEfu Efu

for any f € Cp(E,R). From this it can be shown that the above equation holds for any F'=R" or C
and f € C,(E,F).

A special case arises when F is compact (indeed, this is the case of primary interest). Since
real continuous functions defined on a compact set are bounded by the extreme value theorem,
the space Cp(F, F') in this case coincides with C(FE, F'), the collection of all continuous functions
from E to F. As such, we can jettison the boundedness condition here (strictly speaking, the
boundedness condition is not relaxed, but rather follows from continuity and thus does not need

to be explicitly stated).

Returning to the general case, recall that the collection of all functions from E to F' consti-
tutes a vector space over the complex field, with additive identity equal to the zero function on
E (denote the zero element of F' by Or). B(E,F) and Cy(E, F'), being subsets of this collection

that contain the zero function and which are closed under linear combinations, is also a vector
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space over the complex field. We can also show that they are normed vector spaces under the
same norm.
Define the function |||, : B(E,F) — [0,400) as

[flle = sup |f(z)]
zel

for any f € B(E,F). ||| is well-defined and finite because f is bounded. We can show that |||/,
defines a norm on V(E, F'):

o If||f|lo =0, then f(x)=0 for any « € E, so that f is the zero function. Conversely, if f =0
on E, then || f||, = 0 trivially.

e For any z € C,
I=flle = sup =f (@)] = || (igglf(xﬂ) SERnE
e Because the eucliden norm satisfies the triangle inequality,
[f (@) +g(@) <|f(@)+]g(@)] < fllc+lglle
for any x € E. Thus, it holds that

1f+glle < flle+llglle-

The pair (B(E,F),|-||c) is a normed vector space over the complex field; [-||, is called the
supremum norm on B(E,F). Let d: B(E,F)x B(E,F) — [0,400) be the metric induced by the

supremum norm, defined as
d(f.g) = Slelg\f(ﬂf)—g(fﬂ)l =If—gllc

for any f,g € B(E,F). We call d the supremum metric on B(FE, F'). We first study the space of
all bounded functions on F, and then move onto the space of continuous functions, which is our

main area of interest.
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6.1 The Properties of Continuous Function Spaces

Note that a sequence {f,}nen, C B(E,F) converges to some f € B(E,F) if and only if f, — f
uniformly on F; this is easy to see.

Suppose that f, — f uniformly on E. Then, for any € > 0 there exists an N € N such that

[fn(z) = f(z)] <e

for any n > N. By implication, for any n > N,
d(fnvf) = Sup‘fn(x) —f(l’)’ <€,
el

and since this holds for any € > 0, f,, — f in the metric d.
Conversely, if f, — f in the metric d, for any € > 0 there exists an N € N, such that, for any
n>N,

(@) = f2)| < d(fn, f) <e

for any x € E. By definition, f, — f uniformly on FE.

6.1.1 Completeness of Continuous Function Spaces

This equivalence between uniform convergence and convergence in d can be exploited to show
that (B(E,F),d) is a complete metric space. By implication, (B(E,F),|||) is a Banach space

over the complex field.

Theorem 6.1 (Completeness of Bounded Function Spaces)
Let E be an arbitrary set, and ' =R" or C. Suppose { f,}nen, is a sequence in B(E, F') that is
Cauchy with respect to the metric d. Then, there exists an f € B(E, F) such that f, — f in d.

Proof) Let {fn}nen, C B(E,F) be a Cauchy sequence with respect to d. By definition,

lim d(fpn,fm)=0,

n,Mm—00

and because |f,(z) — fm(2)| < d(fn, fm) for any xz € E, for any x € E the sequence
{fn(z)}nen, is a Cauchy sequence with respect to the euclidean metric on F'. Since

(F,|-]) is a complete metric space, there exists an f, € F such that f,,(z) — f; as n — oo.

Defining f: E — F as f(x) = f, for any x € E, by construction f, — f pointwise on E.

It remains to verify that f is a bounded function on E and that f,, — f uniformly on E.
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Uniform Convergence

We first show that f,, — f uniformly on F.
For any € > 0, by design there exists an N € N, such that

€
d nyJm o

(s f) < 5
for any n,m > N, which implies that, if n,m > N, then

[Fal@) = fmn(a@)| < 5

for any x € E. Fix x € E. Then, becauase fn(z) — f(z) as m — oo, there exists an
N; € Ny such that Ny > N and

[Fnle) = F(@)] < 5.

It follows that, for any n > N,

(@) = f(@)| < |fn2) = o (@) + [ (2) = f(2)] <e.

Our choice of x € E above was arbitrary, so if n > N,

[fn(z) = flz)] <e

for any x € E. This holds for any € > 0, so by definition, f,, — f uniformly.

Boundedness of f

It follows almost immediately that f is bounded.

From uniform convergence, there exists an N € N, such that n > N implies

[fn(z) = fz)] <1

for any x € E. Thus,

[f(@)] <1+ |fn(2)|

for any = € E, and becauase fy is bounded, so is f.

Q.E.D.
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The completeness of the subspace C,(FE,F) of B(E,F) can be seen as an extension of the
completeness of B(F, F'). Specifically, given a Cauchy sequence in Cy(E, F'), because this is also a
Cauchy sequence in B(E, F'), the theorem above shows us that it converges to some f € B(E, F).
The completeness of Cy(E, F') will be established if we can only show that Cy(E, F) is a closed

subset of B(F,F'), that is, if we can show that f is a continuous function.

Corollary to Theorem 6.1 (Completeness of Continuous Function Spaces)

Let (£, 7) be a topologcal space, and F'=R" or C. Suppose {f,}nen, is a sequence in Cp(E, F)
that is Cauchy with respect to the metric d. Then, there exists an f € Cp(E, F') such that f, — f
in d.

Proof) Let {fn}nen, be a sequence in Cy(E, F') that is Cauchy in the uniform metric d. By
the completeness of B(FE, F), there exists some f € B(E,F') such that f,, — f in d. We

show below that f is a continuous function on FE; this completes the proof.

Choose any open subset V of F' and x € f~1(V). This means that f(x) € V, and because
(F,|-]) is a metric space, there exists an € > 0 such that V; = B|,|(f(x),e) C V.

fm — f uniformly as m — oo, so there exists an N € N such that, for any m > N,

Fnl@) = F@)] < 5

for any xz € E.

Furthermore, since fy is continuous and the open ball
€

is an open subset of F', the inverse image U = f;,l(B) € 7. By design, fy(z) € B, so
z € fx'(B)=U, so that U is a neighborhood around z, and for any y € U, fx(y) € B,

or equivalently,

Iny) = In(@)] < 5.

Note that the choice of U depends on € and N, but because N depends only on €, U is
chosen on the basis of € alone.

Now let y € U. Then, by the results above,
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As such,
Ucftv)cr .

We have so far shown that, for any x € f~1(V), there exists a neighborhood U, € 7 of
x such that U, C f~1(V). Then, defining

U= |\J U..

z€f~1(V)

U € 1 because arbitrary unions of open sets are open sets, and
U=f1(Vv).

In other words, f~1(V) is an open set in E, and because this holds for any open subset

V of F, by definition f is a continuous function on F.

Q.E.D.
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6.1.2 The Modulus of Continuity

Here we introduce a useful characterization of the uniform continuity of functions in Cy(E, F')
when (F,7) is metrizable by some metric p on E. Define the function w : Cy(E, F') X (0,+00) —
[0,4+00) as

w(f,0) =sup{|f(x) — f(y)| | =,y € E,p(x,y) <}

for any f € Cy(F,F) and § > 0. This quantity is well-defined and finite by the least upper bound
property of the real line because the set {|f(z)— f(y)| | z,y € E,p(x,y) <} is bounded above

(f is a bounded function). The following are the properties of the function w:

Lemma 6.2 Let (E,p) be a metric space, and F'=R" or C. Let w : Cp(E, F) x (0,400) —
[0,+00) be defined as above. The following hold true:

i) For any f € Cy(E, F), the section § — w(f,d) is increasing in §.

ii) For any ¢ > 0, the section f +— w(f,d) is uniformly continuous on Cy(E, F') with respect to

the supremum metric d.

iii) For any f € C4(E,F), f is uniformly continuous on E if and only if

limw(f,d) = 0.

Proof) The first claim is obvious; for any f € C,(E,F) and 0 < hy < ha,

{If@) = fWl |2y € E,p(x,y) <hi} C{|f (@) = f@)| | 2,y € E, p(,y) < ha},

SO U}(f7 hl) < w(fa h2)

Now choose any ¢ > 0. For any f,g € Cy(E, F), assume without loss of generality that
w(f,d) > w(g,0). Then, by the definition of the supremum, for any € > 0 there exist
x,y € E such that p(z,y) < § and

w(f,6) —e<[f(x) = f(y)l Sw(f,d).

It follows that

|w(f75)_w(g75)| :w(fvé)_w 976)

276



This holds for any € > 0, so

[w(f,0) —w(g,0)| <2-d(f,9),

which shows that w(+,d) is uniformly continuous on Cyp(E, F') with respect to the metric
d.

To show the final claim, choose any f € Cy(E, F'), and suppose it is uniformly continuous

on E. Then, for any € > 0, there exists a § > 0 such that

[f(z) = fy) <e

for any x,y € E such that p(z,y) < é. Then, for any 0 < h <9,

w(f,h) <w(f,0) =sup{|f(z) = f(W)||z.y € E,p(z,y) <} <e.
This holds for any € > 0, so by definition,
li =0.
lim w(f,h) =0

Conversely, suppose that w(f,h) — 0 as h — 0. Then, for any € > 0, there exists a 6 >0
such that w(f,h) < € for any 0 < h < 4. In particular,

w(f,0) =sup{|f(z) = f(Y)|| 2,y € E,p(z,y) <5} <e,

which implies that, for any x,y € E such that p(x,y) <9,

|f(z) = f(y)| < w(f,0) <e.

This holds for any € > 0, so by definition, f is uniformly continuous on E.
Q.E.D.

Due to the last property, which shows that the convergence of w(f,) to 0 is equivalent to the
uniform continuity of f, the function w(f,-) is often called the modulus of continuity of f. We
will see later that the modulus of continuity helps characterize relative compactness and tight-

ness of continuous function spaces.
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6.1.3 Relative Compactness and Equicontinuity

In continuous function spaces, there exists a particularly convenient characterization of rela-
tive compactness that involves the concept of equicontinuity. Let (E,p) be a metric space, d
the supremum metric on Cp(F,F) and A a subset of the space Cp(E,F). We say that A is
equicontinuous at x € F if, for any € > 0, there exists a § > 0 such that, for any y € E satsifying

p(z,y) <6,

[f(z) = fly)l <e

for any f € A. In other words, A is equicontinuous at z if every function in A is continuous at

x to roughly the same degree.

A stronger notion than equicontinuity at a point is uniform equicontinuity. As the word suggests,
A is uniformly equicontinuous if every function in A is continuous at any point on E to roughly
the same degree. Formally, A is uniformly equicontinuous on FE if, for any € > 0, there exists a

0 > 0 such that, for any =,y € E satisfying p(x,y) < 0, we have

[f (@)= fly)l <e

for any f € A. An equivalent formulation can be given in terms of the modulus of continuity: A

is uniformly equicontinuous on E if and only if

lim supw(f,h) =0.
h—)OfeA

It is easy to see the equivalence:

e Necessity
If A is uniformly equicontinuous on F, then for any e, there exists a § > 0 such that, for

any z,y € E satisfying p(x,y) < 0, we have
[f(@) = f(y)l <e
for any f € A. It follows that, for any f € A,
w(f,0) =sup{|f(z) = f(y)| [ 2,y € E,p(z,y) <0} <e,

SO

supw(f,0) <e.
feA

278



Because w(f,-) is increasing on (0,+o00) for any f € Cp(E,F), for any 0 < h < 4§,

supw(f,h) <e.
feA

This holds for any € > 0, so

lim supw(f,h) = 0.
h—)OfeA

o Sufficiency

Suppose that

lim supw(f,h) = 0.
haOfeA

Then, for any € > 0, there exists a § > 0 such that

supw(f,0) <e.
feA

By definition, for any z,y € F such that p(z,y) < J,

|f(x) = fy)l < Zggw(gﬁ) <e

for any f € A. Thsi holds for any € > 0, so A is uniformly equicontinuous on FE.

The next theorem characterizes relative compactness on Cp(F, F') in terms of uniform equicon-

tinuity for the case when E is compact.
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Theorem 6.3 (The Arzela-Ascoli Theorem)
Let (E,p) be a compact metric space, and F =R"™ or C. A subset A of C(E,F) is relatively

compact if and only if
i) For any v € E, supsc4|f(z)| < +o0, and
ii) A is uniformly equicontinuous on E.

Furthermore, in this case sup e 4 || fll¢ < +oo as well.

Proof) Sufficiency
Note first that, for any ¢ € Q, the collection {B,(z,q)}scr is an open cover of E; by

the compactness of E, there exists a finite collection £, of points in £ such that

EcC |J By(z.q).
zcEy

Define E? = Ugeo Eos EV is clearly a countable subset of E.

Suppose that A is uniformly equicontinuous on F and that

sup|f(x)] < 400

feA
for any z € E.
Choose any sequence { f, }nen, of continuous functions in A. Since { f, }nen, is point-
wise bounded and EV is countable, there exists a subsequence { fn, tken, Of {fn}nen,
that converges pointwise on E?. The proof will be complete if we can show that
{fax Jren, is Cauchy in d; then, the completeness of C(E, F') ensures that the sequence
has a limit in C(E, F).

By the uniform equicontinuity of A, for any € > 0 there exists a > 0 such that, for any
x,y € E satistying p(z,y) <0,

@)= F )] < 5

for any f € A. Choosing ¢ € Q so that ¢ < §, by construction,

EC U Bp(yaq)a
yELl,

where Ej is finite. Since { fy, (y)}ren, is convergent and thus Cauchy with respect to
the euclidean metric on F' for any y € £, the finiteness of E; tells us that there exists
an N € N} such that

Fon ) = Fon )] < 5
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for any k,;» > N and y € E,.

Suppose k,m > N, where N depends only on € (it also depends on §, but ¢ depends
only on €). Choose any x € E. Then, there exists a y € E, such that x € B,(y,q), which
implies that

p(r,y) < g <.
Therefore,

@) =S @) < 5 and [ fu(@) = fun(0)] <

by the equicontinuity result above, and putting everything together,

[ g () = frn ()] < [ finy, (2) = P D+ [ Frie (0) = S @)+ [ frr (2) = Fr (y)] <.

This holds for any x € E, which tells us that
d(fres frm) = Slelg\fnk (@) = frn (2)| <€

for any k,m > N. This in turn holds for any € >0, so { fn, }xen, is Cauchy with respect
to d.

Necessity

Turning now to necessity, suppose that A is relatively compact. For any e >0, { By4(f,€)} fe
is an open cover of the compact set A; by compactness, there exist fi,---, fn € A such
that

AcCcAc OBd(fi,e).

=1

Each f; is bounded because E is a compact set and f; is continuous; letting
M= ;
nax || flle < +oc,

1

for any f € A there exists an 1 <14 <n such that d(f, f;) < ¢, which implies that

I flle <d(f, fi) + 1 fille < e+ M.

Therefore,

sup || fllo £ M +e < +o0,
fEA
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from which it follows that

sup | f(x)] < 400
feEA

for any = € A.

To show that A is uniformly equicontinuous, note that, { fi,---, f,,} is a finite collection
of functions that are uniformly continuous on the compact set . Therefore, there exists
a 0 > 0 such that

w(fi,d) <e

for 1 <i <mn. Choosing any f € A and letting f € By(fi,€) for some 1 <i <n, it now
follows that, for any x,y € E such that p(x,y) <0,

|f (@) = fil@) |, [f(y) = fily)| < d(f, fi) <e

and
|fi(z) = fily)| <,
so that
(@) = f)| < £ (@) = fi(@) |+ | fi(z) = fiy)| +|f () — fi(y)] < 3e.
Thus,

w(/f,0) < 3e,
and because this holds for any f € A,

supw(f,0) < 3e.
feA

Such a § > 0 exists for any € > 0, so by definition

lim supw(f,h) =0.
h—0fea

Q.E.D.
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6.2 The Stone-Weierstrass Theorem

We take a brief detour to focus on the Stone-Weierstrass theorem, which allows us to approx-
imate all kinds of functions with simpler and more elementary functions, such as polynomials.
This result is then used to prove the separability of spaces of continuous functions defined on

compact metric spaces.

6.2.1 The Weierstrass Approximation Theorem

We first state and prove the Weierstrass approxmiation theorem, which the Stone-Weierstrass
theorem generalizes. It states that any complex continuous function on a closed interval can be

uniformly approximated by a sequence of polynomial functions on the real line.

Theorem 6.4 (Weierstrass Approximation Theorem)
For any continuous complex valued function f : [a,b] — C there exists a sequence of polynomial
functions { P, },en, on R such that P, — f uniformly. Moreover, each P, can be chosen to be

real-valued if f is.

Proof) We gradually generalize the types of functions for which the above theorem holds.

Stage 1: [a,b] =[0,1] and f(0)= f(1)=0

Assume initially that [a,b] = [0,1] and that f(0) = f(1) =0. In this case, we can extend
the domain of f to R by assuming f(x) =0 for any z ¢ [0,1], and f remains a contin-
uous function. In fact, f is a continuous function on R with support contained in the
compact set [0,1], so it is uniformly continuous on the real line. By the extreme value
theorem, f is bounded on the compact set [0,1] because it is continuous; let | f(z)| < M

for any x € R, where M < +o0.

For any n € N4, since the mapping z + (1 —22)" is non-negative polynomial function
n [—1,1], if

1
/ (1—2%)"dz =0,

-1

then by the vanishing property for non-negative functions 22 = 1 for any z € [-1,1], a

contradiction. Therefore, we can define

Cn = (/_11(1 —x2)"dx)_1 > 0.

Define the function h: R — R as

h(z) = (1 —z*)" =14 na?
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for any 2 € R. Then, for any = € (0,1),
P (z) = —2nx(1 —2?)" ' 4+ 2nx = 2na (1 —(1- 332)"*1> >0
and h(0) = 0, which tells us that h(z) > h(0) =0 for any z > 0. In other words,
(1—23)">1—na?
for any z € [0,1]. This result allows us to find the upper bound of ¢, as follows:

1 1
/ (1—2?)"dx = 2/ (1—22)"dx (The integrand is an even function)
-1 0

B
> 2/ﬁ(1 — 23 "dx
0

1
22/ﬁ(1—nx2)dx (1—2%)">1-nx? on [0,1])
0
n 3 vn _1 2n _3
=2|x— <z =2n"2 ——n"2
37 1, 3
4 1

which implies that

Using this ¢,, we define
Qn(x) = cp(1—z?)"

for any x € R, so that @, is non-negative on [—1,1] with integral

/11 Qn(x)dr =1.

We now use the @),, defined above to construct the sequence of polynomials that con-

verges uniformly to f. We proceed in smaller steps.

284



Step 1: Construction of Polynomials P,

For any n € N4, define the function P, : [0,1] — C as

Pa@)= [ Je+0Qutt)dt

for any x € [0,1]. This integral is well-defined because f is bounded on R, @, is bounded
n [—1,1] (being a polynomial, it is continuous and thus bounded on a compact set)

and the Lebesgue measure is finite on [—1,1].

To verify that P, is indeed a polynomial function, we employ a linear change of variables

to see that, for any z € [0, 1],

P,(z)= /1xf(x+t)Qn(t)dt (f =0 outside [0,1] and [—z,1—z] C [-1,1])

_ /Rf(a: 1) Qn (g1 (t)dt

= /Rf(t)Qn(t — ) [_p1—q)(t —2)dt (Linear Change of Variables)
_ /1 FOQn(t—2)dt — cn/l FIO((1— )+ 2tz — o) dt.
0 0

Expanding the last term and evaluating the integrals with respect to ¢ (which are finite
because of the boundedness of f and the Lebesgue measure on [0, 1]) yields a polynomial
of degree 2n with respect to x, so it follows that P, is indeed a polynomial function on
[0,1]. Thus, there exist constants aén),--- ,aén) € C such that

2n
P,(z)= Zagn) -t
i=0

for any z € [0,1]. We can now define

2n
P, (x) = Zal(-n) -zt
=0

for any x € R, which extends F,, to a polynomial function on the real line. Note that
the coefficients a((]n), e ,ag;) are real if f is real-valued; thus, P, can be taken to be a

real polynomial if f is real-valued.
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Step 2: Uniform Convergence of P,
Note that, for any € > 0, the uniform continuity of f on R tells us that there exists a
0 > 0 such that

[f(z) = fy) <e

for any z,y € R such that |z —y| < J. Now choose any x € [0,1], n € N4 and note that

1 1 1
Pae) = F@)] = | [ fa0@udt~ [ f@u(bdt] < [ I+~ f@)@ult)ds
= [ - s@iQuwa /5 a0~ f@lQn(o
+/ flz+1) = f(2)|Qn(t)dt

Since
[fz+1t)—flz)] <e
for any [t < 6,
0<Qu(t) =c"(1=13)" < v/n(1-6%)"

for any t € [—1,1] such that |t| > ¢, and

) 1
/ Quityit < / Qu(tydt=1,

we can see that
é
|Po(z) — f(x)] <4M -/n(1—6%)" +e€ / Qn(t)dt <4M -/n(1—6%)"+e.
-
This holds for any z € [0,1], so

sup |Pp(z) — f(2)] <4M-/n(1—6%)" +¢
z€[0,1]

for any n € Ny. Taking n — co on both sides, we can see that

limsup sup |P,(z)— f(z)| <e.

n—00 $E[071]

This in turn holds for any € > 0, so

lim sup [P, (z) - f(x)| =0,

N0 2c0,1]

which tells us that P, — f uniformly on [0, 1].
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Stage 2: [a,b] = [0,1] but arbitrary f(0), f(1)
Given a continuous complex valued function f:[0,1] — C, define g:[0,1] — C as

9(x) = f(x) = f(0) + - (f(0) = f(1))

for any x € [0,1]. g, being the sum of two continuous functions, is a continuous function
on [0,1], and g(0) = ¢g(1) = 0 by construction. By the preceding result, there exists a

sequence {Py}nen, of polynomials (that are real if g is real) such that

sup |g(x) — Pu(z)] =0
z€[0,1]

as n — 00. Since

is a polynomial with respect to z, so is
Ry(z) = Po(x) + f(z) — g().

for any n € Ny. Moreover, if f is real, then so is g, which implies that R,, is a real

polynomial function. For any = € [0,1] and n € N,

| f(z) = Rn(2)| = |9(x) — Pa(z)],
so it follows that

sup |f(z) — Rn(z)] =0
z€[0,1]

as n — 00; {Ry}nen, is a sequence of polynomial functions that converges uniformly

to f on [0,1], and are real valued if f is real.
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Stage 3: Arbitrary [a,b] and f(0), f(1)

Now we generalize this result to continuous complex valued functions f : [a,b] — C for

arbitrary closed intervals [a,b]. Define g:[0,1] — C as

g(z) = f((b—a)x+a)

for any x € [0,1]; g, being the composition of two continuous functions, is itself con-
tinuous, so by the preceding result there exists a sequence of polynomial functions
{P.}nen, of polynomials on [0,1] such that P, — g uniformly on [0,1] and are real
valued if g is real. For any n € Ny, R, : R — C defined as

R,(x)=P, <i:Z>

for any x € R is a polynomial (the composition of polynomials is a polynomial), and it

is real valued if f is real valued (since g is also real valued in this case). We can now

see that
r—a r—a
P,
g(b—a> (b—a)
for any n € N4, so R, — f uniformly on [0, 1].
Q.E.D.

< sup [g(z) — Pa(2)]
z€[0,1]

sup |f(z) — Rn(x)| = sup
z€]a,b] z€[a,b]

The following corollary of the approximation theorem is of particular interest:

Corollary to the Approximation Theorem For any a > 0 there exists a sequence { P, } e N,

of real valued polynomial functions on R such that P,(0) =0 and

lim  sup | Pn(z)—|2|| =0,

=0 rel—a,al

that is, P,(z) — |z| uniformly on [—a,a] as n — cc.

Proof) Define f:[—a,a] = R as f(z) =|z| for any x € [—a,a]. Since f is a real valued continuous
function, by the Weierstrass approximation theorem there exists a sequence { P} }nen,
of real polynomial functions on R such that P} — f uniformly on [—a,a].

For any n € N4, define P, : R — R as P,(x) = P¥(z) — P}(0) for any = € R. Then,

{Pn}nen, is a sequence of real polynomial functions on R such that P,(0) =0, and

sup |Pn(x) = f(z)| < sup |Pr(x)— f(z)[+][F;(0)]

z€[—a,a] z€[—a,a]

Since P} (0) — f(0) =0 as n — oo, it follows that P, — f uniformly on [—a,a].
Q.E.D.

288



6.2.2 Algebras Over a Field

The central objects of Stone’s generalization of the approximation theorem are algebras over a
field, not to be confused with algebras on a set, which is a measure-theoretic structure contain-
ing the entire set and closed under complements and finite unions. An algebra A over a field
F is a vector space over F' that is also closed under the additional operation of elementwise

multiplication x, which satisfies the following axioms:

e The Distributive Law
For any z,y,z € A,

(x+y)xz=xxz+yxz and
zx(z+y)=zxr+2zXyY.

e Commutativity with Scalar Multiplication

For any o, 3 € F and z,y € A,

(az) x (By) = (aB)(x x y).

The main types of algebras over a field that are of interest are spaces of functions. Let E be a
set, F' a field, and F the collection of all functions from E to F. Then, we already know that F
is a vector space over F.

We can extend F into an algebra over F' by defining the multiplicative operation X on F as

follows: for any f,g € F, f X g is the function on E defined as

(f xg)(x) = f(x)g(x) € F

for any « € E. Note that this operation is well-defined because the target space F of the functions
in F is a field and element-wise multiplication is defined on F'. This operation also satisfies the

two axioms above:

« Forany f,g,h € F,
((f+9) x 1) (x) = (f(2) + g(x)h(z) = f(x)h(x) + g(x)h(z) = (f x h)(2) + (g x h)(x)
for any z € E, so that
(f+g)xh=fxh+gxh.

The left distributive law can be similarly shown.
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e For any f,g€ F and a,b€ F,

((af) x (bg))(x) = (af(x)) - (bg(x)) = (ab) - f(x)g(x) = ((ab) - (f x 9))(z)

for any x € E, so that
(af) x (bg) = (ab) - (f x g)-

Therefore, F is a well-defined algebra over the field F. We write fg instead of f x g for notational
brevity.
Often, we will be interested in subsets of F that are themselves algebras over F'. The two subsets

of interest are given below:

e The Algebra of Bounded Functions
Let F collect all bounded functions from E to F', where F'=R or C. Then, F is an alge-
bra over F' because it contains the zero function and is closed under addition (the sum of
bounded functions is bounded), scalar multiplication and element-wise multiplication (the

product of bounded functions is bounded).

e The Algebra of Bounded Continuous Functions
Let (E,T) be a topological space and F' =R or C. Since both R and C are fields, Cy(E, F)
is a subspace of the algebra F over the field F. Furthermore, since the zero function is
contained in Cp(E, F) and the product of any two bounded continuous functions is also
bounded and continuous, Cp(E, F') is a subalgebra of F over the field F.

Let F once again denote the collection of all functions from some set E into the field F =R or C.
The uniform closure of a subalgebra A of F is defined as the set of all functions f € F such
that there exists a sequence {f,}nen, C A that converges uniformly to f. If F' =R or C and
A were a subset of the collection of all bounded continuous functions on FE, then the uniform
closure would be the closure of A with respect to the supremum metric, hence the name uniform
”closure”.

An important result is that the uniform closure of a subalgebra A is also a subalgebra of F,

given that the functions in F are bounded.

Lemma 6.5 For any set F/ and field F' =R or C, let F be the collection of all functions from
E to F. Then, the uniform closure of any subalgebra A of F is a linear subspace of F.
If F instead collects all bounded functions from E to F', then the uniform closure of A is a

subalgebra of F.

Proof) Denote the uniform closure of A by A. Because the zero function is contained in A
(it is a subalgebra of F), it is also contained in A. It remains to see whether A is

closed under addition, scalar multiplication and element-wise multiplication; the first
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two ensure that it is a vector space over F, and the last condition is necessary for A to

be considered a subalgebra.

Choose any f,g € Aand z € F. Then, by definition there exist sequences { f, }nen, and
{9n}nen, such that f, — f and g, — g uniformly. For any n € N,

Z'fn+gnafngn cA

because A is a subalgebra of F.

Since

(2 fu(2) + gn(@)) = (2 f(2) + g(2))| < |2]- [ fu(@) = f(2)] + |gn(2) — 9(2)|

for any x € E, the uniform convergence of {f,}nen, and {gn}nen, implies that the
sequence {z- fn 4 gn}nen, is a sequence of functions in A that converges uniformly to

z- f+g. Therefore, z- f +g € A, and it follows that A is a vector space over F.

Suppose that F collects all bounded functions from E to F', and that A is a subalgebra
of this algebra over F. Then, f,g € F are bounded; suppose |f|,|g| < M on E for some
M € (0,4+00). Then, for any x € F,

| fr(@)gn(z) — f(2)g(2)| < | fulz) — f(@)l|gn(2) — 9(2)| + | f(2)||gn(z) — g(2)| + |g(2)]| fu(2) — f(2)]
< [fu(@) = f(@)llgn (@) — 9(@)| + M (|gn(2) — g(@)| + [ fn(x) = f(2)])-

Therefore, the uniform convergence of {f,}nen, and {gn}nen, implies that the se-

quence { fngn}nen, is a sequence of functions in A that converges uniformly to fg. It

follows that A is a subalgebra, in addition to being a subspace, of F.
Q.E.D.

Let E be a set, F' a field with additive identity O, and F the algebra of all functions from E
to F. Letting A be a subalgebra of F, we say that .A:

e Separates points on F
If, for any x1,z9 € F such that x1 # x9, there exists an f € A such that f(x1) # f(x2).

e Vanishes at no point in F

If, for any = € E, there exists an f € A such that f(z) # Op.

The following result is an important consequence of the above properties:
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Lemma 6.6 For any set F and field F' with additive identity Op, let F be the collection of
all functions from E to F' and A a subalgebra of F. If A separates points on ¥ and vanishes at
no point in F, then for any c¢i,co € F' and distinct points x1,29 € E there exists an f € A such
that

flx)=c and  f(z2) =ca.

Proof) Choose any cj,ce € F' and 1,22 € FE such that x1 # x2. Because A separates points on

FE and vanishes at no point in F, there exist g, hy,ho € A such that

g(z1) #g(x2), hi(x1) #0p, ha(x2) #OF.

Denote a = g(z1) — g(x2) # 0. Then, defining f: E — F as

. a Caglz), o c2-g(x1)
f_imhl(ml)(ghl) a-hl(xl)hl a-hg(xg)(gh2)+a-hg(x2)h2’

since ghi,gha,h1,hs € A and f is a linear combination of these functions, f € A. More-

over,

flxr) = %g(:m) L —a =cy,

and likewise, f(z2) = ca.
Q.ED.
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6.2.3 Stone’s Generalization of the Weierstrass Approximation Theorem

Here we present the main result of this section, which extends the Weierstrass approximation
theorem to functions in arbitrary algebras that satisfy the given properties. We first formulate

the result for real-valued functions:

Theorem 6.7 (The Stone-Weierestrass Theorem: Real Version)

Let (E,T) be a topological space, and A a subalgebra of the algebra C(E,R) over the real field.
If A separates points on E, then (E,7) is a Hausdorff space.

If, in addition, A vanishes at no point in E and (E,7) is a compact space, then C(E,R) is the
uniform closure of A, or in other words, the closure of A with respect to the supremum metric
d on C(E,R).

Proof) We first show that (E,7) is a Hausdorff space if A separates points on E.
Choose any distinct points x1,22 € E. Then, because A separates points on F, there
exists an f € A such that f(x1) # f(x2). Because f is continuous (A is a subalgebra
of the space of all real continuous functions on E), defining € = W%w > 0, the

inverse image

Vi=f71 (B (f(z),0))

is an open subset of E that contains x; for ¢ = 1,2. Furthermore, if t = V; N V5, then

[f@) = f(x1)| <e and [f(t) = f(z2)] <e

which implies that

[f (@) = f(@2)| = [ f (1) = fla2)| = [f () = f(@1)| > [f (1) = fla2)| —e =€,

a contradiction. Therefore, V7, V5 are disjoint open subsets of F such that x; € V7 and
x9 € Vi, so that (E,7) is Hausdorff by definition.

Now we can show the second claim. Suppose A separates points on F, vanishes at no
point in E and that (E,7) is a compact topological space.

As above, let A denote the uniform closure of A. Note initially that, because C(E,R)
is a collection of bounded real valued functions on E due to the compactness of F and
the continuity of the functions comprising C(E,R), by lemma 6.5 A is a subalgebra of
C(E,R). Thus, it remains to verify that C(E,R) is a subalgebra of A.

We proceed in steps:

Step 1: If f € A, then |f|€ A
Choose any f € A. Since f is a bounded continuous function, there exists an M €

(0,400) such that |f| < M on E. By the corollary to the Weierstrass approximation
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theorem, there exists a sequence { P, },,cn, of real polynomial functions on R such that

P,(0) =0 for any n € N4 and

sup | Pp(z)—|z|| =0
z€[—M,M]

as n — oo. For any n € N, because P, is a polynomial function on R, there exist

ag,- -+ ,am € R such that

for any x € R; P,(0) =0 implies that ag =0, so that
m .
Pnof:Zai-fZ.
=1

Because A is an algebra over the real field, f,f!,---,f™ € A, and since A is closed
under linear combinations of its elements, P, o f € A.

This holds for any n € N4, so for any x € F,

[(Prof)(@)—[f(@)|| < sup |Pu(y)—lyll
yE[—M,M]

since f(x) € [-M,M], which implies that

d(Ppo f,|f) < sup  |Pu(y) —lyll-
ye[fM’M}

Taking n — oo on both sides, we can see that |f| is the uniform limit of the sequence
{Pyo f}nen, of bounded continuous functions in A. Since A is closed with respect to

the supremum metric d, this implies that |f| € A.

Step 2: If f,g € A, then max(f,g),min(f,g) € A
Choose any f,g € A. Then,

and min(ﬁ@;%_ |f;9|,

max(f,9) = 119 4 19

where f+g,f—g,|f—g| € A by step 1 and the fact that A is an algebra over R, so

max(f,g),min(f,g) € A.
This can easily be generalized to finite collections of functions in A. Specifically, if

{91, ,gn} C A, then

maX(917"' )gn)7min(gl7”' )gn) S A
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Step 3: Approximating f € C(E,R) with functions in A
Let f € C(E,R) and € > 0.

Choose any distinct x,y € E. Then, because A separates points on E and vanishes at

no point in E, there exists a function h, € A such that
hy(x) = f(x) and  hy(y) = f(y).
By the continuity of h, and thus k, = hy, — f, the inverse image
Jy =k (Byy(0,€))
is an open subset of E that contains y and x. In particular, for any t € J,,
Iy (O] = [y (1)~ FO)] <,

and in particular hy(t) > f(t) —e.

{Jy}yeE,y+x is an open cover of I/, and by the compactness of E, there exist y1,---,y, €
FE such that y; # x for 1 <i¢<n and

ECJ,U---Udy,.
Then, defining g, = max(hy,,--+,hy, ) € A,
ga(x) = max(hy, (z),--  hy, (z)) = f(z)
and, for any ¢ € E such that ¢ # x, letting t € J,, for some 1 <i <mn,
Gz (t) > hy, () > f(t) —e.
By the continuity of g, and thus r, = g, — f, the inverse image
Py=r;t (B‘.|(o,e))
is an open subset of E that contains x and such that, for any ¢t € P,,
e ()] = lg2(t) = fF()] <e,

and in particular f(t)+e€ > g, (¢).
The above holds for any = € E, so the collection {P, },cp is an open cover of E. By the
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compactness of E again, there exist z1,---,z,, € E such that
ECP,U---UF, .

Define g = min(gs,,"* ,9gz,,) € A. Then, for any t € E, because

9a; (1) > f(t) —e€
for any 1 <i <m by construction, we have

9(x) = min(ge, (t), -+, ga,, (1)) > f(t) — €.
Furthermore, letting ¢ € P,, for some 1 <7 <m,
9(t) < gu; (t) < f() +e,

so that

[f(t) —g(t)] <e.

This holds for any ¢t € F, so

d(f,g) =sup|f(t) —g(t)| <e.

tek

We have thus shown that, for any € > 0, there exists a g € A such that g € By(f,¢). In
other words, f is contained in the closure of A with respec to d; because A is closed,
it is equal to its closure and thus f € A. Finally, this holds for any f € C(E,R), so
C(E,R) = A.
Q.E.D.
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The above theorem only holds for algebras of continuous real-valued functions: for the result
to hold for algebras of complex continuous functions, we require the additional condition of
self-adjointness. An algebra A of functions from a set £ to C is said to be self-adjoint if the
conjugate of every function in A is also contained in A, that is, if for any f € A, the function f
defined as

for any x € F is also contained in .A.

Theorem 6.8 (The Stone-Weierestrass Theorem: Complex Version)

Let (E,T) be a topological space, and A a subalgebra of the algebra C(E,C) over the complex
field. If A separates points on E, then (E,7) is a Hausdorff space.

If, in addition, A vanishes at no point in F, is self-adjiont, and (F,7) is a compact space, then
C(E,C) is the uniform closure of A, or in other words, the closure of A with respect to the

supremum metric d on C(E,C).

Proof) The fact that (E,7) must be a Hausdorff space if A separates points follows from the

continuity of the functions in A in the same manner as in the previous theorem.

Suppose now that A separates points on E, vanishes at no point in F, is self-adjoint,
and that (F,7) is a compact topological space. By lemma 4.5, we know once again that
A is a subalgebra of C(E,C).

Define Ag as the collection of all real-valued functions in A; Ag is non-empty since it

contains the zero function on E. In addition, for any f € A, since f € A as well,

I4T,

Re(f) =11

m(f) = (F-7) e A

as well, and because Re(f),Im(f) are real-valued functions, they are contained in Ag.
We can show that Ag separates points on £ and vanishes at no point in E. For the first
property, choose any x1,x2 € F; because A separates points on F, there exists an f € A
such that f(z1) # f(x2). This implies that either Re(f) or Im(f) must give different
values for x; and x9, so that Ag also separates points on E.

Now choose any x € E; because A vanishes at no point in F, there exists an f € A such
that f(x) # 0. This implies that the value of either Re(f) or Im(f) must be non-zero
at x, so that Ag also vanishes at no point in F.

By the real version of the Stone-Weierstrass theorem, it now follows that the uniform
closure of A is precisely the collection C(E,R) of all real-valued continuous functions
on F.

Choose any f € C(E,C). Then, Re(f),Im(f) are real-valued continuous functions on
E, so by the preceding result, there exist sequences {gn}nen, and {hn}nen, in Ag
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such that

d(gn, Re(f)),d(hn,Im(f)) =0

as n — o0o. Defining f, = g, +1-h, for any n € Ny, f, € A because A is closed under

addition and scalar multiplication, and for any = € F,
[fn(2) = f(2)] < |gn(z) — Re(f)(@)| + [hn(z) = Im(f)(2)| < d(gn, Re(f)) + d(hn, Im(f)),
so that

d(fn, ) < d(gn, Re(f)) +d(hy, Im(f)).

It follows that {f,}nen, is a sequence of functions in A that converges uniformly to f,
so that, by definition, f € A. This holds for any f € C(E,C), so C(E,C) = A.
Q.E.D.
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6.2.4 The Separability of Continuous Function Spaces

The Stone-Weierstrass Theorem can now be used to show that the space of continuous func-
tions defined on compact metric spaces are separable. This result is proved by first constructing
a countable collection of continuous functions using the separability of compact sets and the
associated metric, and then showing that this collection is an algebra of continuous functions
that separates points and does not vanish (if the algebra is over C, we also show that it is
self-adjoint). Then, the Stone-Weierstrass theorem can be used to establish the separability of

the function space.

Theorem 6.9 (Separability of Continuous Function Spaces)
Let (E,p) is a compact metric space, and F'=R"™ or C. Then, letting d be the supremum metric

on C(E,F), the pair (C(E,F),d) defines a complete and separable metric space.

Proof) We showed earlier that (C(E, F'),d) is a complete metric space. We must now show that
it is separable. To this end, note that the compactness of F implies its separability; let
Ejy be the countable subset of E that is dense in E.

First let FF =R or C, and define

B={p(-.2) | € By} U{0},

where 0 is the zero function. For any x € F, the mapping y — p(y,x) is uniformly
continuous on E by the triangle inequality and takes values in [0,+00), so B C C(E, F).
Every function in C(E,F') is bounded, so the functions in B are also bounded. Now
define

B = {[[ il fi- fu B,
=1

or the collection of the products of all the functions in B. Because of the finiteness
of the products, B’ continues to be a collection of bounded and continuous functions.

Finally, define

n
A:{Zai-fi]n€N+,a1,--~,an€Fand f1,~-,fn€IB%’}.
i=1

Each function in A is a finite linear combination of continuous bounded functions, so

ACC(E,F). It is also the case that A is an algebra over F': for any functions

f=>ai-fi, g=> bi-gi
i—1 =1

in Aand z € F, zf + g is a linear combination of the functions fi, -+, fn, 91, ,gm € B/,
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so zf 4+ g € A. Likewise,
Fa=>"> (aibj)- fig;,
i=1j=1

where each fig; € B’ and a;b; € I, so fg € A as well. Finally, the zero function is in-
cluded in B and thus .A. By definition, 4 is a subalgebra of C(E, F).

We will now show that A separates points on E and vanishes at no point in E.

Choose any x1,xs € E such that x1 # x2; then, because Fy is dense in F, choosing ¢ € Q

so that ¢ < w, there exists a y € Fy such that

p(r1,y) <q.
It follows that

1,%
p(x1 2)>q

p(x2,y) > p(x1,22) — p(w1,Y) > p(T1,22) — > 5

Defining f: F — R as f(z) = p(x,y) for any x € E, f € A because y € Ey, and

f(z1) = p(z1,y) < q < p(x2,y) = f(z2),

so that f(x1) # f(z2). This shows us that A separates points on F.

Next, choose some x € E. Then, for any y € Ej such that z # y (such a y exists because
E contains more than one element), d(-,y) € A and d(x,y) > 0. This shows us that A
vanishes at no point in F.

If F=C, then A is also self-adjoint because each function in B’ is real-valued.

By the Stone-Weierstrass theorem, the uniform closure A equals the collection C(E, F)
of all continuous functions on E taking values in F. Because A is a countable subset of
C(E,F), by definition (C(E,F),d) is a separable metric space.

Suppose now that F'=R", and let

A={Yai-filn€Near, - ay €Rand fi,-- fu €B'}
=1

as before. Defining
A"={f:E—-R"| fie Afor any 1 <i<n},

because each A is countable and consists of real continuous bounded functions on F,
A™ is also a countable collection of n-dimensional real continuous bounded functions
on E. It remains to show that A" is dense in C(E, F).
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Choose any f € C(E,F). Then, for any ¢ >0 and 1 < <n, there exists a g; € A such
that

sup  fi(x) — gi(a)] < .

zel

Defining g = (g1, ,g9n) € A™, we now have
[f(@) —g(@)| <D _1filz) —gi(z)| <e
i=1
for any x € E, so that
d(f,9) =sup|f(x) —g(z)| <e.
rel
This holds for any € > 0, so A" is dense in C(E, F') and (C(FE, F),d) is a separable metric

space.
Q.E.D.
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6.3 Borel g-algebras on Continuous Function Spaces

Let (E,p) be a compact metric space, 7 the topology induced by p and £ the Borel o-algebra
generated by 7. For FF=R" or C, we showed above that (C(E, F'),d) is a complete and separable
metric space, where d is the supremum metric on C(E,F'). We denote by B¢(E, F) the Borel
o-algebra generated by the topology on C(FE, F') induced by d.

Below we study two topics closely related to Be(E, F'). The first concerns a m-system that gener-
ates this o-algebra. Afterwards, we investigate how to characterize tight sequences of probability
measures on (C(E,F),Bc(E,F)).

6.3.1 Finite Dimensional Sets

It is of interest further down the line to have a m-system that generates B¢ (E,F'). This will
be furnished in the form of the collection of finite-dimensional sets C;. First, we define what is
meant by the projection of a function f € C(E,F). Let F'=R" in what follows.

For any t1,--- ,t;, € E that may or may not be distinct, the projection function m, ...+, :C(E,F) —
FF* is defined as

7Tt17"'7tk(f) = (f(tl), T 7f(tk))

for any f € C(E,F). my, ... 1, has the following basic propreties:

¢ Uniform Continuity
For any f,g€C(E,F),

Tty (F) = Tt (O = |(F (81) =g (80), -+, f (E) — g(t))]

IN

Il
—

|f(t:) —g(t:)| < k-d(f,q),

2

so that 7, ... 4, is uniformly continuous on C(E, F).

e Inverse Images of Projections
For any A € B(F¥), where B(F¥) is the standard Borel o-algebra on the euclidean space
Fk

b1 (A) € Be(E,F)

7Tt17"

because the continuity of 7, ...+, ensures that it is measurable relative to B¢ (E,F') and

B(F*).

k

The inverse images above are referred to as finite-dimensional sets, and the collection of all finite
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dimensional sets is thus defined as

Cr={malep(A) [t1, - b € B, A€ BFF)}.

otk

We can show that Cy is a m-sysetm on C(F, F') that generates Be(E, F').

Theorem 6.10 Let (F,p) be a compact metric space, F' = R", d the supremum metric on
C(E,F), and Bc(E, F) the associated Borel o-algebra on C(E, F'). Then, the collection Cy of all

finite-dimensional sets is a 7-system that generates B¢ (E, F).

Proof) We first show that Cy is a 7-system on C(E, F).
Choose any Hy,Hj € Cy. There exist ¢y, -+, € F and s1,---,5,, € E and A € B(F*),
B € B(F™) such that
H, = Fa},,,’tk(A) and Hy=m, " (B).

81,7 ,8m

Then, since A x B € B(F*)Q B(F™) = B(FF™),

HlﬂHQZTFt:}, AXB)ECf,

"7tk7517"‘»5m(

whcih tells us that Cy is a w-system.

Every set in Cy is contained in B¢(E,F), so the o-algebra oCy generated by Cy is
contained in B¢ (F, F). We now show the reverse inclusion.
Choose any f € C(E,F) and € > 0. By the compactness of E, F is separable and there

exists a countable subset Ey that is dense in F. It can then be seen that

By(f.€)={g €C(E,F)|d(f,g) <e}
= () {9 €C(E,F)||f(z)—g(z)| < €}

x€Fy

To show this, first choose any g € By(f,¢€). Then,

[f(z) —g(x)] <d(f,9) <€

for any z € E, so |f(z) —g(z)| < e for any x € Ey and thus g is contained in the inter-
section on the right hand side.

Conversely, choose any g € C(E, F) such that | f(y) — g(y)| < e for any y € Ey. Then, for
any x € F, by the continuity of f and g at x, for any n > 0 there exists a § > 0 such
that

1f(2) = f(@)],]9(2) —g(z)| <

N3

for any z € E such that p(z,z) < 0. Because Ej is dense in F, there exists a y € Ey such
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that p(z,y) < J, which implies that

|f(x) —g(x)| < |f(z) = F)I+1f(v) =9 +]g9(x) —g(y)| < e+n.

This holds for any 1 > 0, so

[f(z) —g(z)| <e,

and because this in turn holds for any x € F,

d(f,g) = sup |f(x) —g(z)| <¥,

or equivalently, g € By(f,e).

The above equality can also be written as

Ba(f.)= () m " (Bl (f(2),9)),

z€FEy

where

By (f(z),e) ={y e F'||f(x) —y| < e} € B(F).

Since Ej is countable and each 7! <§|.‘(f(x),e)) € Cy, it follows that

By(f,€) € oCy.

Note that any open ball By(f,€) is the countable union of closed balls:

Batr, ) =UBa (e ).

and because each closed ball on the right hand side is contained in the o-algebra oCy,
so is the open ball By(f,e€).

Finally, since (C(E,F),d) is a separable metric space, there exists a countable base on
C(E, F) consisting of open balls that generates the metric topology induced by d. This
implies that any open set in C(FE,F') is the countable union of open balls, so that any
open set in C(E,F) is also contained in ¢Cy. Since the collection of all open sets in
C(E,F') generates Be(E,F'), we can see that Be(E,F) C oCy.

Q.E.D.

In the above proof, the separability of both (E,p) and (C(E, F'),d) are needed, which is why the

claim only holds when (F,p) is a compact metric space.
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6.3.2 Characterizing Tightness on Continuous Function Spaces

Let (E,p) be a compact metric space, and F' = R". So far, we have seen that:

o (C(E,F),d) is a complete and separable metric space, where d is the supremum metric on
C(E,F)

e (The Arzela-Ascoli Theorem) A subset A of C(E, F) is relatively compact if and only

if A is pointwise/uniformly bounded and uniformly equicontinuous on FE

« The set Cy of all finite-dimensional sets in C(E, F)) is a m-system generating B¢ (E, F), the

Borel o-algebra associated with d.

Since (C(E,F),Bc(E,F)) is a measurable space, we can define probability measures on this
space, and by extension talk of the tightness of a collection of probability measures on C(FE, F).
Since this involves compact sets in C(F, F'), it is possible for us to make use of the Arzela-Ascoli
theorem, which provides us a characterization of (relatively) compact sets in C(E,F'). This is

precisely what we do below:

Theorem 6.11 (Tightness on Continuous Function Spaces)

Let (E,p) be a compact metric space, F'=R", d the supremum metric on C(E, F'), and B¢(E, F')
the associated Borel o-algebra on C(E, F').

Suppose II = {1, }nen, is a sequence of probability measures on (C(E,F),B¢(E,F)). Then, II
is tight if and only if

i) For any n >0 and x € E, there exists an a > 0 such that

pn ({f ()] > a}) <n

for any n € Ny.

ii) For any e > 0,

lim limsup i ({f | w(f,6) > €}) =0.

Proof) Note initially that, for any € E and a > 0,

{(F11F@)] > a} =" (By(0.0)).

Since 7, is continuous on C(E,F) and the complement of the closed ball B|((0,a) is

open, the inverse image on the right hand side is an open set in C(E, F). Therefore,

i ({f 11 ()] > a})
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is well-defined for any n € N,.
Likewise, for any d > 0 and € > 0,

{flw(f,6) 2> e} =w(-8)"" ((e,+00))

is an open set in C(F,F') because the mapping f +— w(f,d) is uniformly continous on
C(E,F), so that

pn ({f [w(f,0) > €})

is well-defined for any n € N,.

Necessity

Suppose that IT is a tight sequence of probability measures on (C(E,F),Bc(E,F)).
Then, for any 7 > 0, there exists a compact set K in C(E, F') such that

pn(K€) <n

for any n € Ny. Because K is also a relatively compact set, by the Arzela-Ascoli theorem

K is pointwise bounded and uniformly equicontinuous; formally,

sup | f(z)]| < 00
feK

for any z € E, and

lim sup w(f,h) =0.
h—)OfeK

By the pointwise boundedness of functions in K, for any x € E there exists an M €
(0,400) such that |f(z)] < M for any f € K, so that

Kc{f[|f(z)] <M},
and by implication,
pin ({1 1f ()] > M}) < pn(K€) <1

for any n € N;. This proves that i) holds.
Next, note that the uniform equicontinuity result implies that, for any ¢ > 0, there

exists a 6 > 0 such that

sup w(f,h) <€
fek
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for any 0 < h < d. Therefore, for any 0 < h < 4,

K C{f|w(f,h) <€},

so that

pn (LS [ w(f ) > €}) < pn(K) <1

for any n € N,. It follows that

limsup iy ({flw(f,h)>e}) <n

for any 0 < h < §. Such a § > 0 exists for any 1 > 0, so
lim limsup s, ({f | w(f,h) > €}) =0,
h—0 n—oco

which shows that ii) holds.

Sufficiency

Now suppose conditions i) and ii) hold. By the compactness of E, there exists a count-
able subset E© of F that is dense in E. Let {zk}ken . be the arrangement of the elements
of EY into a sequence.

For any n > 0 and k € N4, i) tells us that we can choose an aj > 0 such that, for

A ={F S ()| > ar},

Ui
,U«n(Ak) < W

for any n € N;. Define B = |J;, Ak.
Furthermore, by ii), for any k € N there exists a d; 0 > 0 such that

limsup pun ({f [ w(f, 1) > 1/k}) < Qk%

for any 0 < h < dy,0, and therefore there exists an Nj, € N such that

tin ({f [w(f,0k0) > 1/k}) < Sup i ({f | w(f,0k0) > 1/k}) < 2}%

for any n > Ng.

Because fi1,- -, jn, are probability measures on (C(E,F),Bc(E,F)) and (C(E,F),d) is
a complete and separable metric space, the singletons {y;} for 1 <i < Nj, are all tight.
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It follows that, for any 1 <i < Ny, there exists a compact set K; in C(E,F') such that

Ni(Kf)<W7

and because the finite union of compact sets is compact, defining K = U,fﬁ“l K;, Ky is

a compact set such that

n

pi(K€) < SEET

for any 1 <i < Nj. Because K| is uniformly equicontinuous,

lim sup w(f,h) =0

and there exists a o such that sup e g, w(f,h) < 1 for any 0 < h < §o. As such,
Ko C{f |w(f,do) <1/k}

and

i (F [ w(f,00) < 1/kY) < il K§) < 50

for any 1 <7 < Nj. Therefore, defining 6, = min(do,dx,0) > 0, we can see that
n
s (Uf Tw(f,00) < 1/RY) < g

for any n € Ny. Define By, = {f | w(f,dx) <1/k}.

Now define
A=BN (ﬂ B,ﬁ)
k

and K = A. We will show that K is compact by showing that A is relatively compact.

This will be done via the Arzela-Ascoli theorem.

— Property 1: Uniform Equicontinuity
For any € > 0, letting £ € N, be chosen so that % < €, there exists a 05 > 0 such
that

1
for any 0 < h < dy and f € A, since A C Bj.. By implication,

supw(f,h) <e
feA
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for any 0 < h < Jg, and because this holds for any € > 0,

lim supw(f,h) =0,
h—0 fGA

or in other words, A is uniformly equicontinuous on C(E, F)).

— Property 2: Pointwise Boundedness
For any k€ Ny and f € A, because f € Af as well (Aj contains the countable
intersection B¢), we have |f(x)| < ax by design.
The uniform equicontinuity of A on E tells us that there exists a ¢ > 0 such that

[f(2) = f(y)l <1

for any f € A and z,y € E such that p(z,y) < .
Now choose any z € E. By the denseness of E? in E there exists a k € N such
that p(z,z)) < (; it follows that

(@) < |f(z) = flze)| + | f(zp)] < ap + 1.
for any f € A. Therefore,

sup|f(z)| < ap+1 < +oo,
feA

and because this holds for any x € E, A is a pointwise bounded collection of func-
tions in C(E, F).

By the Arzela-Ascoli theorem, it follows that A is relatively compact, so that K is a
compact set.

Finally, since

K¢C A°=BU (UBk> =J (A UBy),
k k

by countably subadditivity
(0]
Z Hn Bk +Mn Ak))
for any n € N;.. Our choice of 7 > 0 was arbitrary, so this shows that II = {ji,, }nen, is

a tight sequence of probability measures on (C(E,F),B¢(E, F)).
Q.ED.
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6.4 Random Functions

Let (©2,H,P) be a probability space, (E,p) a compact metric space and F'=R". A random (con-
tinuous) function X : Q2 — C(E, F) is a random variable taking values in the measurable space
(C(E,F),Bc(E,F)), that is, a function that is measurable relative to ‘H and Be(E, F).

Often times it is convenient to work with stochastic processes that correspond to some random
function instead of the random function itself. Consider a random function X. Then, for any
t € E, define X; =m0 X; since 7, is a continuous function on C(E, F') taking values in F', it is
measurable relative to Be(E, F) and B(F'), and because measurability is preserved across com-
positions, X; is a random variable taking values in (F,B(F)).

As such, the stochastic process { X; }1e g is well-defined. Furthermore, for any w € 2, the mapping
t — X¢(w) on E is precisely the continuous function X (w) from E to F. Therefore, {X;}iecp is

a stochastic process taking values in (F,B(F')) with continuous paths.

Conversely, consider some stochastic process { X; }1e g taking values in (F,B(F')) with continuous
paths, and define X : Q@ — C(E, F) so that, for any w € Q, X (w) is the function ¢ — X¢(w). To
show that X is a random function, we use the fact that the collection Cy of all finite-dimensional
sets in C(E, F) is a w-system generating Be(E, F).

For any A € Cy, there exist t1,---,t; € E and H € B(F¥) such that

We can now see that
X_I(A) = (7Tt1,--- ty OX)_l (H) = (Xt17"' ’th)_l (H) €H,

)

where the last inclusion holds because X, - -+, X}, are random variables taking values in (¥, B(F)).
Thus, the fact that Cy generates Be(E, F') implies that

X YA eH
for any A € Be(E, F'), and by definition X is a random function.

We call the stochastic process {X;}icp taking values in (F,B(F')) with continuous paths and
the random function X taking values in C(E, F) constructed as above the process and function

corresponding to one another.
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6.4.1 Sufficienct Conditions for Weak Convergence

The equivalence of random functions and stochastic processes, as well as the characterization of
tightness on continuous function spaces derived in the previous section, allow us to formulate

the following sufficient conditions for the weak convergence of random functions:

Theorem 6.12 (Conditions for Weak Convergence)

Let (E,p) be a compact metric space, F' =R, d the supremum metric on C(E, F'), and B¢ (E, F)
the associated Borel o-algebra on C(E, F).

Let {X"},en, be asequence of random functions and X a random function on (C(E, F'), Be(E, F)).
Letting { X' }+cp and {X;}ier be the stochastic processes corresponding to X™ and X, if:

D O(XP, XS (X, Xy, for any b, b €

ii) For any € > 0,

lim limsupP (w(X",6) >€) =0,

0—0 n—oo

then X" % X

Proof) Let II = {ju, }nen, be the distributions of {X"},cn, , and p that of X. The first con-
dition tells us that, for any tq,---,t; € F,

d
n
7Tt1,-~~,tkoX _>7Tt1,~-,tkoX7
or equivalently,
om, ! — pom, t
Pn Oy, =7 ROy, ty,

weakly. Suppose that {jin, }ren, is a weakly convergent subsequence of {tin}nen, .
Letting the weak limit be the probability measure v on C(F,F), by the continuous

mapping theorem

-1 -1
Fnge © Ty oty =7 VO Ty Lty

weeakly as k — oo, so that, by the uniqueness of weak limits,

1

- _ ~1
HOTyy oty = VO Ty

[ atk ’

This holds for any ¢1,---,t; € E, so u(H) = v(H) for any finite-dimensional set H € Cy.
Since Cy is a m-system generating Be(F, F') and p,v are probability measures, it follows
that u=wv on Be(E, F'). Therefore, every weakly convergent subsequence of {ji, fnen,

has the weak limit p.
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In light of lemma 4.10, we need only prove that II is relatively compact to show that
i — p weakly. Furthermore, the sufficiency part of Prohorov’s theorem implies that
this can be shown by simply proving that II is tight. This is in turn shown using the
characterization of tightness on continuous function spaces.

By i), forany t € E

—1 —1
fmom; = pom,

weakly. As such, the sequence {u, o7, *},en, of probability measures on (F,B(F)) is
trivially relatively compact, so that the necessity part of Prohorov’s theorem implies
that it is tight. By definition, for any n > 0, there exists a compact set K in F' such
that

in (W{l(KC)) <

for any n € N,. K, being bounded, is contained in some closed ball around 0 with

radius a > 0, and as such

i (LF @] > a}) < pn (77 (K9)) <

for any n € Ny.

Furthermore, ii) tells us that
lim limsup i, ({f | w(f,0) > €}) =0
0—0 n—oo

for any € > 0, so II is a tight collection of probability measures on C(E,F') (by theorem
6.11).
Q.ED.
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6.4.2 Construction of the Wiener Measure and Donsker’s Theorem

Here we construct the m-dimensional Wiener measure, and by extension the Wiener process, on
[0,1]. The m-dimensional Wiener process on more general closed intervals can be constructed
by stitching together the processes defined on [0,1] (technically, we stitch together Brownian
bridges instead of the Wiener processes themselves). The Wiener measure in question is derived
as the weak limit of a sequence of random functions defined on the compact space [0, 1] equipped
with the euclidean metric.

We start by constructing a sequence of stochastic processes with index set [0,1] and a sequence
of corresponding random functions in C([0,1],R™). The Wiener measure will be found as the
limit of this sequence.

Let {e;}+cz be a sequence of independent and identically distributed m-dimensional random vec-

tors with mean 0, variance I, and finite fourth moments. For any T € N, define the stochastic

process {X7(7)},e0,1) a8

|Tr]
1 1
XT<T) - \/T E e+ \/T (TT— I_TTJ)SI_TTJJrl
t=1

1 1
= ﬁSLTTJ + Nos (Tr—[Tr])eirr+1

for any r € [0,1], where {S;};en is the partial sum process of {&;}scn, with Sy = 0. Being the
linear combination of random vectors, each Xr(r) is a random vector, and { Xr(r)},¢[o,1] clearly
has continuous paths. Therefore, there exists a random function X7 taking values in C([0,1],R™)
that corresponds to {X7(r)},e[01]- Let pp be the distribution of X7’ it is a probability measure
on (C([0,1],R™),Bc([0,1],R™)).

We start with a characterization of tightness of the sequence {7 }ren, . We once again make use
of theorem 4.11, which furnishes necessary and sufficient conditions for a sequence of probability

measures on a continuous function space to be tight.

Theorem 6.13 (Conditions for Tightness of {ur})
Let {pr}7ren, be the sequence of probability measures on (C([0,1],R™),B¢([0,1],R™)) defined
above. Then, IT = {pp}ren, is tight if

lim limsup A\*P <I£3X|Sk| > )\\/ﬁ> =0.
<n

A—00 n—00

Proof) Since [0,1] is compact when equipped with the euclidean metric on R, by theorem 6.11

II = {pr}ren, is a tight sequence of probability measures if and only if:

— For any n > 0 and r € [0,1], there exists an a > 0 such that

pr({fI1F(r)>a}) <n

313



for any T' € N..

— For any € > 0,
lim limsup pr ({f | w(f,0) > €}) =
=0 T 500

Condition 1

We will first show that the pointwise boundedness condition holds. For any T € N
and r € [0,1],

—1
KT Ty

is the distribution of 7, o X7, which is given as

mro X = \}TSLTTJ + \/1T (TT— LTTJ)eLTTJ+1'
Since
’ L e 1r))e < \
T — T r >~ T = r
\f E|Tr]+1 \f [Tr]+1]>

we can see that, for any § > 0,

> 5) 521.T o (E [ELTTJHEILTTJHD - %

(‘f (Tr—| TTJ)€LTTJ+1

by Chebyshev’s inequality; taking 1" — oo on both sides yields

>6)_0

) 1
Thj)réopd\/» TT’—'_TTJ) E|Tr|+1

Therefore,

(TT‘— I_TTJ)ELTTJ-&-l £> 0

-

as T — oo.

On the other hand, note that

Lo VITT LTZ“ i
\/T |Tr] \/T \/7 t
By the Lindeberg-Levy CLT and Slutsky’s theorem, we now have

d
m.oXp —r-Z,
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where Z ~ N(0,I,,). This implies that the sequence

{MT © Tr;l}TEN+

converges weakly, and the proof of theorem 6.12 shows us that this implies, for any

n > 0, the existence of an a > 0 such that

pr ({f [1f(r)]>a}) <n

for any T' € N,.

Condition 2

Now we show that our assumption implies that, for any € > 0,

lim limsup pr ({f | w(f,0) > €}) =0.
=0 T

Choose any € > (0 and n > 0. By assumption,

A—00 n—oo

lim limsup A ]P’(maX]Sk\ > Af)

so there exists an M > 0 such that

dENL \ p>d

inf <sup/\2]P’ (max]Sk\ > Af)) <,

for any A > M, and in turn, for any A > M, by the definition of the infimum there exists
a dy € Ny such that

2

sup A P(max|5k|>Af> 288"

?’L>d>\

Letting A\(0) = we choose 0 € (0,1) so that

6\/75’

A(6) > M.

Now we proceed in steps:

Step 1: Bounding the Measure
For any T' € N, define

m(T,0) = [0T], v(T,d)=[T/m(T,9)],
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and let

@) if 0 < i <o(T,8)—1

1 if i =v(T,9).

tir =

m(T,0) is an integer smaller than or equal to 7, v(7,d) is a natural number, and

{tor, -+ s ty(r,syr} is a partition of [0, 1], where
v(T,6)—1)-m(T,d
bo(T,8)—-1,T = w({T,9) T) (:9) <l=tyrsr-

For any T € Ny, choose any f € C(]0,1],R™) such that w(f,d) > e. Then, there exists
some z,y € [0,1] such that |z —y| < and

w(f,0) = [f(x) = f(y)| > e

Because the length of the intervals in the partition {tor,--- ,tv(T#;)T} is greater than or
equal to d, z and y are either contained in the same interval or contained in adjacent

intervals. Consider two cases:

— = and y are in the same interval

Assuming that t;_1 7 < z,y < t;7 for some 1 <i <wv(T,J),

[f(@) = fW < |fticrr) = f@)+[f W) = ftiap)| <2- 0 sup  [f(tioar) = f(2)]-

ti—1,7<z<t;r

— z and y are contained in different intervals
Assuming that ¢;_1 7 <z <ty and t;7 <y < t;pqp for some 1 < i <wv(T,§)—1,

we have

|f(@) = fl <[fticrr) = f(@)|+|f(timrr) — ()]
<|f(ticar) = f@)| +|f (i) = F)+ (i) — f(tior,7)]
<2 sup |f(ticir)—f(R)|+  sup  |f(tir) — f(2)].

ti—1,7<z<t;T tir<z<tig1,T

Therefore, it must be the case that

€
tioir) — > -
132‘12%,5)@,1;23”'](( =1r) = )l 3

for |f(x) — f(y)| > € to hold. In other words,

{flwlfo)>ec{f| max s |ftiar)—f(2)]> <),

1<i<u(T56) t;_q p<2<t;r 3
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and it follows that

HT({f|w(f,5)>€})§HT<{f| max  sup If(til,T)—f(Z)|>}>

1<i<u(T56) ty_q p<2<t;r 3

v(T,0)
€
<> P (t sup | Xp(tioir) — Xr(2)] > 3> :
i=1

i—1,7<2<l;T

Step 2: Using the iid Condition

i-m(T,5)
T

Choose any 1 <i <wv(T,6). Then, since t;_1 7 = & , for any t;_1 7 < z <t;7 we have

i-m(T,6) <Tz<min((i+1) -m(T,6),T).
and therefore

¢ ‘Sk = Sim(T.5) ‘ €
P sup Xr(ticir)—Xr(2)| >3 | <P sup —_— > =
(til,TSZStiT Xrti-17) = Xr(2) 3) (ivm(T,é)gkg(i—‘rl)m(T,&) VT 6

T
+P< max )|€k+1| > E\F)

i-m(T,6)<k<(i+1)-m(T,6 6

T T
:IP( sup |Sk|>€\(/5>>+IP’< max \5¢|>€f>,

k<m(T,5) 1<i<m(T,0) 6

where the last equality follows because {&;}¢c7z is i.i.d. Thus,

MT({f\w(f,5)>e})Sv(T,é)-P( sup |Sk|>€\6ﬁ>+v(T,5)'[P’< max )|5i|>6 T).

k<m(T,0) 1<i<m(T,§ 6

Step 3: Taking T — oo

By construction,
0T —1<m(T,d) < T,

thus,

and sending T"— oo
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Therefore, there exists an N € Ny, dependent on §, such that

TN

m(T,6) o

1 1

2% 3

for any T'> N, so that, for any T'> N,

25 ~m(T,8) "5

Likewise, because

T T
——1 T,0)<
sy SO S sy
for any T'> N we have
T
T,0) < -
o(T0) s Ty <5

Therefore, for any T > N, because

we have

k<m(T,5)

,“T({f|w(fa5)>€})§<25-19’< sup |Sk|>%- 5 )+(23

We study each term in turn:

i) Term I
Under the definition of A\(d), term I can be written as

k<m(T,9)

a

max

‘5i| >

1<i<m(T,5)

6

T

)

I= 16;424 -A(é)QlP( sup |Sk| > A(6) - \/m(T,5)> .

17

m(T,0) — oo as T' — oo, so there exists an Ny € Ny such that N; > N and, for

any T > Ny,
m(T, 5) > d)\((;).

Then, for any T > Ny,
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m-)\(é)ﬁ”( sup Sk > A(9)- m(T75)>

N3

< 2 < sup A(6)°P <sup\Sk| > A(é)ﬁ)) <

k<n

ii) Term II
Since
VT m(T:9) eVT
{maxlgigm(T,6)|5i|>T}C U {|€¢|> 6 },
i=1
we have
evT m(T:9) evT
P | > < P |e;| >
<1§z’r§nr%)((T,5)‘EZ‘ 6 ) - ; il 6
64 . m(T, (5) 4
>~ 64 ] T2 : E"gl‘ .
where we used the fact that €1,e9,--- are iid. The preceding result tells us that
m(T,0)

T~ =6 as T — oo, and {et}4ez has finite fourth moments, so

T
lim IP’( max |eg;| > G\F> =0

T—oo \ 1<i<m(T,8) 6

Thus, there exists an No € Ny such that Ny > Nj and, for any T > N, we have

]P’( max )|€¢|>6 T><775.

1<i<m(T,6 6 4

Putting the results together, we can see that, for any T > No, where this Ny depends

only on 6,

pr ({f [w(f,6) > €}) <n.

Therefore,
limsup pr ({f | w(f,9) > €}) <n.
T—o0

Because the modulus of continuity w is decreasing in its second argument, for any

h € (0,0), we also have

li;njupuT({f | w(f,h) >€}) <n.
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Our choice of > 0 was arbitrary, so this implies that
lim limsup pp ({f | w(f,h) > €}) =0,
h—=0 T 500

which is exactly what we wanted to show.

Q.E.D.

A series of lemmas show us that the condition introduced in the theorem above is satisfied.

Lemma 6.14 (Etemadi’s Inequality)

Let {e;}ten, be an independent sequence of m-dimensional random vectors and {Vr}ren, their

partial sum process. Then, for any n € Ny and a > 0,

a
<3- — .
P(rgg;cwu >a) <3 Il?ga:z(P <\Vk] > 3)

Proof) For any n € N4 and 1 <k <n, define

k—1
By ={|Vi| > a}n (ﬂ{!Vj\ Sa}) :

j=1

Then, the collection {By,---, By} of H-measurable sets are disjoint and have the union

Cs=

By = {1;11§£<|Vk| > a}.

k=1

Therefore, by countable additivity,

For each 1 <k <n, since |V}| > a and |V,,| < §, we have
2a
Vo= Vil > [Vil = Vi > 22,

and V,, — V}, is independent of Vi,---,V; and by implication By since V,, — V}, is the sum
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of e; for k+1 <t <n. Therefore,
L 200
z:: ({\Vn—Vkl>3}ﬁBk)
" 200
=2 (k> )+ Xp (W vel < ) P

gIP(\Vn|>§> (maxp(\v ka>)> (Z]P’ Bk>

By countably additivity again,

zn:IP’(Bk <U Bk> <1

k=1 k=1

IP’(r]?aX\Vk >a) <IP’(\V | > )

and |V, — Vi| > 2 implies either |V,,| > § or |Vi| > ¢, we can see that

a e
<92. — —
]P’(rlglgag\[/k] >a> <2 P(H/n\ > 3)+(r]£1§ar>ld?’(][/k| > 3))

«
<3. =).
=3 ?3§P<|V’“’> 3)

Q.E.D.

Lemma 6.15 Let {u7}ren, be the sequence of probability measures defined above. {pir}7ren,

is a tight sequence of probability measures.

Proof) By Etemadi’s inequality and the independence of {&;}:cz, we can see that
AP <maXSk| > )\\/ﬁ) <3\%. <maXIP’ (|Sk| > Aﬂ))
k<n - k<n 3
for any A >0 and n € Ny. For any 1 <k <mn,

p(\sk| > Q\/ﬁ) SIP’(\Sk\ > WE)

81
= >\4k2E|Sk|
)\4k2 ZE[&\ —i—ZZ]E ELELELES +ZZ]E E1ESELES +ZZE E£4E5E5EL)
t=1 s#t t=1 s#t t=1 s#t
81
= 2 (k-Eler|* +k(k - 1) (m? +2m))
81 Eley' + 81 k(k—1)(m*+2m)
~ Nk k2

81 81
< F'E]&?l\ +F-(m2+2m).
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Therefore,

A 1 1
maxP (\Sk\ > 3\/5) <3 Bt 1 3 2 om),

and by the finiteness of the fourth moments of {&;}4cz, we have

A
lim limsup3\?- (I]gléiXP (]Sk\ > 3\/ﬁ>) =0.

A=00 koo

By implication,

lim limsup A\*P (max | S| > )\\/ﬁ) =0
A—00 n—00 k<n

as well, and by theorem 6.13, {7 }ren, is tight.

Q.E.D.

Because the metric space (C([0,1],R™),d), where d is the supremum metric on C([0,1],R™), is
complete, and the sequence {ur}ren, is tight, by the sufficiency part of Prohorov’s theorem
{ur}Ten, is relatively compact. By implication, there exists a subsequence of {u7}ren, that
converges weakly to some probability measure "V on (C([0,1],R™), Bc([0,1],R™)).

This measure p"" is called the standard m-dimensional Wiener measure on [0,1], and the
random function W with distribution p" is referred to as the standard m-dimensional Wiener
function on [0, 1]. Similarly, the m-dimensional stochastic process {W (r)},¢(o,1] With continuous

paths corresponding to W is the standard m-dimensional Wiener process on [0, 1].
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6.4.3 Donsker’s Theorem

Before studying some of the properties of the Wiener measure, we first derive the analogue of the
Lindeberg-Levy CLT for sequences of random continuous functions. Specifically, we prove that
{ur}ren, converges weakly to p"V', or equivalently, that {X7 }ren . converges in distribution
to W. This result is called Donsker’s Theorem, or the Functional Central Limit Theorem (FCLT).

Theorem 6.16 (Donsker’s Theorem)
Let {e¢ }+ez be a sequence of independent and identically distributed m-dimensional random vec-

tors with mean 0, variance I, and finite fourth moments. For any T' € N, define the stochastic

process {Xr(7)},e[0,1] as

LT

Xo(r) = \% tz_jl et \/1T (Tr— \Tr))e iz 1

for any r € [0,1]. Let X” be the random function taking values in C([0,1],R™) that corresponds
to { X7 (r)}re,1), and pr the distribution of XT,
Then, the sequence {u7}ren, of probability measures on C([0,1],R™) converges weakly to the

Wiener measure u".

Proof) We have already shown above that {ur}7en, is a tight sequence of probability mea-
sures. By the sufficiency part of Prohorov’s theorem and the completeness of the metric
space (C([0,1],R™),d), where d is the supremum metric, {pr}ren, is relatively com-
pact. In light of lemma 4.10, we need only show that every weakly convergent subse-

quence of {ur}ren, converges to w.

We will show that any weak limit of a convergent subsequence of {7} ey, has the same
set of finite-dimensional distributions. Let v be a probability measure on C([0,1],R™)
such that there exists a weakly convergent subsequence {ur, tren, of {ur}ren, Wwith

weak limit equal to v.

Choose any 0 =tg < --- <t < 1. Then, for large enough T, Ttq,--- ,Tt; are all integers,
so that

1

Xr(ti) = Nii

St

i

for 0 <4 < k. By implication, for large T,

Tt;
1

Xr(t) —Xr(tis) = —= Z £t
VT
=Tti—1+1

Tt;
1 7
=Vti—ti— (T E €t) )

(tz B tlil) t=Tt;_1+1
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and because T'(t; —t;—1) — 400 as T — oo, by the Lindeberg-Levy CLT
Xr(t;) = Xp(tio1) % N[0, (ti — ti—1) - L)

Furthermore, since X7 (t;) — X7(t;—1) involve non-overlapping terms in {&;};cz across
1 <4<k for any T that is large enough, we can see that these increments are indepen-

dent. Defining

Xp(t1) — X7 (to)

Xp(ty) — Xr(te—1)

the characteristic function for I at any r = (r1,---,7r;) € R™ is therefore
k
E [exp(ir'IT)] H [exp(zr (Xr(t;) — XT(ti,l)))} )
7=1

By the continuity theorem,

lim E [exp(zr (Xr(t;) — XT(ti_l))ﬂ = exp (—;(ti—ti_l)r;-rj)

T—o00

for 1 <i <k, so we have

1
hm E[eXp ir'lr)] eXP(—2 (ti — ti—1)7"3'7"j>
= exp (—27”‘/7’>,
where
(t1—to)- 1 0]
V= : ) :
0 o (e —tp—1) I

By the continuity theorem again,

Ir % N0, V).
We can easily find that
Xr(t1) Iy, -+ O
Mo X =1 = oy
XT(tk) Im e Im
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so by the continuous mapping theorem,
s 0 XTS5 N[0O,RVR.

Furthermore, since {X7*}en, is a subsequence of {X” }ren, that converges in distri-

bution, and

—1 -1
HTy O Ty oty =7 VO gy oty

the uniqueness of weak limits tells us that

vowi},,,7tk ~N[0,RVR].
Note that the right hand side depends only on t1,---,t;, and that v(0) = 0 trivially.
Therefore, any weak limit of a convergent subsequence of {7} ey, has the same finite-

dimensional distributions.

The proof is now essentially complete. Choose any weakly convergent subsequence
{11, Yken, of {pr}ren, , and denote its weak limit by 4. Because p"V was also found as
the weak limit of some convergent subsequence of {71 }7en, , the preceding result tells
us that "V and p have the same finite-dimensional distributions, that is, they agree on
the set Cy. Since Cy is a 7-system that generates Bc([0,1],R™), by implication p = w,
and we can conclude that {u7, }ren, converges weakly to x'V. Finally, by lemma 4.10,
because every weakly convergent subsequence of {pr}ren, converges weakly to w,

the relative compacness of {ur}ren, tells us that
BT — MW

weakly.

Q.E.D.
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6.4.4 Properties of the Wiener Measure

We can show that {W(r)},¢(o,1] possesses the following properties:

e Initial Value
Because X7(0) =0 for any T € N, and X7 4w by construction, the continuous mapping
theorem tells us that mgo X7T 4 7o o W. Therefore, moo W = W (0) =0 as well.

¢« Continuous Paths

{W(r)}rejo,1) has continuous paths by construction.

e Stationary and Independent Increments

From the proof of Donsker’s theorem, we can infer that, for any 0 =1ty < t1,---,tp <1,
defining
AW (to)
AW = : ,
AW (t)
where

for 0 <i <k, we have
AW ~ N[0,V]
for
(t1—to) I - O
0 et
In other words, {AW (to),---,AW (t;)} are independent random vectors such that
AW (t;) ~ N[0, (ti —ti1) - Im]

for 1 <i<k.

This also implies that

W(t1) ~ N[0t - L]
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for any t; € (0,1], since W (tg) = 0.
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